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ANALYSIS OF VARIANCE APPLIED TO HUMAN GENETICS 

By C. B. Davenport 

Carnbqib Institution of Washington, Cold Spring Harbor, N. Y. 

Read before the Academy October 23, 1939 

Analysis of Variance is a well-known convenient mathematical device 
by which the total of all squared deviations from the grand mean of some 
heterogeneous population may be divided into 2 variances, namely, vari¬ 
ability about the mean of each of the more homogeneous elements in that 
population and the variability of these partial means about the grand mean 
of the entire population. It can be used to answer the question, how does 
the variability within the homogeneous or elementary group compare with 
the variability of the groups between one another? For example, how 
does the variability of the fruits of any one tree of a species compare with 
the variability of the average fruits of different trees of that species? 

So far as I know the technique of Analysis of Variance has not yet been 
applied to human traits measured in a number of fraternities in a popu¬ 
lation. An opportunity came to me to make this application in the variance 
of some 14 head measurements made on the boys of 6 families, containing 
each from 5 to 3 boys. These dimensions were taken at age 16 years exactly 
or, in a few cases, by interpolation or extrapolation of a year. 

The details of handling these sets of variables are well known and need 
not be considered here. The results are given in the accompanying table. 
The F values are the quotient of the larger mean square by the smaller 
mean square. The size of the quotient determines the chances that the F 
values are due merely to sampling and accordingly fail to indicate a 
significant difference between the two sorts of variances—^within fraterni¬ 
ties and between fraternities. 

The table reveals that the mean squared variance within a family is, 
in all 13 traits, kss than the variance tetween families, and that the ratio 
of one to the other is always significant and usually highly significant. 

To go into some detail one may point out that the mean square variance 
in respect to face width between 16-year-old boys of one fraternity is one- 
twelfth that between different families even when all these families are of 
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"Old American" stodc and when the boys in the different fraternities are 
being reared under practically identical conditions in an institution so that 
differences due to environment merely are minimal. Hence Jtue width, or 
bizygomatic width, is determined very stnmgly by common inttafamilial 
genetical factors, while between families there are fewer common genetical 
factors. 

In the interpupillary distance, similarly, the variance inside a fraternity 
is one-tenth that between fraternities. If one examines the entire table it 
appears that the lateral head dimensions—^bizygomatic width, inter¬ 
pupillary distance, forehead width, maximum head width, distance be¬ 
tween inner eye angles—^have large F values while vertical dimensions such 
as elements of fad] height have smaller F values. Bigonial diameter and 
nasion to gnathion are somewhat out of order with this general rule. 

Thus it appears that the ratio of variability inside fraternities to that 
between fraternities is greater in lateral dimensions than in vertical dimen¬ 
sions; just why cannot now be said. 

The Analysis of Variance illustrates the obvious fact of difference in 
variation (both intra- and interfratemal) according to the degree of 
heterogeneity of the gene complex. In monozygotic twins, between 
whom the genes are apparently the same, heredity influences the end 
result by 95 per cent or more. In general, between members of the same 
fraternity, more or less of the genes are unlike depending upon the greater 
or less remoteness of the stocks of the two parents. Where the parents ate 
cousins variance in the fraternity is low. Where the parents are heterozy¬ 
gotes of two human races (as in neg^-white crosses) the variances of the 
nasal dimensions and skin color are high. 

Between mean of fraternities oi the same stable community, more or less 
homogeneous in radal stock, variance will be relatively low. As the com¬ 
munity becomes more heterogeneous mean variance between fraternities 
will increase and likewise the value of F, As an extreme case we can 
imagine a breeder of dogs, cats, guinea pigs and rabbits, who had a large 
litter of each spedes and compared variance in ear length within fraternities 
and between fraternities without separatmg spedes. In this example there 
are still fewer traits in common between th^ ear lengths of the qsedes so 
that variance between the fraternities (and F^ would be very large. In 
general, if few genes are involved in building any organ interfamilia] 
variance will not be strikingly greater than intrafamilial vaiianoe. If 
many genes are involved then the cluster found in one htatemity may well 
differ markedly from that found in another fraternity, so that interftatemal 
variance, and F, will be relatively large. 

By the application of the method of Analysts of Variance we may in 
rime gain some notion of relative number of genes involved in the de¬ 
velopment of an organ—or, in other words, its genetic conqflexity 
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Analysis op Variancb op Human Hbao Mbasukbmbnts 


TRAIT 

MKAN SQUARS VARIANCR 
aSTWSltN RAMXUBft WITHIN A RAKILV 

F VALUBS 

Chances under 1 per 100 that F values are due to sampling 


Bizygomatic width 

165.02 

12.60 

12.40 

Interpupillary dist. 

42.71 

4.38 

9.85 

Minimum frontal width 

123.77 

14.54 

8.51 

Head width 

98.63 

13.41 

7.36 

Head girth 

711.30 

107.42 

6.62 

Dist. bet. inner eye ang. 

17.47 

2.78 

6.29 

Trichion to gnathion 

254.19 

46.69 

5.46 

Nasion to gnathion 

129.45 

24.80 

5.22 

Head length 

80.94 

16.95 

4.78 

Head height 

54.44 

12.62 

4.32 

Chances 1 to 5 per 100 that F values are due to sampling 


Bigonial diameter 

70.44 

18.23 

3.87 

Nasion to stomion 

43.38 

14.66 

2.96 

Chances over 5 per 100 that F values are due to sampling 


Trichion to nasion 

47.77 

18.01 

2.66 

Stomion to gnathion 

31.66 

13.14 

2,40 


TWO X^RA Y INDUCED MOSAICS IN DROSOPHILA 

PSEUDOOBSCURA 

By R. G. Helper 

W. G. Kbrckhoff Laboiutorxes of thb Biological Scibncbs. Califqrkia Instjtvtb 

OF Tbchnolooy 

Communicated December 4, 1939 

The mechanism of the origin of chromosomal aberrations is still an opto 
question. The so-called contact hypothesis, advanced originally by 
^ebrovsky,^ assumes that translocations and other gene rearrangements 
are formed due to chance union of chromosomes accompanied by the de¬ 
velopment of new associations between genes, somewhat in the manner of 
*‘illegitimate” crossing-over. According to this view, the breakage of the 
original chromosomes and the reattachment of the resulting fragments 
occur practically simultaneously. The alternative hypothesis assumes 
that chromosomes are broken fimt, and that some time may elapse before 
the points of fracture either reunite to restore the original situation or form 
new attachments.*** Unfortunately, the problem is such that critical evi¬ 
dence has been difficult to obtain.** ** *• ^ The mosaic translocations de¬ 
scribed below may possibly shed some light on the question, 

NormiU males of race A of Drosophila pseudodbscura were treated with 
x-ray (5000) units, and outcrossed to normal untreated females. The 



4 


GENETICS: R, G. ffELFER 


Proc N. a. S. 


salivary glands of the Fi larvae were taken, stained in aceto-carmine, and 
permanent smear preparations were made with the aid of the usual tech¬ 
nique. Each slide contained only the two glands of a single individual. 
In the course of study of these slides, two very remarkable aberrant sets of 
glands were found. Instead of having the customary single t 3 rpe of tissue, 
either completely normal or having all cells containing the same aberration, 
these two sets of glands were mosaics of more than one kind of tissue. 
Several facts show that this result cannot be due to contamination (i.e., 
mixing the glands of several individuals in the same slide). In the first 
place each slide contains two and only two glands; in these particular slides 
the two glands lie separately. Secondly, both glands of each set are of the 
same sex. Thirdly, and this is the main argument, both glands of each set 
contain mixtures of tissues, the same cytological condition being observed 
in some cells of either gland. 

The more complex of the two sets of mosaic glands apparently contains 
four different tissues. An analysis was made of each of the glands of this 
mosaic. In one gland, a total of 42 cells proved to be satisfactorily analyz- 
able; the precise status of 8 cells was in doubt and the rest were dot clear 
enough to attempt a classification. The four types of cells are as follows. 
The first, and by far the most frequent type, observed in 58% (24 out of 42) 
cells examined, departs from normal in having a translocation between the 
third and probably the F-chromosomes (Fig. la). In terms of the maps 
published by Dobzhansky and Tan,® the third chromosome is broken in 
section 80, between the first and the second dark discs distal to the “bulb.'* 
As the K-chromosome in salivary glands is not a distinct body, being simply 
a part of the heterochromatic chromocenter, it is impossible to determine 
the position of the break in this chromosome. The second t)rpe of cells 
(11% of the total analyzed) contains a translocation involving the third 
and the fourth chromosomes (Fig. 15). The third is broken at about the 
middle of section 66, and the fourth is broken in section 97, the major part 
of the third being exchanged for the distal end of the fourth chromosome. 
The third type of cell (19%) is a combination of the preceding two, i.e., 
the 111“ F translocation is present together with the III-IV one (Fig. Ic), 
Finally, the fourth t 3 rpe (11%) are normal cells, apparently free from any 
cytologically detectable abnormality. The second gland of this set con¬ 
tained 15 analyzable cells, 12 doubtful ones and the rest too poor for classi¬ 
fication. Again the most frequent type of cell was that having the III-F 
translocation (11 out of 15). There yras only one clear-cut example of the 
III-IV translocation, none of the III-F, III-IV; and three examples of 
normal third chromosomes. 

Several mechanisms which may produce such a mosaic may be sug¬ 
gested. If one were to suppose that two sperm fertilized a single egg and 
that each one had one chromosome aberration in it, a mosaic individual 
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Three types of aberrant tissue found in the salivary glands of an Fi male offspring 
from a cross between x*rayed males to normal females. A —translocation involving 
the tip of III and the K-chromosome, B —translocation between the base of Ill and 
the tip of IV. C —combination of translocations A and B. 
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would result, Such an individual might have two different types cA 
salivary gland tissue. That it is possible for both nuclei of the first cleav¬ 
age division to be incorporated in the salivary gland tissue is supported by 
recent work of Kaufmann.® The points in the present evidence wWch auto* 
matically rule out this hypothesis are that not two but four types of tissues 
are present, and that one of these contains an aberration combining the 
properties of the two other aberrant types (Figs, la and lb). Another 
possibility is that x-rays as such had no effect on the sperm, but that during 
the course of the development three types of the aberrant tissues arose 
spontaneously. A spontaneous translocation has been described in an 
individual of Drosophila melanogaster that has not been treated with x-ray, 
and this individual has been a mosaic of normal and aberrant tissue.*^ 
Since spontaneous chromosomal changes are relatively very rare, to suppose 
that so rare an event takes place three times in the development of a single 
individual is, however, too improbable. Still another possibility is that 
one translocation took place due to the irradiation (for example the III-F 
translocation), and then another (the III-IV translocation) occurred spon¬ 
taneously after fertilization in a part of the modified tissue. This view 
is also ruled out because of two securely established facts, namely the pres¬ 
ence of cells with the III-IV but without the III-F translocation, and of 
the apparently normal cells containing neither translocation. A somatic 
crossing-over would have to be invoked to produce these additional types. 

The fourth possibility is one which assumes that the chromosomes in the 
sperm are in the four-strand stage. Were such the case a workable hy¬ 
pothesis could be developed to account for the formation of a four-tissue 
mosaic. For example, if one supposed that the breaks induced by the 
x-ray at any level effect only two of the four strands present, and if in the 
third chromosome two of the strands are broken in region $0, whereas the 
other two are broken in region 66, a cross-over occurring between one 
strand broken at 80 and one broken at 66 would result in one unbroken 
normal strand, one broken both at 80 and at 66, one broken at 80 and the 
fourth broken at 66. Reattachment of broken parts might occur before the 
chromosomes went into the first cleavage spindle. Then, all these supposi¬ 
tions granted, the segregation in the first and the second cleavages must be 
such that each of the resulting four nuclei contains one of the four types of 
cells found* The main weakness of this hypothesis is the assumption of 
crossing-over among the four strands of a ch^mosome of a haploid group. 

The fifth possibility, and the one which seems most protoble to tlU 
author on the basis of the available evidence^ is that the break^^e of the 
chromosomes due to x-rays need not occur at the time of the treatment but 
may be delayed for one or more cell generations. Let it be assumed that 
the action of the x-rays has weakened, or actually broken, the third chromo¬ 
some in two places, in sections 80 and in 66, the fourth chromosome in sec- 
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tion 97 and the F-chromosome at an undetermined point. Such a sperm 
has fertilized a normal egg. During the process of the chromosome split¬ 
ting in the first two cleavage divisions the weaknesses or the breaks in the 
chromosomes have persisted. In one of the resulting cells the broken ends 
have become reunited to restore the original gene arrangements, thus giving 
rise to cells with normal chromosomes. In one of these normal cells, before 
the weaknesses have become healed, an exchange has occurred between the 
third chromosome and the F-chtomosome. This would give rise to the 
III-F aberration. In another cell, or cells, an exchange has taken place 
between the fragments of the third and the fourth chromosomes which is 
later followed by an exchange between the third and the F-chromosomes. 
Thus the four types of tissue have arisen containing a III-IV translocation, 
a III-F translocation and a combination of the two. 

The rather involved character of the above explanation must be ad¬ 
mitted, but it seems to be the one that best fits the observed facts. It must 
be noted, however, that it is not entirely unprecedented. Indeed, Lewitsky 
and Araratian^^ have described a mosaic translocation in a root of a Crepis 
seed treated with x-ray, in which some cells were normal, others contained a 
translocation involving certain chromosomes and still others had the 
chromosomes further modified, with the first modification being preserved. 
Lewitsky and Araratian’s observations, as well as the facts presented in 
this article, constitute evidence in favor of the view that breakage, or 
“weakening" of the chromosomes due to irradiation with x-rays precedes 
the reattachment and formation of aberrations. 

The second mosaic pair of salivary glands contained only two types of 
tissue. The aberrant tissue consisted of an inversion in the second chromo¬ 
some from tile proximal part of region 43 to the distal part of region 45. 
The other type of tissue was normal. In one of the two glands 32 out of 48 
analyzable cells contained the aberration, in the other gland, out of 36 
analyzable cells, 15 were aberrant. This mosaic is not critical as an evi¬ 
dence for the “breakage first" hypothec, since any one of several mecha¬ 
nisms might have produced it. 

> Serebrovsky, A. S., Amr. Natur., «S, 374-378 (1929). 

• Stadler, L. J., Proc. VJJnttr. Conp. Genet., 1,274-294 (1932). 

• Sax, K., and Bnzmaim, B. V.. Free. Nat. Acad. Sei., 25,397-405 (1939). 

• Bauer, H., Demerec, M., and iCaufmann, B. P., Genetics, 23,610-630 (1938). 

• Catchedde, £>., Jour. Genetics, 36,307-328 (1938). 

«MuUer, H. J., CtdleOint Net, 13,182-198 (1938). 

’ Dubinin, N. P., and Khvostova. V. V„ Jour. BM. (Ruaslaa), 4 , 985-975 (1935) 

• Dobahansky, Th., and Tan, C. C., Zeit. Indukt. Abet, und Vererbungsl., 72, 88-114 
(1986). 

^ Kiutfmann, B. P., C. I. W. Year Booh (in press) (1939). 

>• hfortan, L. V., Gmetia, 24 , 747-752 (1939). 

” Lewitsky, O. A., and Araratian, A. O., BuU. Appl. Bat., Genetics Pbmt Breeding, 27, 
286-303 (1981). 
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THE SIZE OF THE TOBACCO MOSAIC PARTICLE FROM X-RAY 

DETERMINA TIONS* 

By John W. Gowbn 

Department op Genetics. Iowa State College 
Communicated December 7, 1939 

The size of the tobacco mosaic particle has been determined by two 
techniques, filtration through pores of calculated dimensions and rate of 
fall in a held of known force. These size determinations lead to quite 
different results, the filtration size being larger than that estimated from 
the ultra centrifuge. Both methods are subject to technical difficulties and 
mathematical assumptions which, if not fully met, may lead to erroneous 
conclusions. But there are, as critical thinkers point out, even greater 
intrinsic difficulties with these techniques. If the ultimate virus particle 
is a rather small molecule which is adsorbed to a larger inert complex, both 
techniques will err on tlie side of assigning too large a size to the disease- 
producing particle. A quite different technique is needed to substantiate 
the estimated size measurement. This technique may be available in x-ray 
studies of the virus. 

X-rays, like light, mark out the size of an object as the blacked-out area 
in which they are absorbed. In visible light this area is delimited on an 
optical micrometer. With x-rays the area may be found from the inactiva¬ 
tion produced in the absorbing medium. The x-ray size estimate, in con¬ 
tradistinction to estimates based on filtration or ultra-centrifuging, is 
dependent on the size of the ultimate entity inactivated, not on any inert 
material to which it may be adsorbed. If the virus particle of tobacco 
mosaic is minute the rate of inactivation should be very moderate. If 
larger the inactivation rate should be more rapid. These rates are inde¬ 
pendent of any materials to which the virus particle might be adsorbed. 
The difference in rates would be present whether the true virus was free to 
move or fixed to inert matter. 

Ordinary tobacco mosaic and several of its derivatives have been irradi¬ 
ated with x-rays from three metals, chromium, copper and silver. The 
effective wave-lengths from these tubes were 2.1, 1.5 and 0.7 Angstrdms. 

Figure 1 shows certain of the survival curves obtained by treating 
tobacco mosaic and its derivatives with x-rays. 

The inactivation rates of ordinary mosaic and the derivatives are essen¬ 
tially alike. They are concordant in showing a wave-length effect. The 
type of effect exhibited is explicable on the h3rpothesis that one absorption 
of x-ray energy within that portion of the particle is sufficient to inactivate 
it. The average size of this vital volume of the mosaic particle determined 
from these different wave-lengths is 7.5 X 10**^^ cm.* The data on organic 
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crystals show that the interatomic distances between atoms vary between 1 
and SA with 2i4 as a fair average. With an atomic spacing of 2A this 
volume, which in our material has to do with reproduction, is equivalent to 
about 940,000 atoms. Seemingly highly purified materials, carrying the 
properties of tobacco mosaic are made up by percentage composition of 
61,0 C, 7.1 H, 16.7 N, 0.5 S, 0.5 P and 2.5 carbohydrates.^ The average 
atomic weight of this material is 16, or it corresponds rather well with that 
of most proteins. Multiplying the atomic volume of the portion having to 
do with reproduction by this value gives 15,000,000 as the molecular 
weight of this volume. 

The estimated minimtun molecular weight of the whole molecule by 
Svedberg* from ultra-centrifugal analysis is 17,000,000. The reproductive 



FIOURB i 

Survival curves of 3 tobacco mosaic viruses when exposed to roentgen rays of 3 
wave lengths. 


volume as determined above is less than this total volume but not very 
much less, a result which seems reasonable in view of the importance of 
reproduction in the organized world. The span between 15 and 17 million 
is left for atomic rearrangements which are not lethal to the organism. 
This span is known to be partly filled in as the mosaic diseases may mutate 
to other forms which retain the original reproductive capacity. We should 
expect this rate of mutation under x-rays to be quite small, an expectation 
which chedcs with our experience. Other approaches to the problem in¬ 
dicate that the virus entity is in the nature of a repeat molecule and may 
have a molecular weight of 40 to 100 million, a conclusion which gives 
added significance to the relative strengths of the bonds between the dif¬ 
ferent molecular elements. 
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The data from our x-ray experiments are in agreement in viewing the 
tobacco mosaic virus as a rather large molecule of 16 to 20 million in molecu¬ 
lar weight. The large portion of this molecule is important to its repro¬ 
duction leaving a smaller portion capable of change without effecting this 
power to reproduce. 

• Journal Paper No. J709 of the Iowa Agricultural Experiment Station, Ames, Iowa. 

Project No. S73. 1 am deeply indebted to the Fuller Fund and the International Cancer 

Research Foundation for codperating in these researches. 

• F. C. Bawden. N. W. Pirie, J. D. Bernal and 1. Fanlcuchen, “Liquid Crystalline 
Substances from Virus Infected Plants," Nature, 138,1051-1062 (1936). 

• T. Svedberg and I. Brickson-Quensel, “Sedimentation and Electrophoresis of the 
Tobacco Mosaic Virus Protein,” Jour. Amer. Chem. Soc., 58,1863-1867 (1936). 


"PERSONALITY'' DIFFERENCES AS DESCRIBED BY 
INVARIANT PROPERTIES OF INDIVIDUALS IN INTERACTION 

Bv Eliot D. Chapple 

Department of Anthropology, Harvard Uniybrsitv 
Communicated December 13,1939 

For many years, workers in social and psychological subjects have been 
concerned with the problem of "personality.” This term is taken to mean 
a particular organization of behavioral dements, characteristic of the 
individual, which are supposed to be the product of the action of heredity 
and environment. Unfortunatdy, the discussion has been based almost 
entirely upon subjective impressions, and hence not only are we unable 
to define the properties of this entity in a precise and quantitative fashion, 
but also we cannot do more than hazard guesses as to the forces producing 
it. Attempts to define "personality” have either been in terms of a 
qualitative isolation of traits regarded as constituents of this entity,' or 
else they have been devoted, again qualitativdy, to the task of describing 
and dassifying individuals into “types.”* From our own experience, 
we recognize that individuals differ from cme another in what we call their 
"character” and "temperament,” and we feel intuitively that this is of 
importance in determining how they get on with other individuals: but 
up to the present time, no quantitative definition has been attempted. 

In a previous communication,* some preliminary results of the measure¬ 
ment of human interaction were presented, and it was there indicated that 
there are definite uniformities in the interaction of individuals. The 
facts described, however, were obtained by the use of a very crude measur¬ 
ing device which did not adequately describe the phenomena (dtuwtions 
of actions and inactions with two individuals). The present p^>er is a 
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report on some results obtained with an instrument with which this 
adequacy can be approximated. The results to be presented bear upon 
the problem of “personality/' and a few words may help fix in the mind of 
the reader the significance of the procedures used. 

The methods of the exact sciences are based upon the premise that 
relationships of functional dependence can be defined in the phenomena 
investigated. In order to isolate these relationships, units of measure¬ 
ment are defined, and the quantitative treatment consists in formulating 
relationships of functional dependence in terms of measured values of the 
variables.If we are to use these methods, the problem of the “person¬ 
ality,“ as something apart from the influences operating on the individual, 
may be stated as the problem of demonstrating invariant properties of the 
behavior of the individual when subjected to these influences. Such 
individual differences have been demonstrated in a number of physiological 
investigations of the relationship of measured features of the performance 
of an organism and values of such known controlling variables as intensity 
of light and area on the retina,^ fixed flash frequencies and intensity of 
light,® and so on. These differences would probably not be regarded as 
properties of the “personality,” since “personality” is often considered 
to be exhibited in the relations of an individual with other individuals. 
If we are to demonstrate such invariant properties of the individual, they 
must then be isolated when that individuaFs performance is associated 
with the performance of one or more other individuals. From an opera¬ 
tional point of view we are restricted to the observation of the interaction 
of individuals.’ 

In order to secure more accurate measurements of interaction, a record¬ 
ing device was constructed,* consisting essentially of a moving tape travel¬ 
ing at a speed of five inches per minute on which continuous lines are 
drawn by revolving, self-inking wheels. Each wheel is attached to a lever 
and activated independently when its key is pressed by the observer. 
When one individual acts, the observer presses the key assigned to that 
person, and the wheel lifts off the paper, not returning until the individual 
stops acting, when the key is released. To secure a measure of the alter¬ 
nation of action and inaction, one has only to measure with a scale (in 
seconds) the length of each inked line (inaction), and each empty space 
(action). By reading across from the line of one individual (^4) to that 
of another (B), we can also obtain measures of the length of time that A 
acts and B is silent; when both A and B are acting (double actions); 
when both A and B are inactive or silent (double silence), and when 
individtial B acts and A is silent. 

The records discussed in this paper include over fifty conversations 
between the members of pairs of individuals, each observation lasting 
between thirty^five and forty-five minutes. These individuals talked in 
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a room, separated from the observer by a one-way screen. There were 
twelve individuals, not all of whom interacted with each other. Eight 
persons are dealt with here; the series of the other four being too short. 

When frequency distributions were made of the durations of actions of 
an individual and again for his silences, it was seen that for both actions 
and silences the distributions were markejily J-shaped. To rectify the 
curve of the frequency, log F was plotted as a function of t and in some 
instances a good fit was obtained. In the majority of cases, however, 
there appeared to be a definite tail to the distribution; that is, in the 
longer durations there was a greater observed frequency than expected. 
AVhen the residuals were plotted against t it was found that this distribu- 
tion was also J-shaped and a plot of log F against t again approximated 
a straight line. Accordingly it was judged that the function could be 
fitted by the expression® 

F = ac-" + (1) 

For the eight individuals considered, eighty-two action and eighty-two 
silence distributions were plotted and the constants calculated.^® In this 
paper we shall be concerned only with the constants b and d which define 
the slopes of the function. The constants a and c, which define the height 
of the curve in respect to the ordinate, will not be considered here. 

It must be understood that a steep slope, say for actions, indicates that 
there are many more actions of short duration relative to the longer 
intervals than there are in a flat slope. For our purposes, a steep slope 
might have a constant whose value was —0.300 or higher, while a flat 
slope might have a constant under —0.100. Therefore, as the long dura¬ 
tions become exponentially more frequent relative to the short ones, the 
value of the constant decreases; conversely, as the short actions become 
more frequent, the value of the constant rises. 

We have now to consider whether there is any functional dependence 
between the b and d slopes which we ordinarily obtain for both actions 
and silences, remembering that the b slope describes the exponential dis¬ 
tribution of the shorter values, beginning with those under 1 second, and 
the d slope describes the frequency distribution of values running well up 
(in many cases) over twenty seconds—^in other words, wh^e an individual 
is either very silent or very talkative. 

From observation, we know that individuals ordinarily exhibit a rough 
dependence between the durations of actions and silences; when a person 
becomes very talkative, for example, his silences become much shorter 
in duration. Since the b slopes on the one hand measure the relative dis¬ 
tribution of long and short values within the shorter durations observed, 
while the d slopes measure a similar distribution in the long values, we 
diould expect that there might be some sort of dependence between the 
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b and d slopes. If ba/b^ is plotted as a function of d^/dgt it is found that 
log b ratio is a rectilinear declining function of log d ratio, with a slope of 1. 

log bjb, = -log djd,. (2) 

When all the cases in which an individual manifests two d slopes are 
plotted, it is found that all his points fall on the line defined by the above 
equation (2), no matter with whom he or she was interacting. In figure 1, 
which gives the data of eight individuals, each individual has his own 
curve, although the slopes (—1) are all the same. This means that the 
actual rate of adjustment of the b ratio in respect to the d ratio is unique 
for each individual, although the relative rate is the same. In the eight 
curves presented, with the exception of FLWR^ each person interacts 
with at least two persons, and EDC, the longest series, interacts with five 
different people. Since the position of the line does not shift in the data 
for different pairs including the same individual, we may consider that 
the position of the curve (defined by the ordinate intercept) is invariant 
for the individual. 

There is additional evidence that not only tlie position of the curve 
but also its lengtli (span) may tend to be invariant for the individual. 
In a small number of cases in each scries, no d curve was found either in 
the silences or in the actions. If the position of this observation be cal¬ 
culated from the b ratio, it was found that in all cases in which no d slope 
is found (where N is large enough to expect one to occur), the value of the 
b ratio is either greater or less than any value in which a d ratio appears. 
Moreover, the absence of a d slope occurs systematically. When the value 
of the b ratio is less than the lowest value recorded with the d ratio, then 
uniformly no d silence slope appears; conversely, when the value of the 
b ratio is greater than any ix\ which both d slopes appear, then no d action 
slope appears. Not only then is the position of the curve of this function 
(2) invSant o„ . log grid, bit ato limib. within which hodl 

d slopes appear also seems to be invariant for the individual on the present 
evidence. In figure 1, the limits of the appearance of d ratios are fixed 
by lines drawn across the line of the individud at the first value of the 6 
ratio in which no d action or silence slope appears. 

The significance of this functional relationship may become clear if 
we regard the individual as interacting in three “states" as defined by this 
function. In the first, where there is no d silence curve, the value of the 
b ratio is below the limits defined by log b ratio equals minus log d ratio. 
This means that the b action slope is so flat and the b silence slope so steep 
that the individual has reached a kind of limit in talkativeness such that 
he does not manifest any long silences. In the other limiting case, where 
there is no d action slope, the value of the silences in the b slope is so low 
that there is no variation from a uniform rate of long silences. No long 
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actions sufficient to produce a d slope appear. In both these cases, how¬ 
ever, the individual varies in his action or silent rate, that is, there is 
both a b and a d curve for actions if d silence is missing, and vice versa. 
In the intermediate state, there is dependence between four slopes, such 
that if the b action slope increases (more short actions appearing) and the 
b silence remains constant or becomes flatter, then the d action slope be¬ 
comes flatter (contains relatively more long actions) or the d silence curve 



becomes steeper. In other words, as a man becomes talkative he talks in 
longer durations, and there is a decline in the frequency of long durations 
and an increase in the short in the b action slope which describes the 
shorter actions, or else an inverse shift in the silences* Each person has 
his own rate of adjustment, defined by the position of the curve in relation 
to the intercepts. 

If the b and d slopes represent processes of formation of durations at 
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different rates, the function (2) indicates that these processes are united 
in a single system, the limits of which are those cases in which at a given 
ratio of the b slopes, either the actions or the silences have reached a limit 
beyond which no d slope is formed. Thus the range between the upper 
and lower limits of the appearance of two d slopes defines the capacity of 
the individual to vary his d rates, evidenced by the appearance of d slopes. 
But the variation of rates so occurring is due to the process of adjustment 
to an individual with whom a specific individual is interacting. It can 
easily be seen that if neither individual interrupts the other, and if neither 
one is silent when the other is silent, the actions of one person will equal 
the silences of the other, and, conversely, and the slopes of the frequency 
distributions will be the same. By examination of the evidence (to be 
published in another place), it can be seen that this occurs very rarely. 
Nevertheless, there has to be a certain degree of adjustment unless one 
individual only talked when the other talked and was silent when the other 
was silent. Therefore, within the limits of adjustment of the action slopes 
of individual A to B*s silences and, conversely, the values of the d slopes 
have to be determinate. From this it follows that, in a first approxima¬ 
tion, the limits of the appearance of a d ratio defines the capacity of an 
individual to vary his d rate in adjustment to another individual. An 
individual like KY or JOB, exhibiting a veay narrow range of d ratios, is 
a person whose variation in response to others is such that within only a 
narrow range of adjustment can they manifest the long values which pro¬ 
duce the d slope. The conditions of this adjustment will be dealt with at 
another time. 

Summary .—^The measurement of the interaction of individuals provides 
us with an opportunity to find out whether any unique property of an 
individual, ordinarily called “personality,” manifests itself when two 
people are talking together, a series of observations is made, the 

frequency distributions of the durations of action and silence are htt^ 
by the exponential equation, F ae"** -f ce“*, and the plot of log bjb, = 
—log djd, with a slope of 1. The position of this curve as defined by the 
intercepts is invariant for each individual, since it does not shift when the 
individual interacts with different individuals. The range of the curve 
also may be invariant for each individual, being delimited at the lower end 
by the absence of a d silence slope and at the upper end by the absence of a 
d action curve. These invariant properties afford us a quantitative de¬ 
scription of individual differences in “personality” as mchibited in the 
rates of acting and being silent in interaction. 

' AUport, G. W., Personality; A Psychohgieal Interpretation, New York, Hcdt, 1937; 
Cattell, R. B., Brit. Jour. Psychol., 23, 308; 24, 20 (1033), afftnrd examples of this 
procedure. 

* Kretschmer, E., Pkysipue and Character (trans. by W. J. H. $prott), 2ad ed.. 



16 


BOTANY: OVERSTREET AND BROYER 


Proc. N. a, S, 


London: Kegan Paul, 1936; Jung, C. G., Psychological Types, New York, Harcourt 
Brace, 1923, are well-known examples of this approach, 

» Chappie, E. D., Proc. Nat Acad. Set, 25, 2, 1939. 

• Crozier, W. J., and Hoagland, H., "The Study of Living Organisms," in Murchison, 
C., A Handbook of General Experimental Psychology, Worcester, Mass., Clark University 
Press, 1934, p. 3 and ff. 

• Crozier, W. J., and Holway, A. H., Jottr. Gen. Physiol., 23, 101 (1939). 

• Crozier, W. J., Wolf, E., and Zerrahn-Wolf, G., Jour. Gen. Physiol., 22, 311 (1939). 
^ Chappie, E. D., Measuring Human Relations (to be published) for a discussion of 

this point. 

• Made for us by C. A. Marston Co., Braintree, Mass. 

• Lipka, J., Graphical and Mechanical Computation, p. 156 and ff.. New York, Wiley, 
1918. 

^ The author is greatly indebted to Ck>rdon Donald for his assistance in calculating 
these slopes. 


THE NATURE OF ABSORPTION OF RADIOACTIVE ISOTOPES BY 
LIVING TISSUES AS ILLUSTRATED BY EXPERIMENTS WITH 

BARLEY PLANTS^ 

By R. Overstreet and T. C. Broyer 
Division op Plani' Nutrition, Collbob of Agriculture, University op California 

Communicated December 6, 1939 

Introduction. —In a recent article Jenny and Overstreet* proposed a 
theory of ionic interchange between plant roots and soil colloids based on 
the assumption of partial interpenetration of the ionic double layers of root 
and clay surfaces. In the development of this theory of “contact ex¬ 
change*' the outgo of radioactive potassium from barley roots into clay 
suspensions and salt solutions was studied. It was found that the radio¬ 
active isotope moved readily from the roots into colloidal clay suspensions 
saturated with monovalent cations and to a much lesser degree into those 
saturated with divalent cations. This outward movement did not occur 
with distilled water, or with certain salt solutions investigated, of ionic 
content comparable to that of the colloid, with the notable exception of 
solutions of potassium salts. Radioactive potassium was found to move 
readily from barley roots into both clay suspensions saturated with potas¬ 
sium and solutions of potassium salts. Outward movement of radioactive 
potassium occurred simultaneously with the accumulation by the roots of 
non-radioactive potassium. This two-way movement of potassium be¬ 
tween the roots and the bathing solutions has been interpreted as evidence 
for the existence of ionic exchange of cations. In this paper a more de¬ 
tailed examination is made of the factors governing the movement of radio¬ 
active cations between culture solutions and plant roots. 
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Let us consider the equilibrium distribution of any strong electrolyte A B 
in an inanimate system consisting of n phases. If the A B molecule dis¬ 
sociates into V ions where v ^ = no. of cations; vb — 

no. of anions), then the equilibrium condition for all phases is: 

X (Ib^)hx ” {<^A^ X (1) 

a A and aj? are the activities of the cation and anion, respectively, and ife is a 
constant. In the system under consideration it is assumed that the phase 
boundaries are permeable to all ions. However, equation (1) also has been 
applied to a very important class of systems in which one or more of the 
cations or anions are impermeable to the phase botmdaries (Donnan 
Equilibrium). Obviously in such systems A B refers to permeable electro¬ 
lytes. 

If one of the cations A in the above system is a mixture of several iso¬ 
topes Au Att Alt etc., which in any phase have the isotopic mol fractions 
^At* ^Ai* fitc.. at equilibrium the distribution of the isotopes will be 
such that: 



... ^ ^ 1 , 




( 2 ) 

= {NM)n, = ... 

• • • 



A distinguishing characteristic of systems in which one or more of the 
phases are embodied in living tissue (plant or animal cells) is the fact that 
the equilibrium condition represented by equation (1) rarely if ever ob¬ 
tains. The trend of life processes is usually away from this equilibrium 
condition. The accumulation of electrolytes from culture media by plant 
and animal cells is a well-known example of this.’ On the other hand, the 
equilibrium distribution of isotopes represented by equations (2) is nearly 
always maintained in nature, even in those systems where one or more 
phases are present in living tissue. In general plant and animal cells are 
unable to bring about a separation of isotopes. Prom this fact it may be 
concluded that in the processes of metabolism and salt accumulation in 
plants, isotopes behave very nearly alike. The assumption seems safe 
that under natmal conditions any plant-culture solution system is in a 
state of isotopic equilibrium. However, what trends may we expect if this 
equilibrium in such a system is deliberately disturbed, as for example by 
the addition of a radioactive isotope to the culture solution bathing the 
roots of a plant? This question is complicated by the fact that living 
systems are usually in a state far removed frpm that of thermodynamic 
equilibrium represented by equation (1). Jenny and Overstreet* have 
shown that the passage of cations between the culture medium and the root 
is not unidirectional (except as a net effect resulting in accumulation of cat- 
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ions under the influence of metabolic activities of the living cdls). Prom 
this we may conclude that many if not all the phase boundaries in the plant 
are permeable to cations in both directions, al^ough the permeability to an 
ion in one direction may be much greater than in the opposite direction. 
Consequently in the forementioned disturbed system, an undetermined 
number of phases within the plant would tend toward isotopic equilibrium 
with the culture medium. This would be expected even though the phases 
were not in thermodynamic equilibrium, since the phase boundaries are 
permeable to the radioactive ion in both directions. Furthermore, it is 
evident that the trend toward isotopic equilibrium between the culture 
medium and the plant root must involve a process of ionic exchange be¬ 
tween isotopes. Thus the process is undoubtedly intimately linked to the 
ion exchange mechanisms of the plant. For this reason experiments were 
designed to observe this trend. 

From the above considerations it follows that the entry of a radioactive 
isotope into plant roots from culture solutions will be governed by two 
major factors. First, the entry is dependent on the inward movement of 
the particular ion species to which the isotope belongs. For example, the 
entry of radioactive potassium is dependent on the total entry of potassium 
(radioactive and non-radioactive). Second, the influx is dependent on the 
distribution of the isotope in the various phases of the system. In other 
words, radioactive potassium initially in the culture solution would be 
expected to enter the root and move, by whatever means at its disposal, 
throughout the plant until the state of equal isotopic mol fractions in all 
phases concerned is attained. For these reasons, in order to study ade¬ 
quately the absorption of radioactive potasnum by barley roots, it has been 
necessary to study the absorption of dl forms of potassium. 

Experimental Technique ,—^The experiments were conducted with barley 
plants of the Sacramento variety. The plants were grown acccmling to 
the method of Hoagland and Broyer.* Th^ are characterized by a rela¬ 
tively low potassium content and the roots readily accumulate potassium 
from very dilute solutions. Barley seeds were germinated in special 
chambers and transplanted into shallow pans each of which contamed 3800 
cc. of nutrient solution. One htmdred and «xty-eight plants were set out 
in each pan in 24 corks. The volume of solution in tte pans was main¬ 
tained by the addition of distilled water daily. After i^roximately 3 
weeks the barley plants, which had grown to about 18 inches in length, 
showed the first‘signs of starvation in the shoot, but the roots were entirely 
healthy {“low-salt” plants). At this stage the plants were used for eaqieri- 
mentation. In the experiment reported hm decapitated plants were used; 
that is, the shoots were cut off one inch above the root-stem plate. The 
culture solutions were analyzed for radioacdvily by ^e method described 
by Jenny, Overstreet and Ayer8.‘ 
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Experimental Data .—In the first experiment the uptake of radioactive 
potassium by the 'iow-salt" plants was studied. Groups of 84 decapitated 
plants were placed in idiallow pans each of which contained 3000 cc. of 
0.0005 N KCl. The KCl contained radioactive potassium, the radio¬ 
activity of the dry salt in one liter of solution being of the order of one 
microcurie. The plants were left in the aerated culture solutions for 
periods up to 9 hours. At the conclusion of each absorption period the 84 
plants were removed and suitable aliquots of the culture solution were 
tested for radioactive potassium and analyTsed for total potassium. The 
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FIGURE 1 

radioactive potassium and total potassium contents were each expressed as 
the percentages of the radioactive potassitun and total potassium contents 
of the original culture solution. These percentages are plotted against 
the absorption times in figure 1, curves 1 and 2. The graph shows that the 
fractional uptake of the radioactive isotopes is not significantly different 
from that of the non-radioactive isotopes. No trend toward isotopic 
equilibrium can be detected with the * low-salt” plants since the capacity 
for accumulation of all kinds of potassium is so large. It is apparent from 
curves 1 and 2, figure 1, that the plant cannot distinguish between radio¬ 
active and non-radioactive isotopes in absorption, within the limits of error 
of this experiment. 
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From the data of the foregoing^ experiment it seemed probable that in 
order to observe the trend toward isotopic equilibrium it would be necessary 
to reduce the total accumulation of potassium. With this point in view the 
following experiment was run. ‘‘Low-salt*' barley plants were allowed to 
absorb salt for a period of 19 hours from a nutrient solution containing a 
relatively high amount of non-radioactive potassium. During this period 
the potassium content of the roots rose from 34.7 to 131 milliequivalents per 
100 grams oven-dry material (the average oven-dry weight of the roots 
from 84 plants was 3.75 grams). The shoots were then cut off and groups 
of 84 plants allowed to absorb KCl containing radioactive potassium under 
exactly the same conditions as in the first experiment. The percentages of 
total and radioactive potassium remaining in the culture solution are 
plotted in figure 1, ciurves 3 and 4. Examination of the curves reveals that 
the pretreatment has greatly reduced the rate of accumulation of total 
potassium as well as the accumulation of radioactive potassium. The 
significant divergence of curves 3 and 4 shows that the pretreated plants 
exhibit a preferential absorption of the radioactive isotope. This would be 
expected from the considerations mentioned above in regard to isotopic 
equilibrium. 

An attempt was then made to produce roots which would show no in¬ 
crease in total potassium when immersed in dilute KCl solutions containing 
radioactive potassium. Under these conditions the only possible absorp¬ 
tion reaction would be an ionic exchange between potassium of the cultiure 
solution and potassium of the root. To this end, barley plants were grown 
for 3 weeks in complete nutrient solution which was renewed 3 times a 
week. The decapitated plants were then immersed in radioactive KCl 
solutions as before. The results are given in table 1. 

TABLE i 


Absorption of IC from 0.0005 N KCl Solutions (3 Liters) Containino K** by 

Decapitated "High-Salt” Barley Plants 


ABROKPTXOH 

% or OKIOINAL K 

% 09 O1U0INAL K* 

RADIO ACTIVITY OP DRV 

PBXtlOD tM 

RBUAININO tN 

RBIf AINIHO IN 

ASH OF ROOTS IN COUNTS 

BOirits 

MLOTION 

eVLTORB SOLUTION 

PBR MIN. 

0 

100.0 

100.0 

0 

1 

112.2 

95.7 

136 

2 

110.8 

97.8 

167 

3 

110.8 

91.0 

269 

6 

109.0 

93.7 

278 

9 

119.4 

91.0 

629 

Average oven-dry weight of roots from 84 plants «■ 2.65 gm. 
Original total K content of roots of 84 plants « 0.145 gm. 


Table 1 reveals the following facts. 

The “high-salt" 

roots actually de- 


creased in total potassium, yielding potassium to the culture solutions. At 
the same time the roots absorbed radioactive potassium. This absorption 
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of radioactive potassium by the roots is brought out more significantly by 
the counts on the dry ash of the roots. The results are shown in the fourth 
column of table 1, in which the counts per xninute on the dry ash of each 
set of 84 plants are given. There occurred a continuous exchange of radio¬ 
active potassium of the culture solution for non-radioactive potassium of 
the root throughout the 9-hour absorption period. The question arises 
now as to the extent to which this simple exchange process between cultture 
solution and plant would go if given longer periods of time. It is possible 
that eventually all parts of the plant would come to isotopic equilibrium 
with the culture solution, but certain experiments with barley plants at low 
temperatures indicate that, at least for those conditions, such isotopic 
equilibrium may never be reached within the life period of the tissues. At 
O^C. barley plants accumulate potassium from KCl solutions in very 
minute amounts if at all. On the other hand, it has been found in another 
research (Broyer and Overstreet) that the exchange of radioactive potas¬ 
sium between plant roots and culture solution is little affected by tempera¬ 
ture. Thus for even “low-salt” barley plants placed in dilute KCl solutions 
containing radioactive potassium, the major process occurring at low 
temperatures is a simple exchange of radioactive potassium of the culture 
solution for ordinary isotopes of potassium initially present in the plant. 
In an experiment to be reported more fully elsewhere (Broyer and Over- 
street) sets of 7 barley plants each were placed in 400 cc, of 0.000455 N KCl 
solution containing radioactive potassium at O^C. After various absorp¬ 
tion periods from V* minute to 3 hours the roots were removed from the 
culture solution, washed, ashed and counts for radioactivity made. The 
results are shown in figure 2 in which the counts per minute for the roots of 
the seven plants are plotted against the absorption time. The absorption 
of radioactive potassium tended toward a maximum indicating that under 
these conditions only a limited part of the plant, may be involved in the 
exchange process. 

IHsct^sum ,—The experiments show that “low-salt** barley plants (con¬ 
taining approximately 30 milliequivalents potassium per 100 gm. dry 
weight of roots) at normal temperature absorb radioactive potassium and 
non-radioactive potassium from culture solutions in very nearly constant 
proportions. These plants apparently do not distinguish between the 
radioactive and non-radioactive isotopes in absorption from solutions of the 
concentrations indicated, but barley plants of Ugh potassium level defi¬ 
nitely do not absorb the isotopes in constant proportions. With these 
latter plants, the absoxption of the radioactive isotope is favored. This 
fact is in harmony with the picture of a trend toward isotopic equilibrium 
between the culture solution and plant roots. 

The trend toward isotopic equilibrium involves in ess^ce a simple ex¬ 
change between radioactive isotopes of the outside medium for non-radio- 
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active isotopes of the plant. If we assume the plant root to include a sys¬ 
tem of colloidal partides possessing adsorbed potassium ions, the process 
may be indicated by the equation; 


Colloidal 

particle 


K 

K + K*C1 
K 


Colloidal 

partide 


K* 

K + KCl. 
K 



As may be seen from equation (3), the reaction involves no change in the 
total amount of potassium adsorbed on the colloidal partides. This phe¬ 
nomenon presents a serious difficulty in the quantitative interpretation of 
data concerning radioactive dements, which becomes apparent from the 
data dted on experiments with potassium ions. For example, in one 
instance (Pig. 1, curves 3 and 4) both radioactive and non-radioactive 
potassium enter the plant in proportions which vary with time, while in 
another instance (Fig. 2) there is a movement of radioactive potassium into 
the plant with no net movement of potassium in the plant-solution culture 
system. A still more striking case is described in table 1, in which a move¬ 
ment of radioactive potassiiun into the plant is accompanied by a net 
release of potassium from the plant. In the light of the above information 
it seems imperative that conclusions in regard to net movements of an ion 
initially present in the organism based on observations of the movements of 
its radioactive isotope must be made with cauticm. This is especially true 
in the absence of information on the movements of the non-radioactive 
isotopes, and on the original salt status of the living material. The absorp¬ 
tion of radioactive ions, while of great interest in relation to intermediate 
steps in the process of net accumulation of ions involving metabolically 
controlled cdl activities is not a measure of this accumulation. 

Experiments with barley roots indicate that tmder low temperature con¬ 
ditions only a certain part of the root is capable of attaining isotopic 
equilibrium with the outside medium within moderate time periods. This 
part may represent the colloidal phases of the protoplasm and cell wall 
which are capable of rapid ionic exchange trith the outside solution. It is 
of interest to calculate the total potasrium associated with tUs fraction 
from the data for figure 2. At the maximum of the curve, 1350 counts for 
the roots Of 7 plants, it will be assumed that a certain fraction of the potas¬ 
sium of the roots is in isotopic equilibrium with the potassium of the culture 
solution. Thus for the two quantities of potassium involved, the ratio of 
radioactive potassitun to total potassium must be the same. At the 
equilibrium point the outside culture solution contained 7.11 mg. potas¬ 
sium and the total count of radioactivity on a basis comparable to that used 
in estimating radioactivity in the roots was 50,900 onmts per minute. 
From these data it follows that 0.188 mg. of the total potasahim present in 
the seven plants is capable of isotopic equilibrium with the outside sohttion. 
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Since the oven-dry weight of the roots of seven plants was 0.17 gm. this 
potassium corresponds to about 2.8 milliequivalents per 100 gm. of the 
oven-dry roots. The total potassium content of the roots was approxi¬ 
mately 30 milliequivalents per 100 gm. of oven-dry material. Conse¬ 
quently, roughly 10% of the total potassium in the roots of "low-salt” 
barley plants is exchangeable at 0°C. Since the effect of temperature upon 
the exchange reaction is known to be slight, this percentage can be assumed 
to represent that fraction of potassium in the roots at normal temperatures 
which is capable of rapid exchange for isotopes in the bathing culture me¬ 
dium. This value has the same order of magnitude as that for potassium 



not easily teooverable by sap expression methods (unpublished data, Broyer 
and Hoagland). 

Summary .—From considerations of equilibria, it is concluded that plant 
roots may absorb radioactive ions by means of a simple exchange of radio¬ 
active isotopes of the surrounding culture medium for non-radioactive iso¬ 
topes initially present within the plant. 

Barley pluts with low potassium levels absorb radioactive and non- 
radioactive isotopes of potassium in nearly constant proportions from 
dilute KCl solutions in wUch the radioactivity of the dry salt is of the order 
of one microcurie per liter. Under similar conditions, barley plants with 
moderately high potassium levels favor the radioactive isotope in absorption. 

Under the conditions studied, plants with high potassium levels or plants 
maintained at low temperatures do not Show a net absorption of potassium. 
However, they do absorb radioactive potassiam, indirating a process of 
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exchange of radioactive isotopes in the culture medium for non-radioactive 
isotopes in the roots. 

The fraction of potassium present in the root capable of rapid exchange 
for isotopes in the culture medium is calculated. This fraction is believed 
to be associated with the colloidal phases of the protoplasm and cell wall, 
and for this reason may have a special significance for the study of certain 
aspects of the ionic interrelations of the root and culture medium. 
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CONCERNING THE OPEN SUBSETS OF A PLANE CONTINUUM 

By R. L. Moorb 

Dbpartmbkt op Pure Mathematics, University op Texas 
Communicated November 16,1939 

In this paper, two theorems relating to unbounded plane continua will 
be established. 

Theorem 1. //, in a plane 5, K is a closed point set and G is a countable 
set of mutually exclusive continua and G* {the sum of all the continua of the 
set G) has no point in common with K and G'* + K is a continuum then every 
element of G is a component of G*. 

Proof, Let M denote G* + K, Suppose K has a bounded component 
H, Then there exists^ bounded domain D containing H, Let L denote 

the component of M. D that contains H. The boundary of D contains a 
point B of L. Thus the connected subset L oi M contains at least one 
point B not belonging to H, Hence L is not a subset of K, Let W denote 
the collection whose elements are K and the continua of the set G. Let 
Q denote the set of all point sets q such that q is the common part of L 
and some point set of the collection W. The collection Q is a non-degenerate 
countable collection of mutually exclusive closed point sets filling up the 
compact continuum L, But this is contrary to a theorem of Sierpinski's.^ 
It follows that every component of is unbounded. 
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If there were only one continuum in the collection G then M would be 
the sum of two mutually exclusive closed point sets K and con¬ 

trary to the supposition that it is a continuum. Hence there exist two con¬ 
tinue X and y belonging to G. There exists an arc AB from a point A of 
jc to a point B of y. With the aid of the above-mentioned theorem of 
Sierpinski's, it follows that AB contains a point 0 not belonging to Af. 
Let T denote an inversion of the plane S about some circle with center at 
0. Let g denote a continuum of the collection G and let N denote the com¬ 
ponent of M-K that contains g. Suppose N is distinct from g. Then there 
exists an infinite subcollection Gx of G such that N is the sum of all the con- 
tinua of Gx, The point set T{N)^ the image of N under the inversion 7*, is 
bounded and connected. Since every component of the closed point set 
K is unbounded^ 0 + T{K) is a compact continuum. Let I denote the 
complementary domain ot O + T{K) that contains T{N), The boundary 
of 7 is a subcontinuum of 0 + T{K) and T{N) + j3 is closed. There exists 
a reversibly continuous transformation Z throwing the simply connected 
domain I into the plane 5, The image of T{N) under this transformation 
is a plane continuum which is the sum of a countable number of mutually 
exclusive continua. But this involves a contradiction.® It follows that 
N is identical with g and, therefore, that every element of (x is a component 
of M-K. 

It has been shown by W. T. Reid* that if iC is a proper subcontinuum of 
a plane continuum M then K contains a limit point of some component of 
M-K, This proposition does not remain true if the requirement that K 
be a proper subcontinuum of M is replaced by the weaker requirement that 
it be a closed subset of M, Indeed the following theorem holds true. 

Theorem 2. There exists a plane continuum M containing a closed point 
set K such that M-K has only a countable number of components and K 
contains no limit point of any one of them. 

Proof, It has been shown by Mazurkiewicz* that there exists a plane 
continuum M which is the sura of a countable number of mutually ex¬ 
clusive closed point sets all but one of them being continua. Let K denote 
the one which is not a continuum and let G denote the collection of all the 
others. By Theorem 1, every continuum of the collection G is a component 
of M-K, But K contains no limit point of any continuum of that collec¬ 
tion, 

‘ W. Slerpinski, **Un theorcme sur lea continus,’* Tokohu Math, Jour, 13, 300-^03 
(1918). 

* That no plane continuum is the sum of a countable number of mutually exclusive 
continua has been shown both by Mazurkiewicx and by the author. Cf. Fundamenta 
MaikemaiicaSt 5, 188-205 and 6, 189-202. 

»'‘A Theorem on Plane Continua,*' BuU, Atner, Math. Sac., 41,684-088 (1935). 

♦ Loc. cit. 
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ON HOMOTOPYAND EXTENSION OF MAPPINGS 

By Ralph H. Fox 

iNanruTE for Advanced Study, Princeton, N. J. 

Communicated November 25, 1939 

The purpose of this note is to exhibit a relation between certain special 
homotopy properties and the problem of extending mappings.' We con¬ 
sider only separable regular spaces, i.e., homeomorphs of subsets of the 
Hilbert parallelotope. Mapping means continuous mapping. 

Theorem. If A is a compact set and Y is an absolute neighborhood retract 
then a necessary and sufficient condition for a mapping f t F* to be homotopic 
to a constant is that f be extendable (relative to Y) to every space X which con¬ 
tains A . 

Since a constant mapping can be extended to every space X the necessity 
is a consequence of the theorem. If mappings f and gtY^ are homotopic 
then, for any X containing A, f can be extended to X if and only if the same is 
true of g. Interpreting homotopy of / and g as the existence of a continuous 
curve in Y^ containing / and g, this is easily seen to be a consequence of the 
Borsuk theorem.* The set n{y^, X) of mappings of Y^ which can be ex¬ 
tended to X is open and dosed in Y^. 

The proof of the sufficiency of this condition does not require anything of 
the separable, regular spaces A and F. Let X be the Hilbert parallelotope 
80 that by hypothesis there is a mapping/*« F^ such that/*(jc) » f{x) for 
every xt A. Since A is contractible in X there is a mapping h e X^ ^ 
and a point ptX such that h{x, 0) ^ and h{x, 1) ^x. Then/*A « F^ ^ 

and/*A(Jc, 0) - /*(/>) c B andf*hix, 1) » /*(x) = f{x). Thus f*h is a ho¬ 
motopy in F between / and a constant. 

By specializing .4 to a subset B of F and / to the identity we have 

Corollary. If B is a closed subset of an absolute neighborhood retract Y 
then B is contractible in Y if and only if for every space X containing B there 
is a mapping f* tY^ under which every point of B is fixed. 

An equivalent formulation is easily seen to be the following: 

If B is a closed subset of an absolute neighborhood retract Y then B is con¬ 
tractible in Y if and only if for every space X, closed subset A and mapping 
f tB^ there is an extension off to X relative to Y. 

Further specializing to be equal to Fyields the classical theorem.* 

In order that an absolute neighborhood retract be contractible it is necessary 
and sufficient that it be an absolute retract. 

Obviously the corollary permits one to replace any statement about sets 
contractible in an abk)lute neighborhood retract F by a statement about 
fixed points under mappings into F. Thus in partacul^ 
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The category,^ cat Y, of an absolute neighborhood retract Y imbedded in the 
Hilbert parallelotope X is the least integer k for which there are k mappings 
fufii . ^ tfk^Y^ such that every point of Y is fixed under one of these mappings. 

This result, which might serve as the definition of category, is of particu¬ 
lar interest as it exhibits the category as a generalization of the notion of 
absolute retract. 

An equivalent formulation is the following generalization of a Borsuk 
theorem.* 

The category, cat Y, of an absolute neighborhood retract Y is the least integer 
k such that, given any space X and closed subset A and mapping ft there 

are k mappings fu /»>.•»/*€ such that for every xtA there is an index i for 
which fi(x) — f(x). 

Elsewhere/ I have introduced the concept of »-homotopy. Mappings / 
and g t are said to be n-homotopic if the continuous complexes and 
gif> € F^ are homotopic for every at most n-dimensional continuous complex 
I have raised the question* of the extendability of a mapping which 
is n-homotopic to an extendable mapping. Our only theorem in this con¬ 
nection concerns the converse problem. 

If A is a compact set and f is a mapping tY^, a sufficient condition for f to 
be n-homotopic to a constant is that f be extendable to every at most (n + 1)- 
dimensional compact spac:e X which contains A . 

According to Borsuk* there is an (n + l)-dimensional infinite complex 
4.1 such that X ^ A + 4. j is compact and £C" and every at most n- 

dimensional continuous complex in X is homotopic to a constant. Hence 
the identity mapping, 1 of A is n-homotopic in X to a constant. If /* is an 
extension of/to X then/*l ® / is n-homotopic in F to a constant. 

Returning to the situation in the second formulation of the corollary we 
consider spaces X and F and a mapping / of a closed subset ^4 of X into a 
subset jB^of F. We have found conditions under which the existence of an 
extension/** of/to X relative to F is assured. We shall now look for condi¬ 
tions which guarantee the existence of an f* which has the additional prop¬ 
erty that it maps X — ^4 into F — Such an extension has been called, 
by Lefschetz/ an expansion. The use which Lefschetz makes of expansion 
rests on the following remark: 

Iff and g are mappings €S^,f*isan expansion off to X relative to Y and g* 
is an extension ofgtoX relative to B thenf^ and g^ have the same coincidences 
asfandg. Explicitly: f{x) » gix) if and only if f*{x) » g*(«). 

When F is the unit segment (0,1) and B is the union [0] + [1] of its end¬ 
points, any/has an expansion* given by 

fnu\ _ p(/"’*(Q)»/!^) _ 

^ ^ ^ ^ X) + tKi)y 

where p is a metric in X. 
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To prove a general theorem on expansion we introduce the following 
terminology: A subset 5 of a space Y is deformable in K — 5 if there is a 
mapping of the cylinder B X [0, 1] into Y which leaves every point of B = 
B X [0] fixed and maps the remainder B X (0, 1] into K — J5. If, in addi¬ 
tion, B X [1] is mapped into a single point, B will be said to be contractible 
in F - B. 

A necessary and sufficient condition for a subset B of a space Y -- B to be 
deformable in Y — B is that for every space X and retract A of X any mapping 
f tB^ can be expanded to X (relative to F). 

The sufficiency of the condition follows from the definition of deforma¬ 
tion in F — B on choosing X = B X [0,1] and i4 = B X [0]. 

To prove the necessity we define the following functions; 

(a) r tA^ such that r{x) = x for every x^ A. 

(h) h t X to* 11 such that h{y, 0) = y and h{y, t) t Y — B for every 
(y, /) e B X (0, 1], 

(c) u € [0, 1]^ such that u~^(0) = A; u may be defined explicitly by 
u(x) = \p(Xf A) with X a suitable positive number. We then define 
/* e by 

f*(x) = h(f(r(x)). u(x)) 

and observe that/* is the desired expansion. 

Slight modification of the previous proof is all that is required to obtain 
either of the following two theorems: 

A necessary and sufficient condition for a subset B of a space Y to be con¬ 
tractible F — B is that for every space X and neighborhood retract A of X 
any mapping f e B^ can be expanded to X (relative to F). 

A necessary and sufficient condition for a subset B of a space Y to be de¬ 
formable in Y into another subset B' is that, for every space X, retract A of X 
and neighborhood U of A in X, any mapping f € B^ has an extension f* t Y^ 
suchtkatf*(X - U)CZB\ 

‘ For the terms used the reader is referred to the papers of Borsuk, especially Fund, 
Math, 17, 162-170 (1931); 19,220-242 (1932); 26, 123-136 (1936). 

* Fund, Math., 19, 229. 

» Fund, Math., 17, 161. 

* "On the Lusternik Schnirelmann Category," to appear in Ann. Math., §13. 

* Ibid., §20. 

* Fund. Math., 27, 242 (1936). 

Topology (1930), 287. 

* Compare Vedenissoff, Fund. Math., 27, 234-238 (1936). 



VoL. 26, 1940 


MA THEMA TICS: S. BOCHNER 


29 


INTEGRATION AND DIFFERENTIATION IN PARTIALLY 

ORDERED SPACES 

By S. Bochnbr 

Pbpaktmbnt of Mathbmatics, Princeton University 
Communicated December 1, 1939 

We consider a vector space 5 which is partially ordered (relation >). 
By definition, S is an Abelian group of addition with the ring of real num¬ 
bers as coefficients (operators), and corresponding to any two elements a, 
b of S there exists a unique element sup (a, b) and a unique element inf 
(a, b). As usual, sup (a, 0) — inf (a, 0) will be denoted by \a\. We assume 
that S is complete: every set of elements A which is bounded from above 
(below) has a sup (inf). This leads to a sequential limit topology is 5. 
Namely, a„ 0 if 

inf„ sup (|oh1» \^n 4 * ll» * * * )“ ^* (1) 

In this connection we introduce elements + » and — ® with properties 
stated by L. V. Kantorovitch.^ A concept of limit which requires more 
than (1) is dominated convergence; it requires the existence of an element 
Oo > 0 such that |a»| ^ for n ^ N{t), < real. However, Kantorovitch 
has shown that convergence is equivalent with dominated convergence if 
the following axiom is fulfilled. 

Aodom (K). If A„^ {m ^ 1, 2, . . . ) is a set of elements of S which is 
bounded from above then there exists a finite subset A such that 

lim,„^« sup A^m - sup A^ 

if the limit on the right hand exists. 

We will later add another axiom. However, we will not make the as¬ 
sumption that our space has a Banach norm. For the construction of a 
Lebesgue theory of integration tlie Banach norm can be replaced by axiom 
(K). We consider a countably additive Boolean algebra of sets E of an 
arbitrary space J3 and a countably additive numerical measure fdE on it, 
and we make the assumption that B is also measurable and that fiB is 
finite. We call a sequence of functions/«(/) from £ to 5 uniformly con¬ 
vergent to/(0 if there exists a sequence of element o* 0 such that |/„(0 — 
/(/)[ <a„, and we call it convergent^ in measure if for any numerical « > 0 
there exists a subset JS„ of E such that fi(E — Eq) < f and/„(0 converges 
uniformly on A step function s{t) on E is one which has a constant 
value on each set E^ of a finite partition of E, and the integral J*s{t)d/jL 
on E is the sum 2 a,.ju£^. We now call a function /(/) measurable if it is 
the limit in measure of a sequence of step functions 5,(/); we call it in- 
tegrable if the integral of the double sequence \sm — tends to 0; and we 
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define the integral of /(/) as the limit of the integral of At this June* 
ture axiom (K) plays its rdle: a limit in measure of measurable ftmetions 
is again measurable; the value of is independent of the approximat¬ 

ing sequence ; furthermore, if a measurable function is dominated by 
an integrable function, it is also integrable and if a dominated sequence 
converges in measure then the integral of the limit is the limit of the integral. 
It is important to note that convergence in measure implies convergence 
almost everywhere and that we are making no statement about the 
converse. 

An additive set function F(E) from B to S is absolutely continuous if 
there exists an error function from real numbers to 5, which tends to 
0 with ri such that 1F(£)| i^e(jxE), The indefinite integral of an integrable 
function is absolutely continuous, however the converse is not true. In the 
case of Banach spaces satisfactory criteria for S are known under which 
the converse if valid.* As for our partially ordered spaces, we will not give 
a complete discussion but state one criterion for sufficiency. We will 
say that 5 has the property {D) if every absolutely continuous function 
is an indefinite integral. 5 having the property (D) does not depend on 
the Boolean algebra provided no set of positive measure is indivisible; and 
it is equivalent with the property of every monotone function/(/) from the 
real interval 0 S / S 1 to 5 having a finite derivative almost everjnsrhere. 
From this equivalence it can be seen that property (P) is implied by the 
following axiom, which for instance is fulfilled for the ordinary Lp spaces, 
p>h 

Aociom (L ). There exists on 5 a countable number of numerical additive 
functionals a, » each of which is non-negative for positive a and 

continuous in the sequential topology of 5, such that L»(a) > 0 for all n 
implies a > 0 and that, for ai i Oj 5 ...»lim,„ ® for all 

n implies sup a,» < + oo, 

Axiom (L) allows us to generalize many other theorems none of which 
have been known for Banach spaces. The most interesting is Birkhoff's 
strong ergodic theorem: if /(/) is an integrable function with period 1 from 
real numbers to S then 



has a limit as n oo for almost all L Furthermore if 

CO® 2iml + sin 2icnt) 

is the Fourier series of }{t) and Jit) satisfies a Lipschitc condition of order 
>1/2 (in particular if/(f) has a bounded derivative) then 

+ 1 ^* 1 ) <+ ( 6 ) 
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Finally, if f(t) is an almost periodic function and if aU exponents X. which 
occur in its Fourier series 

cos sin X,f) 

are linearly independent then (2) holds again. 

* “Lineare halb-geordnate Raume,” RecueU mathenuUigue, Moscou, 2, 121-168 (1937). 

* For the literature see B. J. Pettis, “Differentiation in Banach spaces,” Duke Jour,, 
5 (1939), 

* A. Zygmund, Trigonometrical series, p. 136. 


GALACTIC AND EXTRAGALACTIC STUDIES, III. PHOTO¬ 
GRAPHS OF THIRTY SOUTHERN NEBULAE AND CLUSTERS 

By Harlow Shaplby and J. S. Paraskbvopoulos 

HaRVAitD College Observatory 
Read before the Academy, October 24, 1939 

Approximately three-fourths of the external galaxies that are near enough 
for dose dassification are spirals, and most of the spirals can be easily 
placed in half a dozen common categories. Similarly the spheroidal 
galaxies are readily assigned to a few subtypes, rardy with abnormalities 
among them. The unusual forms, whether chaotically irregular like the 
Magellanic Clouds, or merdy peculiar variations on the usual types of 
spiral and spheroidal galaxy, are, however, of uncommon interest and per¬ 
haps of spedal importance in the study of galactic structiues and devdop- 
ment. 

Several instructive curiosities and abnormal forms are induded among 
the nebulae and dusters represented on the following pages. Some have 
already been published by Harvard, or by other observatories, but most 
of them are here presented for the first time. With the exception of the 
reproduction in figure 2, all photographs were made with the 60-inch re¬ 
flector at the Boyden Station, Bloemfontein. The scale is 26' to the milli¬ 
meter. Generally we have used Cramer High Speed emulsions, devebp- 
ing with rodinal. The reproduced photographs are sdected from plates 
made in the regular course of work on dusters and nebulae; no particular 
pains were taken to obtain photographs specially suited to publication. 
As usual, the finer details are lost in the reproduction, but enough remains 
to indicate the peculiar importance of some of these objects and the ad¬ 
visability of further study, photometric and spectroscopic. In all figures 
North is at the top, West on the right, except for figure 1 for which West is 
at the top and Soutii on the right. 
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In table 1 we have listed the principal objects of each photograph, giving 
codrdinates and approximate magnification. The brief tabulated descrip¬ 
tions are amplified in the following comments on the individual figures. 

1. The remarkable assembly of clusters and of bright and dark nebulosities that make 
up the Eta Carinae Nebula is too large for full exhibition by a single 60-inch reflector 
plate. The diameter is about 2°5, and therefore less than a fifth of the area illuminated 

TABLE 1 

List of Kbprooocbo Clusters aso Nbbulak 


OALACTIV 


FtOUDK NOC 

k 

K. A. (1900) DBC. 
m ® ' 

LOjsro. 

o 

LAT. 

o 

TKPK 

bnlakobmknt 

1 

«7 Car 

10 

41.2 

-69 09 

255 

- 1 

Gaseous nebula 

2.0 

2 

6614 

17 

56.3 

-23 02 

335 

- 2 

Trifid nebula 

0.9 


6623 

17 

57.6 

-24 23 

334 

- 3 

Lagoon nebula 

0.9 


6531 

17 

58.6 

-22 30 

335 

2 

Open cluster 

0.9 

3 

7793 

23 

62.7 

-33 07 

330 

-79 

Spiral 

1.6 

4 

5236 

13 

31.4 

-29 21 

283 

4-31 

Spiral 

1.0 

5 

7582 

2^ 

12.9 

-42 54 

314 

-67 

Spiral 

1.0 


7590 

23 

13.4 

-42 47 

314 

-67 

Spiral 

1.0 


7599 

23 

13.8 

-42 48 

314 

-67 

Spiral 

1.0 

6 

1097 

2 

42.1 

-30 41 

193 

-64 

Barred spiral 

1.6 

7 

65 

0 

10.0 

-39 46 

296 

-77 


1.0 

8 

5189 

13 

26.4 

-65 28 

275 

- 4 

Gaseous nebula 

10.0 

9 

244^3 

7 

36.6 

-69 18 

248 

-21 

Barred spiral 

1.6 

10 

1660 

4 

17.8 

-65 11 

231 

-43 

Spiral 

1.0 

11 

6763 

19 

03.0 

-67 12 

307 

-26 

Spiral 

3.0 

12 

1659 

4 

16.4 

-63 02 

241 

-41 

Barred spiral? 

1.5 

13 

0935 

20 

31.0 

-62 27 

314 

-39 

Plate spiral 

1.6 

14 

6937 

4782 

20 

12 

31.4 

49.3 

-62 30 
-12 02 

314 

273 

-39 
4-50 1 

Plate spiral 

1.6 


4783 

12 

49.4 

-12 03 

273 

4*50 I 

\ Double spheroidal 

2.4 

16 

2736 

8 

56.9 

-46 30 

235 

4- 1 

Streak nebula 

l.O 

16 

3681 

11 

07.7 

-60 46 

269 

- 1 

Gaseous nebula 

1.6 

17 

3132 

10 

02.8 

-39 67 

240 

4-13 

Planetary 

3.4 

18 

I 4662 

17 

37.2 

-64 38 

296 

-19 

Magellanic type 

1.5 

19 

6438 

17 

17 

52.9 

53.4 

-86 25 
-85 26 

276 

275 

-27 

-27 

Spheroidal 

Magellanic type 

3.0 

3.0 

20 

4038-9 

n 

60.8 

-18 19 

256 

-h43 

Ring-tail spiral 

2.6 

21 

5139 

13 

20.8 

-46 67 

277 

4-14 

Globular cluster 

1.6 

22 

7099 

21 

34,7 

-23 38 

356 

-48 

Globular cluster 

1.6 

23 

2818 

9 

12.0 

-36 12 

230 

4* 9 

Gaseous nebula in 
cluster 

open 1.5 


by bright nebulosity is shown in figure 1. A smaller scale photograph of the whole re¬ 
gion, with the 24-inch Bruce reflector of the Boyden Station, is shown on the cover of 
The Telescope for May-June (1937). The section of the nebula here shown is the bright¬ 
est part, and is most interestingly marked with sharp-edged dark streaks. The eighth 
magnitude star. Eta Carinae, which behaved like a nova a century ago and is now pos¬ 
sessed of a peculiar bright-line spectrum, is located 2.4 cm. below the center of the photo¬ 
graph. On a red-sensitive plate this star is relatively conspicuous# but otherwise no 
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striking differences between red and blue plates are to be noted, except the sharper con¬ 
trast on the red plate between light and dark nebulosity along the borders and in the 
crater-like area, 1,3 ctn. in diameter, 1.6 cm. above and to the left of Eta Carinae. Star 
clusters stand out more sharply on the red plates. The reproduced blue photograph 
had an exposure of one hour, with the seeing ^*unsteady and fuzzy at times.'* 

2. The four-hour exposure with the Bruce doublet on a region in Sagittarius ten de¬ 
grees from the galactic center shows both the strong irregular absorption that marks 
this interesting section of the Milky Way and two familiar objects: the Lagoon Nebula, 
Messier 8 (NGC 6523) with its star cluster, and the Trifid Nebula, Messier 20 (NGC 
6514). Also, at the center top of the picture is the bright open cluster Messier 21 (NGC 
6531). That these two large gaseous nebulae are separated by scarcely more than the 
diameter of Messier 8 is commonly overlooked. Stars fainter than the eighteenth magni¬ 
tude appear on the reproduction. The area shown is approximately 2?3 by 3*4. 

3. The nebular class Sd might well be used for NGC 7793 and similar objects of the 
spiral class that go far beyond the average .SV type in openness and lack of central con¬ 
centration. Spiral arm.s arc not distinct for NGC 7793; for the typical Sc spiral Messier 
83 m figure 4 they dominate the structure. 

A photometric study of NGC 7793 by Bhapley and Mohr is published in Harvard 
Bulletin 907 (1938). The object was discovered in 1850 during coraetary searches by 
George P. Bond, working visually with a comet seeker at the Harvard Observatory. A 
noteworthy feature, shown in figure 3, is the group of outlying patches of irregular nebu¬ 
losity, especially at the western central edge of the photograph and in the southwestern 
quadrant. The reality of these nebulous patches is verified by other photographs. 
They are probably distantly outlying parts of the spiral nebula, although apparently 
far beyond detectable spiral arms. Since the. distance of the spiral is estimated at 816 
kpc., the diameters of the patches are of the order of 100 pc. Probably a similar outlying 
patch near the spiral Messier 101 is the irregular object NGC 5477; but NGC 6477 has 
a nucleus, whereas many of the nebulosities near NGC 7793 are without central concen 
tration. Exposure 68 minutes. 

4. NGC 5236 Messier 83 is one of the brightest spirals in the sky (sec plate IJ, 
Lick Ohs. Pub., 13, 42 (1918)). It lies in a region richly populated with faint nebulae, 
and is within two degrees of the great Centaurus cluster of galaxies {Ilarv, Bull. 874 
(1930)). Exposure 76 minutes, with the seeing recorded as "imposvsible.” 

6, The spirals NGC 7682-90-^9, which probably form a physical system, are much 
alike in dimensions, inclination and class, but they differ considerably in structural de¬ 
tails. Paint spiral arms appear to envelop the main body of NGC 7582; and NGC 7599 
has no strong nucleus. Within two degrees of these three arc five other equally large 
and bright spirals, NGC 7496, 7531, 7662, 7632 and 1C 5326—all probably members of 
the group. The reflector plate of two hpurs exposure, reproduced in figure. 5, shows 
154 faint nebulae, ntany of which arc retained iu the reproduction. 

0. The unusual barred spiral NGC 1097 loses much of its fine .structure iu the repro 
dtiction (jM^e also Reynolds, M. N., 85, 101 (1926)). The large nucleus (tnirned out in 
the reproduction) shows a strong rift and a peculiar mterual structure that perhaps result 
chiefly from the dtstribution of obscuration. Along the swollen or elliptical "bar** and 
in the spiral arms there are also peculiar obscurations and markings. 

The spiral of class Sa, 17 mm. to the northwest of the nucleus and apparently within 
one of the spiral arms, is probably not connected with NGC 1097; its magnitude (on 
small-scale plates) is approximately 14. Exposure 101 minutes. 

7. With a diameter of more than half a degree (32^.6 X 4.4), NGC 56 probably is ex- 
cc^'ded in angular dimensions among the spirals only by the Andromeda Nebula and 
Messier 33. Sim^e it is considerably more distant than either of these objects, its linear 
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dimensions also may be oulstanding among the galaxies. The object is so peculiar that 
it cannot easily be classified. Is it, perhaps, a highly resolved spiral without nucleus, 
nearly on edge; or an equally tilted system of the Magellanic type; or possibly two over¬ 
lapping systems, similarly inclined, with similar internal structure? The third inter¬ 
pretation, suggested in conversation by Dr. G. Z. Dimitroff, is lent color by the appear¬ 
ance of the object on small-scale long-exposure plates (see inset in figure 7), where it ap¬ 
pears to be a double, edge-on spiral, without nuclei and with the components differing 
perhaps three magnitudes in total brightness. Strong absorption may conceal nuclear 
regions; but a number of spirals that appear to be devoid of a central nucleus or strong 
central concentration are now known. It may well be that such objects will need to he 
recognized as forming a distinct class. 

No Cepheid variable stars or novae have as yet been found in NGC 55, but South 
African plates for the detection of such distance indicators are accumulating. The 
brightest stars are of the eighteenth magnitude, and we might conclude that the system 
is of the order of 0.7 mpc. distant with an overall diameter of 7 kpc. Exposure two hours; 
poor seeing. 

8. NGC 5189, near the galactic equator, is a gaseous nebula of such remarkable 
knotted structure that it is here best represented by a drawing, made by Miss Virginia 
McKibben from an original reflector plate. No bright star is involved in the nebulosity, 
but 6' to the south is the seventh magnitude .star H. D. 117694, spectrum B9. In the 
Henry Draper Catalogue there is no star with a spectrum earlier than B5 within a degree 
of the nebulosity. The overall dimensions of the. nebula are 3".0 X 2.0. Exposure two 
hours. 

9. The barred spiral NGC 2442- 3 very closely resembles NGC 1097 (figure 0, above) 
in angular dimensions and structure, but it is more than a magnitude fainter and its el¬ 
lipsoidal and structtireless nucleus is decidedly off center. The low latitude, 
probably accounts for the difference in brightness, and is a measure of the space absorp¬ 
tion. The dark absorbing band that follows along the middle of the northern arm i.s 
unusually coaspicuous. (The. large marking across the end of this arm is a plate de¬ 
fect.) ISxposure 90 minutes. 

10. NGC 1666 is a tenth-magnitude spiral conspicuous for the series of bright cluslei .s, 
nebulosities or supergiant stars lined up along both spiral arms. Less than one turn from 
the nucleus the arms suddenly become completely devoid of these condensations. Ex¬ 
posure two hours. 

11. NGC 6763 is a face-on spiral; its interesting nuclear structure is not shown clearly 
in the reproduction. The thin closely wound arms start from the rim of a sharp-edged 
nearly circular disc, 23'^ in diameter, much as with a typical barred spiral, but there is no 
certain indication of the typical bar. The bright nucleus in the center of the disc is 
nearly stellar in sharpness, See the description below of figure 13. Exposure one hour; 
seeing fair. 

12. The high latitude, —41®, of NGC 1559 probably makes it necesvsary to coiududc 
that the object is really a galaxy of peculiar form, perhaps an irregular barred spiral. 
The most central of the twenty nebulous condensations is not the brightest. There is 
too much regular structure to justify assigning this object to the Magellanic type!. 
When the west side is taken as the top of the picture, the form of the object suggests a 
giraffe's head. Exposure one hour; seeing unsteady. 

13. It is remarkable that two such unusual but similar system.^ as NGC 6936 and 
6937 should be only 4' apart, and both face-on. In total brightness, in diameter of the 
central plate or disc and in magnitude of the central nucleus they are almost identical; 
but NGC 6937 shows distinct spiral arms, and its companion only faintly suggests an 
external structure of some sort just outside the bright-rimmed plate. Densitometer 
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tracings verify the appearance in detail, showing for both objects that the rim of the 
nearly circular plate is brighter than the plate itself, and showing also for NGC 6936 
the probable existence of spiral arms. For NGC 6937 there is a suggestion of a bar 
across the center; probably these “plate spirals'* arc related to the common barred 
spirals. The nuclear structure of NGC 6763 (figure 11. above) is similar. An 
examination of many other nebular plates taken with the Bruce and Metcalf telescopes 
shows that NGC 4622 and NGC 6066 (Messier 63) may be of this same type, and 
NGC 4607 and NGC 4750 are somewhat similar. Perrine has described NGC 6936’- 
37 in Monthly Notices, 82, 487 (1922), Exposure one hour, 

14. NGC 4782-3 appear on first inspection to be a connected pair of spheroidal nebu¬ 
lae, but the densitometer tracings show that one of the objects (NGC 4782) has a struc¬ 
ture suggCvStive of a class 50* or Sa spiral. The bridge between the two objects may 
therefore be illusory. Many plates show the apparent connection distinctly. Exposure 
one hour. 

15. The brightest star in the picture of NGC 2736, the "Streak" nebula, is H. D. 
77433, spectrum A3. This peculiar streak of nebulosity, 20' long, appears wedge- 
shaped, on the original i)late, about 3' wide at the base, with the point of the wedge to 
the south; but only the bright western boundary of the nebulous area shows clearly in 
the reproduction. Exposure one hour; seeing poor. 

16. The diffuse gaseous nebulosity in Carina, NGC 3681, is on the galactic equator, 
less than 4° east of the Eta Carinae Nebula. The reproduction satisfactorily brings out 
the details of bright and dark nebulosity as shown by the original plate, although by 
increasting the contrast the interesting indistinct obscurations at the top of the picture 
could be enhanced. Exposure 75 minutes; "at times through thin haze." 

17. A series of photographs of varying exposures would be necessary to bring out the 
intricate details of the bright planetary NGC 3132 H. D. 87877. It could well be 
named the "8-burst" planetary from the number of distinct arcs on the boundary of the 
main disc or shell. The class A star H. D. 87892, magnitude 9.5, is centrally superposed. 
The object has been studied spectroscopically by the Lick Observatory {Lick Ohs. Pub., 
13, J18 (1918)). Exposure one hour. 

18. A new object of the Magellanic Cloud type is revealed by the photograph of IC 
4062. The next figure also shows an object of this kind, but neither is bright enough to 
be considered a member of the local group of galaxies. IC 4662 is resolved on the 60- 
inch plates, but its brightest stars are of about the nineteenth magnitude, with star 
clusters up to the fifteenth magnitude or brighter. Exposure 99 minutes; seeing fair. 

19. NGC 0438, described in Dreyer's catalogue as "pretty bright, round, very gradu¬ 
ally brighter in middle," refers only to the spheroidal member of a strange pair—prob¬ 
ably a physical double. The other member is of the Magellanic type, unresolved on tht: 
GO-inch plates. The moderately high latitude, —27°, much decreases the likelihood that 
the irregular component is a gaseous nebula, stiperposed on the field. There ivS no neigh ¬ 
boring high temperature star* The affiliation of these two extreme forms of galaxies rt^- 
minds one of the analogous associatiou of the giant globular cluster 47 Tucanac and the 
Small Magellanic Cloud, but that association is a coincidence of direction, since the Small 
Cloud is perhaps five times the distance of the cluster. Exposure two hours. 

20. Two catalogue numbers, NGC 4038 and NGC 4039, have been given to the very 
peculiar "ring^tail" structure shown in figure 20, The object has been described by 
Gregory, Perrine and Duncan, and a picture made with the Mount Wilson lOO-inch re¬ 
flector is given in Mount Wilson Contribution 266 (1923). The high latitude, -f43°, 
gives assurance that the object belongs to the category of external galaxies. It is remi¬ 
niscent of the "giraffe's head" in figure 12 above, but is much more like NGC 4027 (not 
reproduced here). The two are, in fact, nearly identical, and again we note as remark- 
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able that such odd structures come m pairs; they are separated in the sky by only seven* 
tenths of a degree, and are of nearly the same magnitude (11.0 and 11.6), angular dimen¬ 
sions, and structural peculiarities. Almost certainly they are physically associated, or 
have been. (The same must also be true for the ‘'plate spirals" in hgure 13.) The 
objects are one-armed spirals of a sort, with open ring nuclei. At least for NGC 4038^, 
a hazy irregular nebulosity, cut by absorbing lanes, surrounds the ring and arm. The 
Bruce plates clearly show the great extent of two streamers from this hazy enveloping 
nebulosity, giving an overall diameter of more than a quarter of a degree (Mt, W. Conir. 
266, 4 (1923): //orv. Ann., 88, 98 (191:14)). The central ring and a part of the arm are 
outlined by bright stars or stellar groups. 

A spectroscopic study of the object will be undertaken by the McDonald Observatory; 
a photometric analysis will be made at Harvard. Exposure one hour. 

21. The globular cluster Omega Centauri ** NGC 5139, shown here with a sixty- 
minute exposure under fairly good conditions of seeing, is unquestionably one of the 
most remarkable stellar systems. Its total absolute magnitude is comparable to that of 
the smaller external galaxies, such as the companions to the Andromeda Nebula. 

22. NGC 7099 is the globular cluster Messier 30. 

23. An open galactic cluster in low latitude and a small bright gaseous nebula to¬ 
gether bear the catalogue number NGC 2818. The star cluster is little more than a 
chance thickening of the galactic star field. 

* A class between £7 and 5a, recently proposed by Hubble. 


ON THE DETERMINATION OF THE ORBITAL ELEMENTS OF 

ECCENTRIC ECLIPSING BINARIES 

By Theodore Eugene Sterne 

Harvard College Observatory 

Communicated November 13,1939 

A systematic and elegant procedure was devised^ 2 . * by H. N. 

Russell and H, Shapley, for finding the orbital elements of eclipsing stars 
from their light curves. In their procedure the fundamental equations 
for the loss* of light, a, during an eclipse in a circular orbit, are 

COS" i + sin- i 0 ^ P (1) 

and 

6 » fi {1 + kp{kt a)\, (2) 

where i h the inclination, 6 is the mean anomaly measured from mid¬ 
eclipse, 5 is the apparent distance between centers, is the radius of the 
larger star, kri is the radius of the smaller star, the unit of distance is the 
radius of the relative orbit, and pik, a) is a known and tabulated function 
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of k and a. If the orbit is eccentric, then equation (1) must be replaced 
by equation (23) of Russell’s^ paper 11; this exact equation 

r^lcos" i + sin*'* i cos^ (r + w)) = 3 * (23) 

may be written iti the equivalent form 


icos^ i + sin^ i sin® (t -f w W)°)} 


(1 “ 

(1 + e cos vy 

ry[\ + kp{k, at))®. 



In the last two equations the unit of distance is the semi-major axis of the 
orbit of the bri)?hter star relative to the fainter, r is the radius vector, e is 
the orbital eccentricity, v is the true anomaly, and « is the longitude of 
periastron measured from the ascending node in the direction of motion. 
The problem that arises in practice is to find a set of elements that, in¬ 
serted in equation (23 will reproduce to within the observational ac¬ 
curacy the known, rectified, light curve. Such definitive elements can 
be obtained in general only by the adjustment of preliminary, approximate, 
values. By treating each eclipse-curve separately as though the orbit 
were circular, “circular'* elements can be obtained from either or both of 
them, and Russell® gave simple equations for finding, from the “circular” 
elements, approximate values of the true elements. Russell’s equations 
yield closely approximate elements when e is small; but the equations are 
correct only through terms of the first degree in e, and when e exceeds 
two or three tenths their accuracy is impaired. 

For most of the known eclipsing stars, e is smaller than two tenths; 
but some eclipsing stars are known for which e considerably exceedsf this 
limit. Precise orbital elements of such stars are needed in order to in¬ 
vestigate their concentrations®*^'® of density; and it therefore becomes 
desirable to obtain formulae, closely approximate for large values of e, 
that express the true elements in terms of the “cirailar” ones. In this 
note, such formulae are presented. Several alternative forms for them 
are possible, differing from one another in accuracy and complexity. 
The more accurate forms are in general the more complicated. It is 
desirable for the formulae to be simple and easy of application; and since 
the resulting approximate values of the true orbital elements should 
probably always be tested and if necessary improved by the exact equation 
(23')# it is permissible to sacrifice some accuracy in order to gain simplicity. 
The formulae to be given here are simple; they fit naturally into the pro¬ 
cedure of Russell's paper II; they are believed to be so accurate that in 
many cases no subsequent adjustment will be necessary of the elements 
that they yield; and they agree as well as they should,| to the first degree 
in e, with Russell's equations that they are intended to replace. 
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Consider the eclipse of the brighter star by the fainter. At the instant 
of conjunction, v — 90® — o), and r = (1 — «*)/(! + g) where g = s sin w. 
At this instant also, the rate at which v is increasing isv — «(1 + g) V(1 
where n is the mean motion. Let us ignore the variations of r and 
V during eclipse. Then if we denote the true anomaly measured from 
conjunction by ^ = r + w “ 90®, and the mean anomaly measured from 
mid*eclipse by B\ we shall have with considerable accuracy that = 
+ £)V(1 “ ^*)*^** Now e is in general small unless the stars are 
widely separated, and then remains small during eclipse. Thus sin- p 
is approximately equal to sin* 0'(1 + g)V(l ^’^d (23') may be 

written in the approximate form 


(I — 

--;; 7 - cos* i + sin* i sin* 6' 

(1 + gY 



1 - e* 

(1 + gY 


{l+kp{K a)]\ 


valid for the eclipse of the brighter star. Since i must be fairly close to 
90®, this equation is nearly equivalent to 

cos* V + sin* sin* 0' = ri'*{] + kp{k^ a))*, (3) 

where (1 + g)* cot i' = (1 — c*)*^* cot i, and (1 + g)ri' = ri(l — 

If equation (3) is compared with equations (1) and (2) it is seen to be the 
same as the exact equation that would hold in a circular orbit of unit radius, 
having the same period and the same k as the real orbit, but having a 
radius r/ for the larger star and an inclination i\ In the same way, if 
is the mean anomaly measured from the instant of mid-edipse of the 
fainter star by the brighter, it can be shown that the light curve during 
that eclipse must be nearly the same as in a circular orbit having the same 
period and k but with an inclination i'', and a radius r/ for the larger star, 
given by 

(1 — g)*coti' * (1 — <5*)*^*cotf, and (1 — g)r/ = ri(l — «*)*/•. 

Preliminary elements may therefore be obtained by following the pro¬ 
cedure outlined by Russell,^ but with the present equations (30'} replacing 
his equations (SO). 
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Russell’s equation (31) may be used as it stands for obtaining the first, 
rough, approximation to e cos w; but it should then be replaced by 


/j(l - «*)■/• 


+ tan’’^ 




(31-) 


where h ^ e cos cu. Equation (31') is exact^ for central eclipses, and 
becomes very accurate** in all cases provided that its left-hand member is 
increased by the often negligible correction 


cot^ 


; + 


(1 “f" g)® "f" (1 “b g)(g “f“ -f- 3A®) cot® t 


(1 ” gy + (1 - g)(“g + g® + 3&®) cot® 




where the quantity in curly brackets is nearly equal to two. Russell's 
equations (32) should be replaced by 



His equations (33), (34) and (35) are unaltered, and one has still, of course, 
that 



As has been mentioned, the above formulae have been obtained by 
adopting constant values of it and of r, for each eclipse, equal to their 
instantaneous values at the moments of conjunction. If the eclipses 
are wide, it should be somewhat more accurate to use, instead, values 
averaged over the durations of the eclipses. The equations that result 
from the averaged values are the same as the equations given above, 
except that g, in equations (30') and (32') only, should be replaced by 
grf. With sufficient approximation, 3?? = 2 + f, where f is the cosine of 
the average of 0' and at the beginning or the end of eclipse. However, 
when e is large the eclipses will in general be narrow, tf will be effectively 
equal to unity, and the equations as they have been given, without if, 
should be sufficiently accurate to yield good preliminary values of the true 
orbital elements. 

As a practical test of the accuracy of the equations of this note in a 
particular case, a set of true elements was adopted: ri = 0.118, r» = 0.098, 



40 


ASTRONOMY: T. E. STERNE 


PROC. N. A. R. 


cot i =» 0.0201, e = 0.506, w « 330®. From these a light curve was com¬ 
puted by the exact equation (23'), mid from the light curve **circular” 
elements were obtained: ti « 0.1364, cot V =» 0.02312, r/ “ 0.0823, 
cot i* = 0.00830, k «= 0.8305. The formulae (30) of Russell, when applied 
to ri and r/, yielded for fi the values 0.109 and 0.110, respectively, of 
which the average, 0.110, is in error by nearly eight per cent because of 
the large value of e. The same formulae, applied to cot t' and cot t', 
yielded for cot i the values 0.0154 and 0.0107, respectively, the average, 
0.0160, being in error by over twenty per cent. The equations (30') of the 
present note, when applied to ti and ri", yielded for n the values 0.118 
and 0.120, the average, 0.119, being only one per cent in error; and when 
applied to cot and cot they yielded for cot i the values 0.0201 and 
0.0203, the average, 0.0202, being in error by only one-half of one per cent, 
or twenty seconds of arc. 

Summary, —Simple and closely approximate formulae are given, valid 
for large values of the orbital eccentricity e, for deriving preliminary values 
of the true orbital elements of an eclipsing binary star from the “circular" 
elements of its eclipses. The formulae are equivalent to Russell’s (Ap. 
7., 36, 54 (1912)), designed for small values of «, when e is small; they are 
more accurate than Russell’s when e is large. 

* For the unit of a, which depends upon the law of darkening and upon which of the 
two stars is in front, the reader is referred to papers 1 through 4. 

t For one such star, see reference 6, in which it is stated that for H. V. 7498, e exceeds 
0.4. 

t Exactly, if is employed; otherwise, very closely. 

** Equation (31 *) as it stands gives exactly the time-interval between conjunctions; 
the correction has been computed from p and from the 0*s that minimize 5* for the two 
eclipses. The value of d for the instant of deepest eclipse is obtained from the first 
and second derivatives of 6* with respect to v at the conjunctions. The instants and 
it are those of deepest eclipse. 

^ Russell, Ap. jr., 35, 315 (1912). 

«Russell, Ap. 35, 54 (1912). 

* Russell and Shapley, Ap. 36, 239 (1912). 

* Russdl and Shapley, Ap. 36, 385 (1912). 

‘ Shapley and Swope, Bull. Harvard Call. Ohs., No. 009, 5 (1938). 

* Sterne. Af. N., 99, 451 (1939). 

^ Sterne, M, N, 99, 662 (1939). 

* Sterne. Af, N., 99, 670 (1939). 
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GALACTIC AND EXTRAGALACTIC STUDIES, IV. 
PHOTOMETRY OF TWO LARGE SOUTHERN 
CLUSTERS OF GALAXIES 

By Harlow Shaplev and Constance D. Boyd 
Harvard Coldbob Observatory 
Read before the Academy, October 24, 1939 

1. The most conspicuous deviation from uniformity in the space dis¬ 
tribution of galaxies is shown by the clustering into large populous groups 
such as the widespread organization in Virgo and the more compact 
cluster in Coma at the north galactic pole. Something less than twenty 
of these rich systems; each containing hundreds of galaxies, have been 
reported. On the other hand, more than fifty small groups are in our 
records at present and hundreds are within the range of existing telescopes. 
They are clusters involving ten to fifty members, frequently very com¬ 
pactly associated and usually in fields of irregular density. The most 
important of these less populous groups is undoubtedly our own local 
aggregation, with the galactic system, the Magellanic Clouds, the Androm¬ 
eda Nebula, the Sculptor and Fornax dwarf galaxies, and a few others 
as members. 

The present communication treats of two systems of the larger t 3 rpe, 
both of them newly discovered. The significance of the detailed photo¬ 
metric study on Harvard plates, which has recently been completed, lies 
in the contribution to knowledge of 

(a) the luminosity curve of galaxies (frequency distribution of total 
absolute magnitudes), and 

(i) the mean density of matter in "unexpanded'' regions of metagalactit 
space. 

2. General information concerning the two groups is given in table 1. 
The equatorial and galactic codrdinates refer to the centers of the clusters. 
The areas are given in square degrees. The magnitude limits of the plates, 
OTj, indicate the brightness of the faintest star clearly seen near the plate 
centers. The plate population refers to the total number of galaxies 
measured in the central twenty-five square degrees of the plate; the cluster 
population has been deduced after appropriate correction for the super¬ 
posed images of the general field. 

TABLE 1 

cuvaras n,ATit 



POWTION IN 1900 

QALACriC 


FOPV- 

NLATK 




a. A, 

DSC. 

LONO. 

LAX. 

ARftA 

LATION 



LATION 

A 

1* 3*.7 

r-l6' 10' 

116“ 


0.88 

420 

A 18691 

10.3 

8847 

B 

22 21 .4 

-40" 18' 

312“ 

-66“ 

0.44 

800 

A20265 

18,6 

3479 
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For tlaese two systems, as for nearly all others we have studied, the 
greater part of the cluster population probably lies below the limits of 
the available plates. We must content ourselves, therefore, with a partial 
survey, with a census of only the brighter members. Even the brightest 
objects are so faint that no safe classification of the individuals is possible. 
We can only say that among them are objects of the usual types —spheroi¬ 
dal and spiral. 

3. Group A .The general field of nebulae on plate A 18691, where the 



Liuninosity curves for Group A (above) and Group B. 
Ordinates are numbers of galaxies; abscissae, apparent 
photographic magnitudes. 


first of the two groups covers 0.88 square degrees, is very unevenly popu¬ 
lated. In one particular square degree there are but eighty-seven objects; 
in an adjacent square degree, three hundred. To remove the field popula¬ 
tion from the area covered by the cluster is therefore troublesome and 
uncertain. The simplest and most direct procedure has been followed. 
First, the magnitudes in a stellar comparison sequence were established 
by star counts, in connection with the van Rhijn and the Scares and Joyner 
tables, which relate photographic magnitude to galactic cofirdinates and 
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stellar densities. With this sequence the photographic magnitudes of 
the nearly four thousand nebulae on the plate were twice measured to the 
nearest tenth of an interval. The frequency distribution of the nebular 
magnitudes for the eight central square degrees was next determined. To 
get the average field population for each tenth of a magnitude in an area 
equal to that covered by the cluster, the factor 0.88/8 was applied to the 
numbers for each interval. These reduced numbers for the field were 
then subtracted from the corresponding observed values for the cluster 
area and the remainders are taken as providing the true luminosity dis¬ 
tribution for the cluster members alone. 

The size of the corrections applied to the observed numbers in the cluster 
area is of course a function of the magnitude, and is satisfactorily repre¬ 
sented by the relation N = i ()*■•("'where N is the number of galaxies 
per 0.88 square degrees to photographic magnitude m. The relation is 
indeed a “uniform density” formula for these particular eight square 
degrees. 

TABLE a 


Data for Luminosity Curves, Corrected for Field 


MAO. 

G>ODr A 

ostoup B 

MAO. 

GROUP A 

GROUP B 

MAO. 

OKODP A 

GROUP B 

15.0 

3.8 

0.6 

16.4 

6.5 

0.7 

17.9 

12.8 

27.1 

16.0 

0,0 

-0.2 

10.5 

0,1 

1.6 

18.0 

8.7 

17.2 

15.1 

-0.3 

-0.4 

16.6 

1.9 

1.1 

18.1 

9.6 

27.1 

16.2 

0.8 

0.0 

16.7 

2.6 

0.3 

18.2 

18.4 

46.7 

16.3 

2.7 

-0.3 

16.8 

6.9 

-0.6 

18.3 

8.9 

41.6 

16.4 

-0.2 

-0,4 

16,9 

4.6 

1.0 

18.4 

15.1 

62.2 

16.6 

1.9 

-0.4 

17.0 

0.9 

0,3 

18.5 

28.6 

27.8 

16.6 

0.8 

-0.2 

17.1 

6.9 

1.4 

18.6 

33.8 


16.7 

1.8 

-0.1 

17.2 

14.2 

-0.1 

18.7 

38.7 


16.8 

2,9 

-0.4 

17.3 

8.9 

7.5 

18,8 

49.2 


15.9 

4.6 

0.9 

17.4 

17.1 

2.4 

18.9 

33.7 


16.0 

1.4 

0.7 

17.5 

11.8 

1.7 

19.0 

20.8 


16.1 

1.7 

1.8 

17.6 

6.6 

6.6 

19,1 

6.8 


16.2 

1.0 

“0.4 

17.7 

14.4 

9.8 

19.2 

-0.1 


16.S 

3.1 

“0.3 

17,8 

10.0 

26.6 





The data for the luminosity curve are given in table 2 and plotted in 
figure la, where the points are running means, each representing three- 
tenths of a magnitude. The curve is somewhat unusual for a cluster of 
galaxies. The rising branch is over 3.5 magnitudes in length, instead of 
the usual 2.5 magnitudes, or less. The remote possibility that a cluster 
of bright objects, magnitude 15 to 17.5, is superposed on a faint cluster, 
beginning about 17.0, has been considered. The plots in figure 2a show, 
however, that the center of the cluster is essentially identical for bright, 
intermediate, and faint objects and therefore that a single system with 
a wide spread in luminosity is the only reasonable hypothesis. 
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KlOCItfi 2 

Distribution of galaxies in and around Oroi4> A (above) and Group B. . Ordinates 
are numbers of objects in strips 5' wide and 2® long. The plots on tbe left represent 
summations for the strips running north and south* beghmi^ at the east side of the 
four-square-degree areas; the figures on the right give the gummatioas for the strips 
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The duster lies in a rich region, and the distribution over the whole 
plate (thirty square degrees) is irregular. In fact, it is noteworthy that 
nearly all of the very rich clusters of galaxies are situated in regions of 
irregular distribution and frequently in regions of very high field density. 
There is in this fact an indication that a physical connection exists be¬ 
tween heavy clustering and non-homogeneity in the field—an intimation 
that an earlier high space density, perhaps of the order of or 10“^^ 
g./cc., is dissolving or breaking up, and, in the environs of the cluster, 
approaching the more normal density of or 10 g /cc. that appears 
to prevail in intergalactic space. On this hypothesis the cluster which 
we are now isolating and measuring represents an “unexpanded ' region - ~ 
a remnant or nucleus of a formerly much larger system. 

Within the nearly circular area of Group A there is greater richness 
along the north-south axis. This elongation is shown by figure 2a, where 
the distribution of galaxies over four square degrees, centered on the cluster, 
is represented for objects fainter than photographic magnitude 17.o, and 
for two brighter intervals. The total numbers of galaxies in strips five 
minutes of arc wide and two degrees long are shown on the left for strips 
running north and south, and on the right for the east-west strips. The 
low values for the south edge of the area are probably due in part to magni¬ 
tude loss because of distance from the plate center. We should expect, 
but do not find, a similar loss at the west edge; irregularities in the field 
population probably compensate for the distance effect. The north- 
south elongation of the denser portions of Group A is shown in figure 2a, 
both for objects fainter than 17.5 and those between 10.0 and 17.5, by the 
differences in form between north-south and east-west curves. 

The positions in the cluster of tlie four objects with magnitude brighter 
than 15.5 are indicated by crosses in figure 2a, These bright objecjts 
(table 3) are probably the giant galaxies of the cluster, with absolute 
magnitudes not fainter than —17, and therefore comparable to the 
Andromeda Nebula in intrinsic luminosity. The linear dimensions are 
computed on the assumption that the distance of the group is 20 mega¬ 


parsecs. 

The field nebulae could not he eliminated in making figure 2, but the 
curves, through indicating the population of the field, provide a check on 
the method described above for removing field objects before making the 
luminosity curves in figure 1. 


FlCURE 2 (Cofiitnu«<n 

rutming east and west, beginning at the north aide. The plotted values have not 
been smoothed or corrected for the field nebulae. Tn each of the four sections the 
distribution of objects fainter than magnitude 17.5 is represented by the upper curve; 
magnitudes 16.0 to 17.5 inclusive, by the middle curve.; and nmgniludes brighter than 
16.0, by the lower curve. The crosses in figure 2a are discussed in the text. 
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4. Group B ,—The distribution of galaxies throughout the four square 
degrees, at the center of which is the second of the two dusters, is shown 
in figure 3. The positions of objects brighter than ] 7-5 are indicated by 
open circles; those of magnitude 17.5 and fainter, by dots. It is clear 
that there is very little clustering of bright objects, in contrast to the 
situation in Group A . The cluster, according to this diagram, would not 
be detectable on plates showing objects only to magnitude 17.5. Table 2 
and figure show, in fact, that when the field galaxies have been re¬ 
moved there remains scarcely an object brighter than magnitude 17. Be¬ 
ginning with magnitude 17.5, however, the luminosity curve rises steeply 
until the approach to the plate limit interferes with the survey. A total 
of three hundred cluster members has been measured. (The star-count 
sequences for Group B are based on the van Rhijn tables alone.) 

If the distribution of absolute magnitudes in Group B is similar to that 
found at Mount Wilson and Harvard in other rich clusters (for example, 
the Coma cluster^), we should expect the maximum of the luminosity 


TABLE 3 

Giant Galaxies in Group A 


DBBIO- 

NATZON 

CLAHS 

DtAMKTKitft 

/ t 

.ffOTOOKAPHlC 

MAONZTZZDK 

ABBUt-UTU 

MAaNlTUDB 

LINBAK 

IZIKBHBIONg 

KPC 

I 78 

s 

2.1 X 0.9 

14.4 

-17.9 

18 X 8 

1 79 

El 

0.7 X 0.7 

14.9 

-17.4 

6X6 

I 82 

Sb? 

0.9 X 0.7 

14.85 

-17.46 

8X6 

1221 

Ki 

0./) X 0.4 

15.4 

-16.9 

4X3 


curve to bt not brighter than photographic magnitude 18, and the total 
population to be well over a thousand members. Figure 2b shows that 
Group B is smaller in angular diameter than Group A and that the dis¬ 
tribution within its nearly circular outline is not especially elongated, 
though decidedly irregular, so far as we can judge from the three hundred 
cluster members above the plate limit. To remove the effects of the field 
on the cluster’s luminosity curve, the same procedure was used as for 
Group A, except that ten square degrees, appropriately selected to avoid 
differential distance-effects, were studied to determine the probable field 
membership in the area of 0.44 square degrees occupied by the cluster 
itself. 

It is found that the relation N « Uf ® ~ satisfactorily represents 

the frequency of magnitudes for an average field of 0.44 square degree in 
this galactic latitude and longitude. Reducing the formula to its value 
for one square degree, we find a space density parameter 
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which closely agrees with the mean value for the whole of the southern 
galactic hemisphere in high latitudes. In other words, the average 
population in the vicinity of Group B apparently is normal, whereas for 
Group A we find Ni == 16.55, a value indicating a density considerably 
below average, although not beyond the limit of common fluctuations 
from average density. 

5. Estimate of Distances r high galactic latitude and the richness 
of the surrounding fields both suggest that little correction to the apparent 


South 



FIGURE 3 

Distribution of objects in four square degrees centered on 
Group B. Objects fainter than magnitude 17.6 are indi¬ 
cated by dots; brighter objects, by open circles. Stars in 
this held are not plotted. 


magnitudes need be made for space absorption. A small correction for 
the red shift is necessary since the velocity of recession for such distatil 
clusters exceeds ten thousand kilometers a second. Following the method 
originally used for globular star dusters and later adapted by Hubble to 
the study of clusters of nebulae, we may estimate the distances of these 
two groups from the apparent magnitudes of the fifth brightest member 
or the thirtieth, as well as from the apparent magnitude at the maximum 
of the lumiuosity curve. In the following tabulation adopted 
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correction to the observed apparent magnitudes for space absorption and 
red shift; wj is the corrected apparent magnitude of the fifth brightest 
cluster member; m — Afi is the resulting distance modulus when we adopt, 
on the basis of Harvard and Mount Wilson studies of the nearer rich clus¬ 
ters, the absolute magnitude -1().3 for the fifth brightest object in a rich 
system, 


OMOW 



m — Ml 

UAXlUVU 

MAONmiDtt 

m — Mt 

A 

0.2 

15.0 

31.8 

18.6: 

32.8 

B 

0.3 

16.6 

32.9 

18.8-f 

32.9+ 


The maximum of the luminosity curve is uncertainly estimated for 
Group A, and is merely guessed from the shape of the ascending branch 
for Group B, The magnitudes corrected for absorption and red shift are 
in the next to the last column, and in the last is the resulting distance 
modulus. 

Obviously the distances calculated from this material are only approxi¬ 
mate; if they are within twenty per cent of the true values they suffice 
to give useful information on the luminosities and diameters of the brighter 
members and an indication of the space density of galaxies in these large 
systems. It seems appropriate to give only half-weight to the distance 
modulus derived from the fifth magnitude in Group A because of the 
unusual form of the luminosity curve. Half-weight should also be given 
to the value estimated from the unobserved maximum of Group J8. We 
adopt, therefore, the mean moduli of 32.3 and 32.9 for Group A and 
Group B, respectively. The corresponding distances are 

Group i4, 29 megaparsecs 
Group B, 38 megaparsecs 

With the distance as indicated for Group A, it appears certain that some 
of the brightest members of the cluster are comparable in total absolute 
magnitude with the Andromeda Nebula for which Hubble estimates the 
brightness at —17.5. The values of linear dimensions and absolute 
magnitudcvs arc given above in table 3. If really a member of the group, 
one of the objects. 1C 78, which appears to be a spiral on edge, with a 
strong nucleus, is fifty per cent larger than the Andromeda Nebula as 
ordinarily photogr^hed. 

In an earlier survey of magnitudes in twenty.five clusters of galaxies,* 
where a few groups were found to be of this very populous type, we had 
already indicated the presence of a few giant galaxies, some of which were 
approximately of the luminosity and linear dimensions of the giants here 
recorded. 
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With the distances as indicated above, the linear diameters of Group 
A and Group respectively, are 0.27 mpc. and 0.25 mpc. But it is 
probable that many of the objects lying further afield are also physical 
members of these super-systems and the true dimensions, if boundaries 
can be fixed, exceed a million light years. 

We are indebted to Miss Frances W. Wright for making second measures 
on all the magnitudes and for other assistance with this research. 

Summary. —(a) In the study of nearly eight thousand galaxies on two 
exceptionally good three-hour plates, made with the Bruce refractor at 
the Boyden Station, two rich groups have been found and measured. 
They bear the same relation to the ordinary small group of galaxies as 
globular clusters bear to galactic clusters, but the rich groups of galaxies 
are not highly or isometrically centralized, 

(b) The distances are 29 and 38 megaparsecs for Groups A and B, 
respectively, and their diameters exceed two hundred and fifty kiloparsecs. 

(c) The plates do not reach to the faintest objects in either system, 
but when appropriate correction is made for field nebulae we count ap¬ 
proximately four hundred cluster members in Group A and three hundred 
in Group B, and estimate tlie total populations at approximately a thou¬ 
sand each. The corresponding space densities are probably in excess of 

]()-27 g./cC. 

id) The luminosity curve deduced for Group B is very similar to that 
found for other rich systems of this sort; but in Group A there appears 
to be a considerable number of unusually bright galaxies which are almost 
certainly members of the system and not merely superposed field galaxies 
(figure 1). 

(e) The giant systems in Group -4 ore of both the spiral and spheroidal 
types. Some of them are comparable with the Andromeda Nebula in 
luminosity, and one of them, /C 78, a spiral on edge, appears to exceed 
the Andromeda Nebula both in luminosity and in linear dimensions, if it 
is not by chance a nearer superposed galaxy. 

‘ Mf, W. Contr. No. 427, 22 (mi); No. 549, 7 (1936); Harv. Bull., 896, 9 (1934). 

^ These Proceedings, 19, 1002 (1933). 



60 


ASTRONOMY: L. G, HENYBY 


Proc- N. a* S. 


THE DOPPLER EFFECT IN RESONANCE LINES 

Bv L. G. Henyby 

Verkks Observatory, The University of Chicago 
Communicated November Hi, 1939 


The problem of the Doppler broadening of spectral lines consists of two 
parts, the computation of the absorption coefficient as a function of position 
in the line and the determination of the distribution of the scattered light 
over the line. It has generally been supposed in astrophysical applications 
that the condition of monochromatic radiative equilibrium is present in the 
formation of resonance lines. That this is not the case, under conditions 
when Doppler broadening is present, follows from the fact that the pro- 
jected velocity, and hence the Doppler shift, of an atom is not generally the 
same along the direction of the scattered ray as it is along the primary ray. 
The absorption coefficient for combined damping and Doppler broadening 
is well known and has been used extensively. In the present report we 
consider the second problem, the distribution of the scattered light over the 
various parts of a spectral line. 

In the absence of Doppler broadening the absorption coefficient is 



Here N is the number of atoms per gram of the gas and y is the natural half 
breadth. 

Let us now consider the scattering into a direction making an angle a 
with the original ray. Let us choose rectangular coordinates (uu «$) 
such that the plane - 0 contains the two rays and the uj axis makes an 
angle a/2 with each of the two rays. An atom having velocity components 
(tti, wa) will have a projected velocity along the primary ray 

«i cos a/2 — Ut sin a/2, 
and along the scattered ray 


Mi cos a/2 + tta sin a/2. 

A frequency as referred to the moving atom, corresponds to frequencies 
vi and Vi as seen along the primary and scattered rays, respectively. Their 
values are as follows: 


p 

Fi = f' + (tti COS a/2 u% sin a/2), 
c 

p 

^ - (ui COS a/2 + «»sin a/2). 

c 
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The distribution of velocities for a kinetic temperature T is given by the 
expression 


2^) ® 


Ami 

ijfer 


(ki* + 


duli dth^f dut* 


Here A is the atomic number and wi is the mass of an atom of unit atomic 
number. 

The energy absorbed per gram from an incident beam of unit intensity 
by the atoms in the velocity intervals duu du^ and duz is 


MfJ _i_/ 

me T 7^ + \2TkT/ 


Ami 

ZkT 


(«i* + + ii**J 


dtif\f dujt* 



This energy is scattered into the various directions according to the phase 
function 


IGtt 


(1 + cos* a). 


Let us introduce the following abbreviations: 


L 

/2kT\^* Vo 

0 

XAm^J 

f 

c 



1 

Ko 

= — Nf 
me 

v}) 

at 

» y/b. 



=» y/b 8ec 

a/2, 


Vi — Vo 
Vi ^ —r—. 

b 


V2 



X 



Except for subscripts these symbols have the meanings usually ascribed to 
them»^ 

It follows from these relations and from (1) that 


as Vj 4* 


2vo 


Uft sin ar/2, 


Vl + 
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H “ va 


b 



7 - Ut COS a/2. 

be 
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The first of these equations shows that for a given initial frequency and 
phase angle the final frequency is uniquely determined by The total 
energy scattered into the frequency v% is therefore given by the integration 
of the contributions of all velocities Ui and Equation (2) gives these 
contributions since the energy which is absorbed must be emitted in its 
entirety. Substituting all of our abbreviations and integrating over all 
values of mi and wa, we arrive at the following expression for the coefficient 
of scattering: 



As an alternative representation we may consider the fraction of the energy 
which, after being absorbed at appears at Vi in unit interval of frequency 
and in direction a in unit solid angle. We get this fraction by dividing by 
the absorption coefficient k and by dvt» and we have 



In case a « 0, that is, the light is scattered forward, the energy should 
appear at exactly the same frequency as that at which it was absorbed. 
This fact also follows from the preceding formulae. Allowing a to approach 
zero we can verify that 


P(vu P2] 0) 


0 if vi 5^ Va, 
«> if I'l *= Pi, 


In Table I we give a number of values of the quantity given in formula 
(8). In order to illustrate the effects which are involved, the values 
for ai » O.OI and » I are also reproduced in the adjoining diagram. 
It appears from this diagram that the distribution of the scattered light 
over frequency has maxima which progressively approach, with increasing 
phase angle, a position which is exactly opposite the primary frequency. 
For phase angle zero the frequency is, of course, unchanged while for phase 
angle ir the shift is a maximum. In the event that the primary frequency 
is well outside of the core of the line (t>i > 1) the situation is different. In 
this case the Doppler shifts are neg^bly smtdl compared with the distance 
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from the center of the line and we may expect that the scattered light will 
be distributed closely about the primary frequency. These considerations 
may be studied directly from our formulae using the known properties of 
the functions involved therein. 

» Cf. Hjerting, Ap. Jour., 88, 508 (1938). 


THE THEORY OF THE VISUAL THRESHOLD. 1. TIME AND 

INTENSITY 

By W. J. Crozibr 

BlOlXlOICAl- l.ABORATORIES, HARVARD UNIVERSITY 

Read before the Academy, October 23, 1939 

I. In the development of the theory of photic excitation in organisms 
a place of especial significance has been occupied by the application of the 
Roscoe Bunsen Rule. The rule states that for the production of a fixed 
quantity of photochemical change the product of intensity and exposure 
time is constant. 

Three chief types of evidence have been concerned in testing the validity 
of this "reciprocity rule” for photic stimulation. In one, exposure times 
have been determined for minimal response in 50 per cent of individuals 
at different intensities of illumination. ‘ In the second, the relation 
between intensity and exposure time for the threshold of excitation has 
been measured in single individuals.® Experiments of a third type have 
involved a modification of the Roscoe-Bunsen Rule, namely, the Talbot* 
Plateau Law according to which the photosensory effect of a continuous 
light is equalled by that of light periodically interrupted with sufficiently 
high frequency if the intensity is increased so that the mean flux is the 
same.® The physical meaning of the data in experiments of these three 
kinds actually differs in certain interesting ways, however.®- 

II. We are concerned here only with data of the second type. To 
the exteiit to which it can be shown that the Reciprocity Rule is obeyed 
for the visual threshold, the evidence could be taken to support the notion 
that the sensory effect at the threshold is due to a constant amount of 
photochemical disturbance.® It has thus an important connection with 
the common, doctrine of the constancy of the effects responsible for dis- 
CTiminatory differences, especially since the same considerations have 
480 been applied to differential thresholds A/ = 7, - as a function of 
ekposure-time.® 
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The existing data relevant to this matter are numerous. They are of 
two main kinds. A large number of series of measurements show the 
product of threshold intensity (A/o) and exposure time (t) to pass through 
a minimum.^ Other series show (A/o) X (0 “constant’’ up to a criti^ 
time,* beyond which A/o approaclies constancy. No entirely compre¬ 
hensive survey of this situation seems to have been made. For con¬ 
sistency’s sake it would seem desirable to restrict the use of photochemical 
considerations in the interpretation of visual data to those measurements 
involving time-intervals so short as may be known to give approximate 
constancy in the / X ^ product under the conditions; but this would 
depend upon the assumption that / X / is really a constant when not 
complicated by observational errors and when not obscured by the effects 
of a “critical time” for the delivery of excitation * The explanation of 
the increase of the / X ^ product with longer times has been made in terms 
of the balance of light—and dark—reactions.* This does not accoiint for 
those data in which I X t passes through a minimum. 

The effort has sometimes been to explain the minimum in ( A/o) X (0 
as due to technical errors in timing, or to ocular movements. These sug¬ 
gestions are not convincing; nor are they really necessary. The condition 
for a minimum in the product is obviously that the relative rates of change 
of A/o and of t should be numerically equal but of opposite sign—^namely, 
at the point of 45® slope in the curve of log A/o vs. log L If no such point 
is included in the range of A/o and /, which is partly determined by the 
area of the test-patch used and the wave-length composition of the light, 
or if the time-intervals are too widely spaced, no minimum will be ap¬ 
parent. A theoretical interpretation is required which will embrace the 
full range of the A/o, I data and which will permit the physical evaluation 
of the rdle of other variables, for example, of retinal area. 

The situation is, of course, qualitatively identical in certain essential 
particulars with that presented by the phenomena of electrical excitation 
in nerve, as regards the approach to constant quantity of electricity for 
excitation as a limit for short times, and in the exhibition of an energy 
minimum.* It is also seen in the deviation from the Reciprocity Rule 
for blackening of a photographic plate. Into these parallels we need 
not now go, beyond pointing out that they can probably all be brought 
under the same kind of explanation.^ 

III. Reasons of several kinds have been advanced^^ for taking 1//, 
where I is the exciting intensity, as the measure of excitability. For 
threshold excitability we have 1/A/o. The threshold intensity acts upon 
an assemblage of units of which the momentary capacities for excitation 
form some kind of a frequency-distribution of dfe, where fe is a velocity 
constant. The dependence of 1// upon the temperature in responses 
to visual flicker at constant flash frequency shows“ that l/I behaves as 
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if governed by the activation of a catalytically controlled intrinsic reaction 
velocity, to which 1 // is directly proportional. The units constituting a 
homogeneous set exhibit this velocity in statistical distribution, but with 
the same kind of control in each. Under these conditions a velocity 
constant has the meaning of a reciprocal time. The excitability at the 
point of threshold response, with continuous exposure, is measured by 
1 / A/o. In the critical excitation of flicker, flashes of intensity are 
presented repetitively, a large number of times, for single durations » 
^ — l/F, where F is the flash frequency. The critical /<, has therefore the 
meaning of a A/o; the conditions of its recognition as a distinct flash are 
different from those imposed when a single, non-repeated flash is used,^® 
but the nature of 1^ as essentially the equivalent of a A/o is sufficiently 

clear. Excitation is the result of 
the production of impulses by units 
exhibiting a frequency distribution of 
instantaneous thresholds, and thus of 
d{l/I); the number of impulses to be 
obtained over a finite time from a 
unit briefly remaining in any given 
frequency class will be a declining 
function of intensity above its thresh¬ 
old intensity (accommodation), and 
consequently the frequency distribu¬ 
tion of these impulses will be in terms 
of --/.d{l//), and thus of d log /.^^ 
But \/T exhibits” the properties of 
k, proportional to 1/^ if the tempera¬ 
ture is constant, and hence we must 
expect that d log I m cd log The 
peculiar quantity signified by the 
logarithm of a time is thus understandable in terms of the proportionality 
of Hme and the reciprocal of a velocity constanL Consequently we expect 
to find 1/AJo measured by the summation of the impulses provided in 
the integral of the frequency distribution of d log /, 

The form of this function is suspected to be a normal probability in¬ 
tegral.^ The reasons, briefly, are: (1) the individual elements are nerve 
impulses; (2) the incidence of an impulse is ruled by probability con- 
sid^atiotts in a given excitable uttitji^ these elements are quantal, and 
their effects add to produce a total effect; moreover, the relations of effect 
to temperature show that, in nerve,*^ and as for tog / in visual responses,” 
flT/oi I can be independent of mean tog I and is not determined by it. Conse¬ 
quently all the assumptions basic to the derivation of a Gaussian curved’ 
appear to be specificaUy justified in this particular case. 



FIGURE 1 


Reciprocal threshold intensity for 
phototropic effect (ultra-violet light) 
as a percentage of the reciprocal of 
a minimum Jo, as a function of log 
exposure time, for Cyclops The 
ordinate scale is that of a probability 
integral. 
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IV. The kinds of experimental quantitative modification to which the 
3 parameters of this particular function can be put‘* provide the deciding 



(B) Ught, from showing that the relations 

between l/A/« and log t are satisfactorily rectified 
in a probability grid. 



FIOUEB b 

pata from Pi^ron*^ and from Karn.*^ on a probability 
grid (see text). 


teat of its propriety. Its applicatkm to a number of really homologous 
instatices sttperfidaUy of quite different sorts is considered at some length 
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in another place/ and has been referred to briefly in an earlier note/® 
The purpose here is to illustrate the application to the complete range of 
some representative sets of measurements, including several for which the 
I X t product goes through a minimum. When the complete range can 
be accounted for, there is no necessity to invoke a “critical" intermediate 
time. The illustrations arc taken from data of considerable range which 
there is reason to regard as adequately homogeneous. 

In figure 1 there are given data from Henri and Henrifor the photo¬ 
tropic threshold of Cyclops (ultra-violet light). Figures 2 and 3 give several 
series of data from Pi^ron^ and one from Kam.®® Numerous other series 

of available data have been 
treated in the same way. 
The data from Kam illustrate 
one consequence of the fact 
that the binocular threshold, 
used in this series, is funda¬ 
mentally lower than the 
mean monocular threshold/^ 
a given intensity therefore be¬ 
haves with binocular presenta¬ 
tion as if it were acting for a 
longer time than when pre¬ 
sented monocularly—^hence the 
time measured behaves as if 
in reality somewhat longer. 

V. It is instructive to 
consider the way in which 
the Lt function is modified 
when the retinal area illu¬ 
minated is changed. It is 
clear that if in a particular 
region of the retina the area 
of the test patch is enlarged, 
( should remain the same so long as the area concerned is really homo¬ 
geneous, although the maximum value of 1/A/o must increase and the 
abscissa of the inflection point must decrease. If, however, the area is 
sufficiently enlarged so that factors making for interaction become im¬ 
plicated, and consequently there is increased variability of performance 
in the individual elements, then , must increase. Systematic applica¬ 
tion of this test has been made in a number of regions of the retina. 
Results for the fovea are given in figures 4 and 5. They illustrate a sig¬ 
nificant procedure for the measurement of the extent of letinal area, in 
different locations, which is critical for the initiation of interaction effects. 



Measurements of threshold intensity as a 
function of area, within the fovea, for two 
different observers, at three different exposure 
times (cf., fi^re 5). 
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The correlation of such critical areas with known or identifiable structural 
conditions, not necessarily in the retina, presents a number of significant 
possibilities. 

In figure 4 it is apparent that A/o is a declining power function of the 
area of the test patch, and that the exponent is a decreasing function 
of exposure time. The same measurements are given in figure 5 upon a 
probability grid. They show that when the centrally fixated area ap¬ 
proaches 1 sq. degree, interaction effects of the sort already specified make 
their appearance. The systematic examination of this mattex will be 
considered elsewhere. 

VI. Summary .—The complete range of data relating the visual in¬ 
tensity threshold to the exposure time can be quantitatively accounted 



for, with homogeneous measurements, in terms of the theoretical deduction 
that the reciprocal of the threshold intensity, 1/A/o, gives a probability 
integral in terms of log L It is unnecessary to suppose that the reciprocity 
rule has any reasonable application to such measurements. It cannot be 
deduced from such data ei^er that the sensory effect for threshold occur¬ 
rence is in any sense a constant, or has anything to do with a constant 
amount of photochemical change. 

Certain properties of the parameters of the probability integral are com¬ 
mented upon, particularly in relation to the area of the retinal image. It is 
indicated that there arise some testable deductions concerning' ‘interaction.' ’ 

^ Bloauw, A. H., Ree. irav. hot, nierl., 5,209 (1909); Locb, J., Forced MovemetUSt Trap- 
isms, and Animal Conduct, Lippincott, Philadelphia and London, 209 pp. (1918). 

• Hecht, S., Jowr. Gen. PhysioL, 2, 229, 387 (1919-1920); Pi6ron, H., CompL tend, 
acad, scl, I70» 525,1203 (1920). 
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delphia and London, 2()0 pp. (1918); Hecht, S., and Wolf. E„ Jour, Gen, Physiol., 15, 
369 (1931-1932); Gilmer, T. K., Jour. Opt. Soc. Amer., 27, 386 (1937). 

* Crozier, W. J,, "Theory of the Visual Threshold" (to be published elsewhefe). 

* Hecht. S.. Chap, 14 in: A Handbook of General Experimental Psyckolofiy, pp. 704- 
828. Worcester, Clark Univ. Press (1934). 

« Graham. C, H.. and Kemp, E. H., Jour. Gen. Physiol., 21, 635 (tfl37'-193H). 

^ Pi6ron. H., Ann. Physiol., 15, 116 (1939). 

* Graham. C, H., and Marjjraria, R.. Amer. Jour. Physiol., 113, 299 (1935), 

» Cf. HiU, A. V.. Proc. Roy. Soc. (Lend.). B 119, 305. 440 (1936). 

»Cf. Krohn. E., Jahrb. Phot., 28, 6. etc. (1914). 

” Cf. Jour. Gen. Physiol., 22, 311, 487. 795 (19:18-1939); 23, 143; in press (1939- 
1940); and Proc. Nat, Acad. Set., 25, 78 (1939)* 

Cf. Jour. Gen. Physiol., 19, 503 (1935-1936); 20, 393 (1936-1937). 

*» Crozier, W. J., and Holway. A. H., Proc. Nat. Acad. Set., 23, 23 (1937); 24, 130 
(1938); J. Gen. Physiol, 23, 101 (1939-1940). 

The frequent utility of a logarithmic transformation for "normalizing" a distribu¬ 
tion has long been known and employed in various connections; but this has been 
done merely by way of the assumption that thresholds, for example, are normally dis¬ 
tributed in terms of log /, 

»» P4cher. Ch„ Compt. rend, soc, biol, 122, 87 (1936); 124, 839 (1937). 

«Prec. Nat. Acad. Set., 23, 71 (1937). 

Cf, Whittaker, E. T,, and Robinson, G,, The Calculus of Observations, 2iid ed, 
Blackie and Son, Ltd., London (1926). 

« Crozier, W. J., and Wolf, E., Jour. Gen. Physiol, 23 (1939-1940) (in press); Proc 
Nat. Acad. Sci., 26, 60-67 (1940), 

Henri, V. et Mmc., Compt. rend. .soc. biol, 72, 992 (1912). 

» Kam. H. W., Jour. Gen. Psychol, 14, 360 (1936). 

** Crozier, W. J., and Holway, A. H., Jour. Gen. Physiol, 22, 341 (1938-1930); 28, 
101 (1939-1940). 

** Crozier, W. J., Holway, A. H., and Wolf, U., to be published in detail elsewhere. 


TEMPERATURE AND THE CRITICAL INTENSITY FOR 
RESPONSE TO VISUAL FLICKER. IV. ON THE INVARIANCE 
OF CRITICAL THERMAL INCREMENTS, AND THE THEORY 

OF THE RESPONSE CONTOUR 

* 

By W. J. CK02IER AND Ernst Wolf 
BiOLOorcAt LAhORATOittBs, Harvard UwrvBRSiTV 
Communicated December 14.1939 

L Experimental evidence discussed in earlier publications has been 
held to demonstrate certain invariant properties of the flicker-req^Kinse 
contour. This contour is defined by the measured relation of flash- 
frequency F to fia^-intensity I critical for response of various animals to 
visual flicker. The contour, for a specified animal, at a fixed temperature, 
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and with a given proportion of light-time in the flash-cycle of a given form, 
is a recoverable function in repeated tests. ^ It is properly described as a 
band with margins F ^ Cff and 1 (t„ enclosing the region of functional 

dependence within which homogeneous determinations of the interrela¬ 
tionship of F and I will be found to occur with a given probability.® 

F is fixed at various levels (or /), and critical values of I (or reciprocally 
of F) are experimentally determined for single individuals® or for members 
of a demonstrably homogeneous population/ by means of a uniform and 
widely applicable technique.® In cases uncomplicated by the visual 
duplexity evidenced with most vertebrates/ and in an arthropod^ with 
opic surfaces sufficiently flat so that mechanical conditions of photic 
reception do not introduce distortion of the performance contour/ the 
curve relating mean I to F (or mean F to /) is efficiently and precisely 
described by a probability integral in log /.*•’ This formulation provides 
an efficient® and justifiable*® procedure for the analytical dissection of the 
duplex response contour of typical vertebrates into two parts, “ each with 
a physically distinguishable basis.*® It also provides a rationalization of 
the asymetrical curve obtained with most arthropods.® The use of a 
logarithmic probability integral is also supported by the fact*® that the 
three parameters of this function are empirically modified by different fac¬ 
tors in ways concordant with the general Ideas leading to its application/® 

2. In the derivation of the logarithmic probability integral for the 
F-log curve, and for dynamically similar instances of very diverse 
character involving the performance of biological systems,** use has been 
made of the idea in the case of photic excitation that excitability is properly 
measured by the reciprocal of the critically exciting intensity (1//)/* It 
has been shown that when the temperature of the organism is altered the 
F-log I curve is not changed in shape, or in the maximum value of F to 
which (with fixed light-time cycle-fraction) the animal will respond/* 
The curves merely move toward higher intensities as the temperature is 
made lower/* The magnitude of the shift, as a function of temperatiue, 
is characteristic of the kind of animal/* The direction and the size of 
the shift rc^quire the interpretation that \/I for a fixed level of effect (f) 
behaves as if controlled by catalytically governed reaction velocities 
common to all the neutral elements in the population concerned in the 
determination of the response/**** 

A deduction of this kind may be in a significant way justified if it can 
be shown that the measure of temperature-dependence is not quanti¬ 
tatively modified when certain other variables of the situation are experi¬ 
mentally made to have different values. From this standpoint the 
properties of the F-log 7 contour are of peculiar interest, in 2 distinct 
respects. These have to do with (a) the theory of the logarithmic prob¬ 
ability integral for the relation bctwtvn F and /, and (ft) the conccptioii of 
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the meaning of quantitatively specific temperature-dependence in bio¬ 
logical systems in general. 

3. The theory of the basis for the descriptive utility and predictive 
value of the logarithmic probability integral derives from the general 
proposition that d{\/l), where / is the critical intensity for response to 
visual flicker, is frequency-distributed in a certain manner, but that 
--kl*d {\//) gives a frequency distribution of the sensory effects produced.*^ 
If 1 // is governed by the velocities of intrinsic chemical events determining 
tlie excitability of the elements concenied in the manifestation of the 
index response, then 1 //„ for a homogeneous population of such elements, 
with a fixed magnitude of responsive discrimination, should be recti- 
linearly proportional to the exponential of —fi/RTf where R is the gas 
constant, T = KelviTi temperature and m = apparent energy of activation 
per mole of controlling substance (i.e.. the temperature characteristic^*). 
That jjL is independent of the shape of the F-\og I contour, although de¬ 
pendent on the nature of the animal tested*^ (and thus on its specifically 
relevant chemical organization^®), has been amply demonstrated. These 
facts are clearly confirmatory of the general proposition. It is also re¬ 
quired to show, however, that if the form and position of the F-log I 
contour can be modified by some other means than change of temperature, 

should still be the same provided tlie primary excitabilities have not been 
modified (but only the frequencies with which the excitable units con¬ 
tribute to the determination of the end result). 

This test is easily made by utilizing the changes produced in the F-log 
I tnirve when the light-time fraction in the flash-cycle is altered. These 
changes are non-specific as to direction and form, although specific in 
amount. When the percentage light-time (/,^) is reduced, at constant 
temperature, the curve rises to a higher maximum F, its abscissa of in¬ 
flection is lowered, both being in rectilinear proportion to the percentage 
dark-time; the value of <riog/ with Fhhix. =* 100 per cent is not a function 
of tJtnP Consequently we must predict that at any flash-frequency 
the value of m for 1// must be the same with different proportions of light 
time to dark time, since the latter influences k but not 1// in the expres¬ 
sion -"i/-d(l/7). 

This test has for several reasons been made with turtles of the form 
Psendemys ssp. The response contour for these animals with purely cone 
retinas is simple, but the Arrhenius plot of 1/1^^ exhibits a break at 29.5®.*® 
Between 12® and 30® m is quite high (26,500 cal.). The results are sum¬ 
marized in figure 1 for t^ « 10 per cent, 50 per cent and 90 per cent of the 
flash cycle, at F =« 25/sec. It is apparent that although the F-log 1 
contour is altered in the ways already described, /t =« ca. 12,400 above 
29.5® and u — 26,600 from 12® to 29.5® describes the temperature de¬ 
pendence of I/I without reference to the magnitude of tjtp. 
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The reasons for the manner in which change of tjtx, alters the -F-log 
1 curve have already been discussed.^ It is necessary to suppose that 



KIGURF 1 

Values of log l//„ critical for response to visual 
flicker in the dark-adapted turtle Pseudemys, as a func¬ 
tion of temperature; 1 flash-frequency was used (/''»* 

25) at each of three values of the light-time fraction. 

10 per cent, 50 per cent and 90 per cent. Each plotted 
entry is the mean of 30 determinations. The critical 
increments characteristic for l//„ are independent of 
the alteration in the F-log I curves induced by changing 
the light-time fraction, as shown by the fact that the 
(dopes of the lines on this graph are invariant. These 
slopes give •> 12,400 above 30^ and 26,500 below. 

witli prolongation of dark-time each dash has a greater chance to excite 
because more elements are likely to be non-refractory; hence the total 
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number of elements potentially usable over a finite time is enlarged, and 
thus /max.: but the excitability of each element remains the same, and 
is not affected, nor m* 

4. The conception that for many vital processes the form and the 
magnitude of the dependence on temperature indicate control through 
activation of a particular catalyst*^ implies that the value of the tempera¬ 
ture characteristic should be independent of the constant-temperature 
magnitude of the velocity concerned. In the present instances !//„ 
measures the velocity of processes determining excitability. By choices 
of F its value can be made to vary over a range of 1:250,000 without 
change of the slopes of the m plots.*® In the data of figure 1 !//« is 
changed by a factor of 23 without altering /*■ These properties demon¬ 
strate the important invariant nature of the temperature characteristics 
when the chemical organization of the system has not been modified. 

5. 5ttwwary, “-^When the light-time fraction in the flash-cycle is altered 
it is found that the maximum to which the flicker-response contour rises 
is directly proportional to the percentage dark-time; the abscissa of 
inflection of the F-log /„ curve decreases in the same proportion, but 
tr'iog/ is unchanged. For a given flash-frequency, however, the tempera¬ 
ture characteristic of \/I^ with the turtle Pseudemys is quantitatively 
independent of the percentage dark-time, and of the flash-frequency. 
This variance of m has significance for the theory of photic excitability, 
and for the derivation of the probability integral relating F to log /. 


‘ Cf. Crozier. W, J.. and Wolf, E., Jour, Gen, Physiol, 22,463,487, 796 (1938-1939), 
etc.; and a more complete account of the present experiments, to be published elsewhere. 

* Crozler, W, J., Jour, Gen, Physiol, 10, 603 (1936-1936); Crozier, W. J., Wolf, E., 
and ^cr^ahn-Wolf, G., Jbid„ 20, 211, 363 (1936-1937); 21, 203 (1937-1938); 22, 311 
(1938-1939). 

* Jour, Gen, Physiol, 21, 203 (1937-1938); 22, 311 (1938-1939). 

* Crozier, W. J., Wolf, E., and Zerrahn-Wolf, G., Jour, Gen, Physiol, 20, 211, 363 
(1938-1937); 21.17 (1937-1938); Crozier, W. J., and Wolf. E., Ibid,, 23,1 (1939-1940). 

* Wolf, E., and Zerrahn-Wolf, G., Jour. Gen, Physiol, 19,496 (1934-1935); Crozier, 
W. J., Wolf, G.. and Zerrahn-WoIf, G.. Ibid., 20,211 (1036-1936). 

* Crozier, W. J., Wolf, E.. and Zerrahn-Wolf, G., Jour. Gen. Physiol, 22, 311 (1938- 
IWW); Crozier, W. J., and Wolf, K.. Ibid., 22, 665 (1938-1939). 

^ Crozier, W'. J., Wolf, K., and Zerrabu-Wolf, G., Jouf, Gen Physiol, 22, 461 (1938- 
1939). 

* Crozier, W. J., Wolf, E,, and Zerrabn-Wotf, G., Jour, Cm. PhysM,, 22, 461 (1938- 
1939); Crozier, W. J.. and Wolf. E., /Wd., 23,1 (1939-1940); PM, BuU,, 77,126 (1939). 

» Crozier, W. J., Proc, Nal Acad, Sci„ 23., 71 (1937); Crozier. W. J.. Wolf. E., and 
Zerrahn-Wolf. G., Jour. Gen, Physiol, 21,17,203.313 (1936-1937), etc. 

« Crozier, W. J., Wolf, E.. and Zerrabn-WoH, G.. Proc, Nal Acad, Set,, 23, 616. 642 
(1937); Jour. Gen. Physiol, 21,17 (1937-1938); Crozier, W. J., and Wolf. E., Ibid., 22, 
la'i (1938-1939); Proc. Na/. Acad, .Set,, 25, 170 (1939). 

" Cf.,’* and Crozier, W. J,, and Wolf, K, Jour, Gen. Physiol, 23, 229 (Nov. 1939). 
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*• Crazier, W. J,, Wolf, E., atid Zerrahn-Wolf, G., Jour, Gen, Physiol,, 20* 393, 411 
(1936-1937); 21, 223, 313, 463 (1937-1938), 

Cf. Croaiier, W. J., Proc. Nat, Acad, Set,, 26, 54-60 (1940), 
w Crojsicr, W. J., Wolf, E., and Zerrahn-Wolf, G., Proc, Nat, Acad, Set,, 24,216 (1938); 
Crosier, W. J., Jbid„ 25, 78 (1939); Crozier, W. J., and WoU, E., Ibid., 25, 171, 176 
(1939); Jour, Gen, Physiol,, 22, 487, 795 (1938-1939); 23 (Nov, 1939) (in press). 

** (2f. Jour, Gen, Physiol., 22, 487 (1938-1939), etc. 

Crozier. W. J., Jour, Gen, Physiol,, 7, 123 (1924-1925); Proc, Not, Acad, Sci„ 10, 
4eU (1924). 

“ Crozier, W. J., and Wolf, B,, Proc. Nat, Acad. Set., 25, 171 (1939); Jour, Gen. 
Physiol,, 23 (Nov* 1939) (in press). 

Data on the frequency of breathing movements in two teleost genera and their hy¬ 
brids, to be discussed elsewhere. 

Crozier, W. J., Wolf, E., and Zerrahn-Wolf, O., Proc, Nat, Acad. Sci., 24, 125, 638 
(1938); Jour, Gen, Physiol., 22, 311 (1938-1939). 

*0 Crozier, W. J., Wolf, E., and Zcrrahn-Wolf, G., Jour. Gen. Physiol,, 20, 363 (1936- 
1937); 21, 313 (1937-1938). 

** Cf. Crozier, W. J., Jour. Gen. Physiol., 7, 189 (1924-1926); 9, 6:11 (1925-1926); 
Hadidian, Z., and Hoagland, H., Ibid., 23, 81 (1939-1940). 

” Crazier, W. J., and WoU, E., Jour. Gen, PhysioL, 22.487, 796 (1939-1940). 

** We arc under obligation to Mrs. E. Wolf for assistance in the experiments. The 
more complete account of the work, to be given elsewhere, will include consideration of 
the variation of 1/1 within and between individuals. 


ON SPINAL SHOCK 

By a. van Harrevbld 

William G. Kbuckhopf Laboratorirs of trb Biological Scibncbs, California 

Insthute of Tbchnolooy 

Communicated November 22, 1939 

High reflex excitability and high extensor tone have been observed in the 
liind legs of cats after the recovery of an isolated caudal part of the spinal 
cord from certain periods of asphyxia (van Harreveld and Mannont*)* 
Since the increased reflex excitability remained in a number of animals for 
the rest of thdr lives (up to three weeks), it was concluded that this was 
caused by a release of the spinal reflexes^rom a spinal inhibitory mechanism, 
which in the normal animal depresses them. It was assumed that this 
inhibitory mechanism was more sensitive to asphyxia than the excitatory 
structures and that by certain periods of a 8 ph 3 rxia the inhibitory mechanism 
can be eliminated more or less exclusively. 

The reflex excitability of the isolated normal spinal cord thus seems to 
depend on an equilibrium between the functions of excitatory and inhibi* 
twy structures. The more active the inhibitory structures, the more the 
reflex excitability will be depressed, eventually to total areflexia. 
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Spinal shock, a state of diminished reflex excitability or even of areflexia, 
which is pronounced only in the primates, might be due to such a domi¬ 
nance of an inhibitory mechanism in the spinal cord. The present ex¬ 
periments were undertaken to see whether, as would be predicted from the 
above, it is possible to curtail spinal shock by asphyxiating the cord. The 
monkey, Pilhecus rhesus, in which Hinsey and Markee* recently investi¬ 
gated the spontaneous recovery from shock, was used. 

In nine monkeys the spinal cord was severed by a ligature round the dura 
at Th. 9-Th. 10, thus isolating the caudal part of the spinal cord and dural 
cavity. Directly after finishing the operation, 10 to 20 minutes after the 
ligation of the cord, the pressure in the isolated part of the dural cavity 
was raised above the blood pressure by forcing into it through a canula, 
physiological solution under a pressure of 24-25 cm. mercury. In this way 
the blood was prevented from entering the vessels of the cord, for periods 
between 15 and 30 minutes. After this the reflexes of the hind limbs were 
examined frequently. 

After tliis procedure a large number of reflexes have been observed often 
of high, sometimes even of extreme sensitivity. In the following discussion 
of the results all times are reckoned from the ligation of the cord. In all the 
experiments brisk tendon reflexes (knee- and ankle-jerks) have developed 
within a few hours. In many experiments tone was observed in the ex¬ 
tensor muscles, sometimes of considerable height, developing within an 
hour; it has even been possible to record an appreciable stretch reflex from 
the gastrocnemius group after 4 hours. Skin reflexes appeared in most 
animaU. Movements of the toes eUcited by stimulation of the sole (plantax 
response) were observed after 2 to 3 hours. The flexor reflex in the hind 
leg and reflex contractions of the tail appeared in many animals after periods 
ranging from a few hours to 24 hours. The tendon reflexes and tone re¬ 
turned in most animals only temporarily, disappearing after having been 
manifest for periods between a few hours and 48 hours. In two animals, 
however, the tendon reflexes remained for life (6 days in both cases). The 
skin reflexes once developed remained in most cases for the rest of the 
period of observation (3 to 10 days). In some animals they were of an ex¬ 
treme sensitivity during that entire period. 

Hinsey and Markee in a recent paper reported the period of absence of a 
number of reflexes after transection of the cord in 7 monkeys {PUhecus 
rhesus). They foimd that the knee-jerk returned after 1 to 20 days 
(average 7 days). In some cases no ankle-jerk was ever observed, in others 
this reflex returned after 11 to 62 days. The plantar response was seen 
after 1 to 20 days (average 6 days) and the flexor reflex after 4 to 102 days 
(average 27 days). After spontaneous recovery from shock the spinal re¬ 
flexes arc at the beginning very small and it is usually weeks until they 
reach an appreciable height (Fulton and Sherrington’). 
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Since, as we have shown, quite high reflex activity is often observed 
beginning a few hours after combined transection and asphyxiation of the 
cord, there can hardly be any doubt that asphyxia can curtail spinal shock. 
This return of reflex activity of the isolated and asphyxiated caudal part 
of the cord as described above is a strong support for the conception of 
spinal shock as a dominance of an inhibiting structure in the spinal cord 
itself. 

It tnust be assumed that the reflex activity of the normal animal depends 
on a continuous depressing influence of the higher centers on the inhibitory 
mechanism in the spinal cord. The spinal shock following transection 
of the cord must be considered as a release of that spinal inhibitory 
mechanism from this depressing higher control, resulting in a diminution 
and eventual abolition of reflex excitability. 

Acknowledgment is gratefully made for assistance from the Neuro* 
logical Fund of the California Institute of Technology. 

^ van Harreveld, A., and G. Marmont, Jour^ Neuropkysid.t 2, 101-111 (1939). 

» Hinsey, J. C., and J. E. Markee, Jour. Comp. Neural., 69, 471-485 (1939). 

» Fulton, J. F., and C. S. Sherrington, Jour. Physiol, 75, 17-22 (1932). 


PIIYSIOLOG Y OF DE VELOPMENT OF THE FEA THER. I K THE 

DIURNAL CURVE OF GROWTH IN BROWN LEGHORN FOWL 

By Frank R. Lillie and Hsi Wang 
University or Chicago 
Communicated December H, 1939 

I. Introduction 

Evidences of daily periodicity of functions in fowl are abundant; in this 
paper we add to them a series of measurements demonstrating that the rate 
of growth of regenerating feathers is not constant during a 24-hour period, 
but exhibits considerable fluctuations characterized especially by a very 
low rate during part of the night. The physiological causes and the 
morphological consequences of this phenomenon will be discussed after 
presentation of the data. 

Rates of growth during the entire period of regeneration of feathers have 
been determined several times (cf. Juhn and Gustavson, '30; Juhn, Faulk¬ 
ner and Gustavson, '31; and Lillie, '40). In all these cases the measure¬ 
ments were not less than 24 hours apart; but an analysis of the diurnal dis¬ 
tribution of 24-bour increments has not hitherto been attempted. 

Owing to limitations of the methods of measuring, it was decided that 
intervals of less than six hours would be impractical. Accordingly, a first 
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series of measurements of the growth in six-hour intervals in a continuous 
24-hour period was made from the base of twelve o’clock. This series was 
then repeated at a later date. These measurements showed a very marked 
decline in growth-rate in the period from midnight to six a. m. The 
measurements did not, however, necessarily determine very closely the 
time of lowest or highest rates. Accordingly, two other sets of six-hour 
increments were prepared using nine o’clock as base. Comparison of the 
results from the twelve o’clock base and the nine o’clock base enables a 
closer estimation of the time of minimum growth in a 24-hour period. 

11. The Data 

* 

1 . Six-Hour Increments Based on 
Twelve 0* Clock .—Ten actively regener¬ 
ating feathers of the same age in a small 
area of the breast of each of three 
Brown Leghorn capons were isolated 
by removing adjacent feathers; each 
feather was identified by number and 
individual records were kept. On the 
25th day of regeneration (March 
18”19, 1939) measurements were made 
of the length of each feather at six- 
hour intervals beginning at noon and 
terminating at noon of the next day. 
The increment in length of each feather 
during each six-hour period was deter¬ 
mined from these measurements (ta¬ 
ble 1). The increments of the individual 
feathers, 12:00 noon to 6:00 p. m., 
6:00 p. M. to 12:00 midnight, 12:00 
midnight to 6:00 a. m., 6:00 a. m. to 
12:00 noon, were then averaged for 
each period; the grand average of these increments is plotted in 
figure 1. 

These measurements were then repeated on the same feathers on the 28th 
day of regeneration (table 2), and similarly averaged. The first and 
second sets of measurements did not differ significantly. 

Determinations of six-hour increments in the growth of saddle feathers 
(posterior region) were made on the same birds in an exactly similar manner 
on the 25th day of regeneration (April 18-19,1930) and again on the 28th 
day of regeneration (tables 3 and 4). As in the case of the breast, ten 
feathers identified by number, with individual records for each feather, 
were used in each bird. Both sets of determinations agreed very closely. 



Breast feathers. From data of 
table 1, The grand average of six- 
hour increments of the three birds 
plotted, Based on 12:(X1 o'clock. 
Ordinates * iiiilUnieters of growth; 
abscissae •» time of day. 
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TABLE V 

Twelve O'Clock Bahis. March 18-19, 1939. Breast Feathers BrowhLeqborn 

Cakons. Twenty-Fffth Day ok Keoenbkation 

12 3 4 5 



12 



12 


<i 


12 



NtKIN 

P. M. 

INC. 

r. M. 

INC. 

A. M. 

(NC, 

NUOM 

XNC. 

Capon 1 

37.9 

3K.2 

0.3 

38.7 

1.5 

.38.7 

0.0 

40.U 

0.3 

148 2 

37.8 

.37.8 

0.1 

38.8 

1,0 

38.2 

0,3 

38.6 

0.4 

3 

:kj.5 

37.1 

0.6 

37.1 

0.0 

37.8 

0.7 

38.2 

1.4 

4 

34.7 

36.0 

1.3 

36.1 

0.1 

36.1 

0.0 

36.8 

0.8 

5 

35.1 

35.0 

0.5 

36.5 

0.9 

37,6 

1.1 

37.7 

0.1 


35.0 

;J5.6 

0.6 

36,5 

0.9 

3fl.8 

0.3 

37.6 

0.8 

7 

36.7 

.37,2 

0.6 

38.6 

1.4 

39.2 

0.6 

38.8 

0.6 

8 

36.6 

36.5 

-“0.1* 

37.0 

0.5 

37.5 

0.5 

38.8 

1.3 

9 

36.6 

36.1 

0.5 

30.9 

0.8 

37.3 

0.4 

38.4 

l.l 

10 

36.5 

36.1 

0.6 

37.0 

0.9 

.37.1 

O.l 

38.4 

1.3 

Average 

36.14 

36.63 

0,49 

37.43 

0.8 

37.83 

0.40 

.38.04 

0.81 

Total increase in 24 hours: 

2.50 







Capon 1 

27.7 

28.1 

1.4 

28.2 

0.1 

28.7 

0.5 

31.1 

1.4 

171 2 

28.2 

28.5 

0.3 

30.5 

1.0 

31.2 

0.7 

.3.3.0 

1,8 

3 

25.3 

20.3 

1.0 

26.6 

0.3 

26.6 

0.0 

28.3 

1.7 

4 

26,5 

27.0 

0.5 

27.6 

0.6 

27,9 

0.3 

28.6 

1.7 

5 

33.7 

34.3 

0.6 

34.6 

0.3 

34.6 

0.0 

36.4 

1.8 

0 

30, 1 

31.2 

l.I 

31.8 

0,7 

32.0 

0.1 

32.5 

0.5 

7 

30.5 

31.8 

1.3 

32.5 

0,7 

32.6 

O.i 

311.4 

0.8 

8 

30.1 

30.6 

0,5 

31.6 

0.9 

31.5 

0.0 

32.6 

1.1 

9 

28.6 

30,2 

0.6 

3J.0 

0.8 

31.4 

0.4 

32.2 

0.8 

10 

29.0 

30.8 

1.2 

31.3 

0.5 

31.5 

0,2 

32.2 

0.7 

Average 

28.23 

30.08 

0.85 

30.67 

0.59 

30.9 

0.23 

32.13 

1.23 

Total increase in 

24 hours: 

2.90 







Capon 1 

34.6 

36.0 

2.0 

37,1 

0.5 

37.1 

0.0 

36.8 

-0.2* 

139 2 

33.6 

34.8 

1.2 

36.2 

1.4 

36.2 

0.0 

36.8 

0.7 

3 

28.2 

29.3 

0.1 

28.9 

0.(5 

29.8 

0.0 

31,6 

1.6 

4 

34.1 

34.8 

0.8 

35.5 

0.6 

35.5 

0.0 

.36.8 

1,4 

6 

32.4 

34.4 

2.0 

34.0 

0.2 

34.7 

0.1 

.35.4 

0.7 

0 

33.2 

34.8 

1.6 

35.0 

0.2 

36.1 

0.1 

36.3 

1.2 

7 

31.5 

32.3 

0.8 

32.3 

0,0 

32.5 

0.2 

33.2 

0.7 

8 

33.6 

35.0 

1,4 

35.3 

0.3 

36.6 

0.3 

36.5 

0.9 

9 

29.6 

28.6 

0.0 

31.4 

1.8 

.31.4 

0.0 

31.6 

0.1 

10 

26.5 

27.2 

0.7 

27.0 

0.4 

27,9 

0.3 

28.0 

0.7 

Average 

31.83 

32.88 

1.06 

34.48 

0.60 

33.58 

0.10 

34.37 

0.78 

Total increase in 24 hours: 

2.54 







C^ND 










Avbragb 

32.40 

3.3.20 

0.80 

33.86 

0.66 

34.10 

0.24 

35.04 

0.94 


AvBitAOB Total Incrbasb in 24 Hours: 2.04 
* Probably due to error. 

^ Tables 1 to 8 give all the original measurements for determination of six-hour incre¬ 
ments throughout one day, on which the paper is based, together with the averages for 
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each bird and the averages of all three together. Columns 1, 2, 8, 4, 5 give the actual 
measurements in millimeters for the individual feathers. The intervening columns give 
the increments (Inc.) for the six-hour periods ended in the preceding column. The 
last horizontal line (grand average) gives the averages of all feathers for each column; 
the increments in this line are the ones used in the graphs. 

TABLE 2 

Twelve O’Clock Basis. Second Series op Measurements of the Same Feathers 
AS IN Table 1. Twenty-Eiouth Day of Regeneration 



1 

2 


8 


4 


6 



12 

tl 


12 


« 


12 



NOON 

r. M. 

INC. 

r. M. 

INC. 

A. M. 

INC. 

NOON 

INC. 

Capon 1 

47,6 

48.0 

0.4 

49.0 

1.0 

49.0 

0.0 

60.7 

1.7 

148 2 

47.8 

48.5 

0.7 

48.9 

0.4 

49.1 

0.2 

50.4 

1.3 

3 

46.0 

46.6 

0.6 

47.6 

l.O 

48.3 

0.7 

49.0 

0.7 

4 

46.2 

45.6 

0.4 

46.8 

1.2 

47.2 

0.4 

48.2 

1.0 

5 

44.4 

45.2 

0.8 

46.0 

0.8 

46.4 

0.4 

47.4 

1.0 

0 

44.4 

45.2 

0.8 

46.2 

1.0 

46.4 

0.2 

47.3 

0.9 

7 

46.9 

48.0 

1.1 

48.7 

0.7 

49.1 

0.4 

49.5 

0.4 

8 

45.9 

46.8 

0.9 

47.0 

0.2 

47.5 

0.6 

48,4 

0.9 

9 

45.5 

46.4 

0.9 

46.7 

0.3 

46.7 

0.0 

47.8 

1.1 

10 

45.9 

46.7 

0.8 

47.0 

0.3 

47.4 

0.4 

48.6 

1.2 

Average 46.96 

46.70 

0.74 

47.39 

0.69 

47.71 

0.32 

48.73 

1.02 

Total increase in 24 hours: 

2,77 







Capon 1. 

37.9 

38.7 

0,8 

39.4 

0.7 

39.4 

0.0 

40.2 

0.8 

171 2 

39.4 

40.1 

0.7 

40.9 

0.8 

40.9 

0.0 

42.0 

1.1 

3 

35.1 

36.2 

1.1 

36.6 

0.4 

37.0 

0.4 

38.1 

1.1 

4 

35.9 

36.9 

1.0 

37.1 

0.2 

37.1 

0.0 

38.6 

1.4 

5 

43.5 

44.5 

1.0 

45.1 

0.6 

45.6 

0.6 

46.1 

0.5 

6 

39.0 

39.4 

0.4 

39.9 

0.6 

40.1 

0.2 

40.8 

0.7 

7 

39.3 

39.6 

0.3 

40.4 

0,8 

40.4 

0.0 

41.2 

0.8 

8 

37.6 

38.7 

1.1 

38.9 

0.2 

38.9 

0.0 

39.5 

0.0 

9 

37.0 

37.7 

0.7 

38.2 

0.6 

38.2 

0.0 

38.6 

0.4 

10 

38.6 

38.7 

0.1 

40.0 

1.3 

40.2 

0.2 

40.4 

0.2 

Average 

38.33 

39.05 

0.72 

39.65 

0.60 

39.78 

0.13 

40.54 

0.76 

Total increase in 24 hours: 

2.21 







Capon 1 

44.8 

45.4 

0,6 

46.9 

1.5 

46.9 

0.0 

47.7 

0.8 

139 2 

44.4 

45.4 

1.0 

45.9 

0.5 

46.9 

0.0 

46.6 

0.7 

3 

38.2 

39.2 

1.0 

40.1 

0.9 

40.6 

0.4 

41.6 

1.1 

4 

44.6 

45.3 

0.7 

46.0 

0,7 

46.0 

0.0 

47.0 

1.0 

5 

43.0 

43.6 

0.6 

44.3 

0.7 

44.5 

0.2 

45.0 

0.6 

6 

43,4 

44.3 

0.9 

46.0 

0.7 

45.6 

0.6 

46.2 

0.7 

7 

41.3 

42.0 

0.7 

42.4 

0.4 

42.8 

0.4 

43.3 

0.6 

8 

43.8 

44.3 

0.5 

46.0 

0.7 

46.2 

0.2 

46.1 

0.9 

9 

38.0 

39.4 

1.4 

40.0 

0.6 

40.2 

0.2 

40,6 

0.4 

10 

34.8 

36.0 

1.2 

37.0 

1.0 

37.0 

0.0 

37.4 

0.4 

Average 41.63 

42.49 

0.80 

43.26 

0.77 

43.45 

0.19 

44.15 

0.70 

Total increase in 24 hours: 

2.62 







Grand 










Average 

41.97 

42.74 

0.77 

43.43 

0.09 

43.64 

0.21 

44.47 

0.83 


Average Total Increase in 24 Hours: 2.60 
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The grand average of the increments in the first set of measurements is 
plotted in figure 2. 


TABLE 3 

Twelve O'Clock Basis. April 1S~19, 1939. Saddle Feathers Brown Leohorn 

Capons. Twenty-Fifth Day of Rbobnbration 



1 

2 


3 


4 


5 



12 

6 


12 


6 


12 


NOOK 

r. M. 

INC- 

M. 

INC, 

A. M. 

XMC. 

NOON 

IKC. 

Capon 1 

27.4 

27.9 

0.6 

28.8 

0.9 

28.9 

0.1 

29.9 

1,0 

348 2 

26.0 

26.8 

0.8 

27,0 

0.8 

27.7 

O.l 

28.1 

0.4 

3 

26.4 

26.7 

0.3 

27.6 

0.9 

27.6 

0.0 

28.5 

0.9 

4 

27.4 

28.2 

0.8 

28.3 

0.1 

28.4 

0.1 

30.0 

1.6 

6 

24.1 

24.3 

0.2 

24.7 

0.4 

24.7 

0.0 

26.2 

1.5 

6 

26.2 

25.7 

0.5 

26.6 

0.8 

27.0 

0.5 

27.3 

0,3 

7 

25.3 

25.7 

0,4 

26.5 

0.8 

26.6 

0.1 

27.5 

0.9 

8 

26.5 

27.0 

0.6 

37.2 

0.2 

27.2 

0.0 

27.8 

0.6 

9 

25.6 

25.9 

0.4 

26.7 

0.8 

27.0 

0.3 

27.7 

0.7 

10 

30.2 

30.9 

0.7 

31.6 

0,7 

31.7 

0.1 

32.6 

0.9 

Average 

26.40 

26.91 

0.61 

27.55 

0.04 

27.68 

0.13 

28.56 

0.88 

Total increase in 

24 hours; 

2.16 







Capon 1 

27.9 

28.2 

0.3 

29.2 

1.0 

30.0 

0.8 

30.5 

0.5 

171 2 

32.7 

33.7 

1.0 

33.9 

0.2 

34.0 

0.1 

35.4 

1.4 

3 

28.0 

28.9 

0,9 

29.3 

0.4 

29.4 

0.1 

30.2 

0.8 

4 

26.8 

26.9 

0.1 

27.3 

0.4 

27.6 

0.3 

28.0 

0.4 

5 

25.5 

26.2 

0.7 

27.0 

0.8 

27.0 

0.0 

27.4 

0.4 

0 

28.2 

28.5 

0.3 

29.1 

0.6 

29.1 

0.0 

29.7 

0.6 

7 

28.1 

28.6 

0.5 

29.1 

0.5 

29.2 

0.1 

29.9 

0.7 

8 

27.0 

28.1 

1.1 

28.7 

0.6 

28.9 

0.2 

29.3 

0.4 

9 

30.4 

30.6 

0.2 

31.0 

0.4 

31.2 

0.2 

32.1 

0.9 

10 

28.4 

29.0 

0,6 

29.8 

0,8 

29.8 

0.0 

30.3 

0.5 

Average 

28.30 

28.87 

0.57 

29.44 

0.57 

29.62 

0.18 

30.28 

0.66 

Total increase in 24 hours; 

1.98 







Capon 1 

27.7 

28.5 

0.8 

28.7 

0.2 

28.7 

0.0 

29.4 

0.7 

139 2 

27.0 

27.4 

0.4 

28.5 

1.1 

28.5 

0.0 

28.6 

0.1 

3 

29.1 

29.3 

0.2 

30.0 

0.7 

30.0 

0.0 

30.9 

0.9 

4 

28.2 

29.0 

0.8 

29.2 

0.2 

29.4 

0.2 

29.9 

0.6 

5 

27.6 

27.8 

0.2 

29.2 

1.4 

29.3 

0.1 

29.9 

0.6 

6 

27.2 

27.9 

0.7 

28.8 

0.9 

28.8 

0.0 

20.9 

1.1 

7 

24.7 

2S.8 

1.1 

26.3 

0.6 

26.5 

0.2 

27.4 

0.9 

8 

27.6 

28.5 

1.0 

29.0 

0.6 

29.0 

0.0 

20.6 

0.6 

9 

28.0 

28.6 

0.6 

29.4 

0.8 

29.4 

0.0 

30.2 

0,8 

10 

26.7 

27.1 

0.4 

27.8 

0.7 

27.8 

0.0 

29.1 

1.3 

Average 

27,37 

27.99 

0.62 

28.69 

0.70 

28.74 

0.05 

29.49 

0.75 

Total increase in 24 hours; 

2.12 







Grand 

Average 

27.30 

27.92 

0.66 

28.56 

0.64 

28.08 

0.12 

29.44 

0.70 


Avbraob Total Incrbasb in 24 Hours: 2.08 
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TABLE 4 


Twelve O’Clock Basis. Second Series of Mbasurbmknis of the Same Frai hers 
AS IN Table 3. Twkntv-Eighth Day op Regeneration 



1 

2 



♦ 

4 


r, 



12 

6 


12 


6 


12 


NOON 

e. M. 

INC. 

e. M. 

INC. 

A. M. 

INC. 

NOON 

INC. 

Capon 1 

33.7 

34.1 

0,4 

36.1 

1.0 

35.4 

t). 3 

3fJ.8 

1.4 

148 2 

32,8 

33,0 

0.2 

33.5 . 

0.5 

33.8 

0.3 

;m,7 

0.9 

3 

33.0 

33,5 

0.6 

34.1 

0.6 

34.3 

0.2 

34.7 

0 1 

4 

34.5 

35.0 

0,5 

35.3 

(1.3 

35.3 

0.0 

36.5 

1.2 


30.0 

31.5 

0.9 

31.9 

0.4 

32.6 

0.6 

33.4 

0.9 

0 

32.5 

32.7 

0.2 

33.3 

0.6 

33.3 

0.0 

34.4 

1.1 

4 

32.2 

32.0 

0.4 

33,3 

0,7 

33.4 

0.1 

33.8 

0.4 

8 

32.8 

33.4 

0.0 

33.8 

0-4 

34.4 

0.6 

34.7 

0.3 

9 

32.0 

32.3 

0.3 

32.8 

0.5 

32.8 

0.0 

33.7 

0.9 

10 

3(i.G 

37.4 

0.8 

37.7 

0.3 

37.8 

O.l 

88.7 

0.9 

Average 

33.07 

33.65 

0.48 

34.08 

0.53 

34.30 

0.22 

35.14 

0.84 

Total increase in 

24 hours: 

2.07 








Capon 1 

33.3 

34,4 

1.1 

35.6 

1,2 

35.6 

0.0 

35.8 

0.2 

171 2 

39.0 

39,2 

0.2 

39.6 

0.4 

39.9 

0.3 

41.1 

1.2 

3 

34,0 

34.5 

0.5 

35.3 

0.8 

36.3 

0.0 

36.0 

0.7 

4 

31.3 

32.2 

0.9 

32.6 

0.4 

32.6 

0.0 

33.4 

0.8 

6 

31,4 

32.2 

0.8 

32.6 

0.4 

32.8 

0.2 

33.4 

0.6 

0 

33.5 

35.2 

1.7 

36.6 

0.3 

35.5 

0.0 

36.0 

0.5 

7 

34.1 

34.9 

0.8 

36.6 

0.6 

36.6 

0,0 

35.9 

0.4 

8 

33.5 

34.8 

1.3 

84.9 

0.1 

35.2 

0.3 

36.9 

0.7 

9 

35.5 

36.4 

0.9 

36.8 

0.4 

36.8 

0.0 

.37.9 

l.l 

10 

34.0 

34.7 

0.7 

35.3 

0.6 

35.3 

0.0 

36.0 

0.7 

Average 33.96 
Total increase in 

34.85 

24 hourii: 

0.89 

2.18 

35.37 

0.52 

35.45 

0.08 

36.14 

0.69 


Capon 1 

33.6 

34.7 

1.2 

34.9 

0.2 

35.2 

0.3 

35.6 

0.3 

139 2 

31.2 

32.0 

0.8 

33.0 

1.0 

33.0 

0.0 

33.4 

0.4 

3 

35.1 

35.5 

0.4 

36.5 

1.0 

36.9 

0.4 

37.6 

0.6 

4 

32.1 

32.3 

0.2 

32.8 

0.5 

32.9 

0.1 

33.2 

0.3 

5 

33.2 

33.9 

0.7 

36.0 

1,1 

35.0 

0.0 

.35.4 

0.4 

6 

33.1 

33.9 

0,8 

35.0 

l.l 

35.1 

0.1 

36.7 

0.0 

7 

30.8 

31.4 

0.6 

31,7 

0.3 

32.0 

0.3 

32.9 

0.9 

8 

33,7 

34.6 

0.9 

34.7 

0.1 

34.7 

0.0 

35.2 

0.5 

9 

34.2 

34.8 

0.6 

35.3 

0.6 

36.3 

0.0 

35.8 

0.5 

10 

32,7 

33.4 

0.7 

33.9 

0.6 

33.9 

0.0 

34.8 

0.9 

Average 32.96 

33.65 

0.09 

34.28 

0.63 

34.40 

0.12 

34.94 

0,54 

Total increase in 24 hours: 

1.98 







Grand 










Average 

33.33 

34.02 

0.69 

34.58 

0.56 

34.72 

0.14 

36.41 

0.69 


Average Total Increase in 24 Hoors: 2.08 
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Measurements were made to the nearest tenth of a millimeter as follows: 
A piece of white paper was inserted beneath the feather which was then held 
flat against it, and an original measurement was made with spring nut out¬ 
side calipers from the inouth of the follicle on the upper side to the tip of 
the feather. The space between the points of the spring calipers was then 
measured with vernier calipers with direct gauge reading to 0.1 mm. (made 
by Schietrumpf of Jena). The part of the feather within the follicle (about 
7 mm. in length) was not taken into account. The principal sources of 
error by this method are, first, that the position of the points of the spring 
calipers in the original measurements 
must be judged by the eye alone, and, 
second, the assumption is made that 
the opening of the follicle maintains a 
fixed position during the 24 hours. 

These possible sources of error tend to 
be averaged out. The very large aver¬ 
aged difference between the six-hour 
period from midnight to 6:00 a . m . 
and the other six-hour measurements 
are consistent for the separate mea¬ 
surements with some exceptions (see 
tables). 

The average growth in 24 hours of 
all breast feathers in both sets of 
determinations was 2,58 mm.; for all 
saddle feathers, 2.08 mm. If the 
growth in each six-hour period in 
the diurnal cycle were uniform, each 
would record 25% of this amount. 

The actual percentages,' averaging all 
determinations for each six-hour period for breast and for saddle, were as 
follows: 



FIGURE 2 

Saddle feathers. Prom data of 
table 3. The grand average of six- 
hour increments of the three birds 
plotted. Based on 12:00 o’clock. 
Ordinates » millimeters of growth; 
abscissae » time of day. 



aiRBAftT 

SAIWLB 

12:00 noon to 6:00 p. u. 

31% 

30% 

6:00 p. M. to 12:00 midnight 

26% 

29% 

12:00 midnight to 6:00 a. u. 

9% 

6% 

0:00 A. M. to 12:00 noon 

34% 

35% 


It will be noted that the amount of depression of growth rate from mid¬ 
night to 6:00 A. M* is greater in the saddle than in the breast. This is 
perhaps due to a lower threshold of susceptibility similar to that which 
Juhn and Gustavson('30) found in saddle as compared with breast feathers 
^ The nearest whole number is used for each percentage. 
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in the case of reaction to the female hormone, and which they attributed to 
slower rate of growth. 

It is interesting to note that 50 zero increments are recorded between 
midnight and 6:00 a. m, out of the 120 records made for this period, only 
one between noon and 6:00 p. m., two between 6:00 p. m. and midnight 
and none between 6:00 a. m. and noon, similarly out of 120 records for 
each period. Two of the determinations for six-hour periods are small 
decrements, 0.1 and 0.2, respectively, obviously due to errors of recording. 
There arc five records between midnight and 6:00 a. m. out of 120 in 

which tlie increment of individual 
feathers exceeds 25% of the total 
growth for 24 hours. The range 
of variation of increment within 
each period is considerable. There 
are also slight differences to be 
noted between the three birds used. 

Except for the disturbance due 
to measurement, the birds were on 
a normal regime with no artificial 
lighting. No attempt has been 
made to determine how differences 
in feeding, lighting or activity 
would affect the diurnal cycle. 

2. Six-Hour Increments Based 
on Nine 0* Clock .—^The amount of 
growth was then measured at six- 
hour periods beginning at nine 
o'clock instead of twelve o’clock. 
The regeneration age at the begin¬ 
ning of the measurements was 20 
days in the case of the breast 
feathers and 22 days in the case 
of the saddle feathers. The same 
three capons were used as before, and precisely the same methods were 
followed. The observations were made June 12-14 for the breast feathers 
(tables 5 and 6 and Fig. 3), and June 24-26 for the saddle feathers (tables 
7 and 8 and Fig, 4). In each case two consecutive 24-hour periods were 
used. In the case of the measurements beginning at twelve o’clock, the 
two 24-hour periods were separated by three days in both breast and saddle 
feathers. The measurements for six-hour periods beginning at twelve 
o’clock were made in March and April when the temperature of the animal 
house was much lower than in the case of the periods based on nine o’clock, 
which were made in June. These differences may have had some effect. 



Breast feathers. From data of table 
5. The grand average of six-hour incre¬ 
ments of the three birds plotted. Based 
on 9:00 o'clock. Ordinates « milli¬ 
meters of growth; abscissae »» time of 
day. 
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TABLE 6 


Nine O’Clock Basis. June 12-13, 1939. Breast Feathers Brown Leghorn 

Capons. Twentieth Day op Regeneration 



1 

2 


3 


4 


5 



9 

8 


9 


3 


9 



A. H. 

P. M. 

IKC. 

V. M. 

INC. 

A. M. 

INC. 

A. M. 

INC. 

Capon 1 

20.3 

21.1 

0.8 

21.7 

0.6 

22.0 

0.3 

22.1 

0.1 

148 2 

20.0 

20.7 

0,7 

20.9 

0.2 

21.6 

0.6 

22.0 

0.6 

3 

20,1 

21.6 

1.4 

22.2 

0.7 

22.2 

0.0 

22.4 

0.2 

4 

19.7 

20.6 

0,8 

21.4 

0.9 

21.4 

0.0 

22.2 

0.8 

5 

18.9 

19.8 

0.9 

21.2 

1.4 

21.3 

0.1 

22.0 

0.7 

6 

18.0 

18.8 

0.8 

19.5 

0.7 

20.2 

0.7 

20.7 

0.5 

7 

18.0 

18.8 

0,8 

19.6 

0.7 

20.6 

1.0 

21.3 

0.8 

8 

18,9 

19.7 

0.8 

20.4 

0,7 

20.8 

0,4 

21.3 

0.5 

9 

18.7 

19.8 

1.1 

20.4 

0.6 

20.8 

0.4 

21.3 

0.5 

10 

16.7 

17.7 

1.0 

17.9 

0.2 

18.3 

0.4 

19.1 

0.8 

Average 

00 

CO 

19.84 

0.91 

20.61 

0.67 

20.90 

0.39 

21.44 

0.54 

Total increase in 24 hours: 

2.61 








Capon 1 

16.6 

17.4 

0.8 

18.0 

0.6 

18.0 

0.0 

18.7 

0.7 

171 2 

16,6 

17.4 

0,8 

18.0 

0.6 

18.4 

0.4 

19.4 

I.O 

3 

16.0 

16.6 

0.5 

17.0 

0.5 

17.5 

0.6 

18.0 

0.6 

4 

16.0 

16.9 

0.9 

10.3 

0.4 

16.9 

0.6 

17.6 

0.7 

5 

15.5 

16.1 

0.6 

17.2 

1.1 

17.0 

0.4 

17.9 

0.3 

6 

15.2 

16.8 

0.6 

16.7 

0.9 

17.6 

0.9 

17.7 

0.1 

7 

16.0 

16.6 

0.6 

16.9 

0.3 

10.5 

0.6 

16.7 

0.2 

8 

16.8 

16.8 

1.0 

17.4 

0,6 

17.4 

0.0 

18.3 

0.9 

9 

16.6 

16.7 

1.1 

17.6 

0.9 

17.9 

0.3 

18.4 

0.6 

10 

13.7 

14.6 

0.9 

16.3 

0.7 

16.3 

0.0 

16.4 

1.1 

Average 15.60 16.28 

Total increase in 24 hours: 

0.78 

2.41 

16.94 

0.66 

17.31 

0.37 

17.91 

0.60 


Capon 1 

20.2 

20.6 

0.4 

20.8 

0.2 

20.9 

0.1 

21.5 

0.6 

139 2 

20.3 

21.1 

0.8 

21.6 

0.4 

21.6 

0.1 

21.9 

0.3 

3 

17.5 

18.1 

0.6 

18.6 

0.6 

18.9 

0.3 

19.3 

0.4 

4 

21.1 

21.7 

0.6 

22.2 

0.6 

22.3 

0.1 

23.1 

0.8 

6 

19.7 

20.6 

0.9 

21.6 

0.9 

21.5 

0.0 

21.9 

0.4 

6 

21.0 

21.6 

0.5 

22.1 

0.6 

22.9 

0,8 

23.3 

0.4 

7 

19.7 

20.4 

0.7 

20.9 

0.6 

21.4 

0.6 

21.8 

0.4 

8 

20.7 

21.2 

0.6 

21.9 

0.7 

22.9 

1.0 

23.3 

0.4 

9 

19.7 

20.0 

0.3 

20.8 

0.8 

20.9 

0.1 

21.7 

0.8 

10 

18.9 

19.4 

0.5 

19.8 

0.4 

20.1 

0.3 

21.2 

1.1 

Average 

19.88 

20.46 

0.68 

21.01 

0.66 

21.34 

0.33 

21.90 

0.66 

Total increase in 24 hours: 

2.02 







Okanp 

Average 

18.10 

18.86 

0.76 

19.49 

0.63 

19.86 

0,36 

20.42 

0.67 


Avbraob Total Increase xn 24 Hours: 2.32 
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TABI.K 6 

Nink OX'i.ock Basis. vSecond Series ok Measurements ok rtiK Same Feathers as 

IN 1'abue 5. Twenty-First Day of Rkoenrratxon 




1 

n 


3 


4 


6 




II 

a 


H 


S 


9 




A. M. 

P. H. 

INC. 

P. M. 

INC. 

A. M. 

INC. 

A. H. 

INC. 

Capon 

1 

22.1 

22.8 

0.7 

23.3 

0.6 

23.6 

0.2 

24.7 

1.2 

148 

2 

22.0 

22.4 

0.4 

22.8 

0.4 

23.5 

0.7 

24.6 

1.0 


a 

22.4 

23.4 

1.0 

23.9 

0.6 

24.2 

0.8 

26.1 

i)A) 


4 

22 2 

22.5 

0.3 

2:1.3 

0.8 

23.4 

0.1 

24.2 

0.8 


5 

22.0 

22.4 

0.4 

23.2 

0.8 

23.6 

0.8 

24.2 

0.7 



20 7 

21.4 

0.7 

21.9 

0.6 

22.6 

0.7 

23.3 

0.7 


7 

21.3 

21.7 

0.4 

22.7 

1.0 

2:1.2 

0.5 

23.7 

0.5 


H 

21.3 

22.2 

0.9 

22.7 

0.6 

23.2 

0.5 

24,0 

0.8 


9 

21.3 

22.2 

0.9 

22.7 

0.5 

23.0 

0.3 

24.1 

1,1 


10 

19.1 

20.0 

0.9 

20.2 

0.2 

21.0 

0.8 

21.6 

0.6 

Average 

21.44 

22.10 

0.06 

22.67 

0.67 

23.11 

0.44 

23.94 


Total 

1 incTcase tn 

24 hours: 

2.ri0 







Capon 

1 

18.7 

19.8 

1.1 

20.1 

0.3 

20.8 

0.7 

21.6 

0.7 

17i 

2 

19.4 

20.5 

1.1 

20.8 

0.3 

21.5 

0,7 

21.6 

0.1 


3 

18.0 

18.0 

0.6 

19.2 

0.6 

20.0 

0.8 

20.5 

0.5 


4 

17.6 

18,5 

0.9 

18.8 

0.3 

19.4 

0.0 

20.0 

0.6 


5 

17.9 

19.0 

1.1 

19.(5 

0.(5 

20.4 

0.8 

20.8 

0.4 


0 

17,7 

18,5 

0,8 

19.3 

0.8 

19.(5 

0.3 

20.0 

0.4 


/ 

16.7 

17.0 

0.9 

18.5 

0.9 

18.8 

0.8 

19 6 

0.7 


8 

18.3 

19.0 

0.7 

19.8 

0.8 

20.2 

0.4 

20.9 

0.7 


9 

18.4 

19.5 

l.t 

20.2 

0.7 

20.7 

0.5 

21.6 

0.8 


10 

16.4 

17,2 

0.8 

17.6 

0.3 

18.0 

0.5 

18.6 

0.6 

Average 

17.91 

18.82 

0.91 

19.38 

0.56 

19.94 

0.56 

20.49 

0.55 

Total increase in 24 hours: 

2.58 







Capon 

1 

21.6 

22.6 

1.0 

23.1 

0.(5 

23.7 

0.6 

24.3 

0.6 

1M9 

o 

4ar 

21.9 

22.8 

0.9 

23.6 

0.7 

23.7 

0.2 

24.3 

0.6 


3* 

18.9 

19.6 

0.7 

20.0 

0.4 

20.4 

0.4 

21.6 

1.2 


4 

23 1 

23.7 

0.6 

24.4 

0.7 

24.8 

0.4 

26.4 

0.6 


6 

21.9 

22.3 

0.4 

22.9 

0.6 

23.4 

0.5 

23.8 

0.4 


6 

23.3 

24.1 

0.8 

24.7 

0,6 

25.4 

0.7 

25.6 

0.2 


7 

21.8 

22.4 

0.6 

23.2 

0.8 

23.6 

0,3 

24.3 

0.8 


8 

23.3 

23.6 

0.2 

24.3 

0.8 

24.6 

0.3 

25.7 

1*. 1 


9 

21.7 

22.5 

0.8 

22.8 

0.3 

23.4 

0.6 

24.5 

1.1 


10 

21.2 

21.6 

0.3 

22.0 

0.6 

22.4 

0.4 

23.6 

1.1 

Average 

21.86 

22.49 

0.63 

23.09 

0.60 

23.63 

0.44 

24.30 

0.77 

Total increase in 24 hours: 

2.44 







Grand 











Avbraob 


20.40 

21.13 

0.73 

21.71 

0.68 

22.19 

0.48 

22.91 

0.72 


Avkraob Total Increase in 24 Hours: 2.51 

* A newly selected feather to replace the one used in the first series of measurements 
(table 5) which was lost. 
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TABLE 7 


Nine O'Clock Basis. June 24*"25, 193ft. Saddle Fkathbrs Brown Lboborn 

Cak>N8. TwbntY'Seookd Day of Reoenbration 



1 

3 


3 


4 


5 



9 

3 


9 


3 


tt 



A. M. 

I*. M. 

IKC. 

p. u. 

INC. 

A. H. 

INC. 

A. M. 

INC. 

Capon 1 

27.7 

28.2 

0.6 

28.7 

0.5 

28,8 

0.1 

2«.3 

0.6 

148 2 

17.4 

17.9 

0.5 

18.2 

0.3 

18.7 

0.5 

19.1 

0.4 

3 

17.8 

18.2 

0.4 

18.7 

0.5 

18.8 

0.1 

19.2 

0.4 

4 

18.9 

19.5 

0.6 

19.7 

0.2 

19.9 

0.2 

20.6 

0.7 

5 

12.3 

13.2 

0.9 

13.6 

0.4 

14.0 

0.4 

14.7 

0.7 

6 

14.3 

15.2 

0.9 

15.9 

0.7 

16.9 

0.0 

16.3 

0.4 

7 

14.1 

14.8 

0.7 

15.1 

0.3 

15 2 

0.1 

1.1,8 

0.0 

8 

14.1 

14.8 

0.7 

15.1 

0.3 

15.6 

0.4 

16.2 

0.7 

ft 

14.9 

16.2 

0.3 

15.8 

0.6 

16.2 

0.4 

16.7 

0.5 

10 

16.1 

16.4 

0.3 

16.7 

0.3 

16.9 

0.2 

17.3 

0.4 

Average 

16.76 

17.34 

0,58 

17.75 

0.41 

17.99 

0.24 

18.62 

0.53 

Total increase in 

24 hours: 

i. 76 








Capon 1 

17.8 

18.4 

0.6 

18.9 

0.6 

19.1 

0.2 

19.6 

0.5 

171 2 

18.4 

19.0 

0.6 

19.5 

0.5 

1ft. 6 

0.1 

20,2 

0.6 

3 

17.5 

17,8 

0.3 

18.5 

0.7 

18.7 

0.2 

19.3 

0.6 

4 

16.5 

16.9 

0.4 

17.4 

0.6 

17.6 

0.2 

18.2 

0.0 

5 

18.4 

18.7 

0.3 

19.3 

0.6 

1ft. 5 

0.2 

20.1 

0.6 

6 

18.7 

19.0 

0.3 

10..T 

0.6 

19.0 

0.1 

20.5 

O.ft 

7 

15.6 

16.2 

0.7 

16.8 

0.6 

17.2 

0.4 

17.6 

0.3 

8 

18.6 

19.4 

0.8 

19.8 

0.4 

20,1 

0.3 

20.4 

0.3 

ft 

17.5 

18.4 

0.9 

18.6 

0.2 

18.7 

0.1 

19.7 

1.0 

10 

16.8 

17.6 

0.7 

18.0 

0.5 

18.4 

0.4 

18,8 

0.4 

Average 17.67 18.13 

Total increase in 24 hours: 

0.50 

1.86 

18.63 

0.50 

18.85 

0.22 

19.43 

0.58 


Capon 1 

15.7 

16.0 

0.3 

17.0 

1.0 

17.3 

0,3 

17.9 

0.6 

139 2 

14.7 

15.3 

0.0 

15,9 

0.6 

16.0 

0.1 

16.6 

0.6 

3 

24.5 

26.1 

0.6 

25.4 

0.3 

25.8 

0.4 

26.3 

0.5 

4 

16.5 

16.0 

0.5 

16.7 

0.7 

17.0 

0.3 

17.6 

0.6 

6 

16.5 

16.1 

0.6 

16,5 

0.4 

16.8 

0.3 

17.3 

0.5 

6 

17.1 

17.5 

0.4 

18.3 

0.8 

18.4 

0,1 

19.1 

0.7 

7 

17.8 

18.5 

0.7 

18.8 

0.3 

19.3 

0.5 

19.9 

0.0 

8 

14.6 

16.6 

O.ft 

16.0 

0.5 

16.3 

0.3 

16.7 

0.4 

9 

14.8 

15.8 

1.0 

16.1 

0.3 

16.3 

0,2 

16.7 

0.4 

10 

17,2 

17.8 

0.6 

18.1 

0.3 

18.5 

0.4 

19.1 

0.6 

Average 

16.74 

17. Wl 

0.62 

17.88 

0.62 

18.17 

0.29 

18.72 

0.65 

Total increase in 24 hours: 

1.98 







Grand 

Avbrage 

17.02 

17.61 

0.5ft 

18.09 

0.48 

18.34 

0.25 

18.89 

0.56 

Average Total Increase in 24 Hours; 1.87 
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TABLE 8 


Nine O’Clock Basis. Skcond Series of Measurements of the Same Feathers as 

IN Table 7, U'aventY'Third Day op Regeneration 



1 

2 


3 


4 


s 



9 

3 


9 


3 


8 



A. M, 

P. M. 

*NC. 

P. M. 

INC. 

A. U. 

[NC. 

A. M. 

INC. 

Capon 1 

29.3 

30.2 

0,9 

30.6 

0.4 

31.0 

0.4 

.31.7 

0.7 

148 2 

19.1 

19.8 

0,7 

20.3 

0.5 

20.3 

0.0 

21.0 

0.7 

3 

19,2 

19.8 

0,6 

20.6 

0.8 

21.0 

0.4 

21.7 

0.7 

4 

20.6 

21.2 

0.6 

22.4 

1.2 

22.4 

0.0 

23.4 

1.0 

5 

14.7 

15.1 

0.4 

15.6 

0.6 

16.2 

0.6 

16.6 

0.4 

Ti 

10.3 

17.0 

0.7 

17.4 

0.4 

17.9 

0.6 

18.8 

0.9 

7 

15.8 

16.1 

0.3 

17.0 

0.9 

17.7 

0.7 

18.1 

0.4 

8 

10.2 

16.7 

0.5 

16.9 

0.2 

16.9 

0.0 

17.7 

0.8 

9 

10.7 

17.4 

0.7 

18.2 

0.8 

18.6 

0.3 

18.9 

0.4 

10 

17.3 

17.9 

0.6 

18.6 

0.7 

19.0 

0.4 

19.6 

0.5 

Average 

18.52 

19.12 

0.60 

19.76 

0.64 

20.0^1 

0.33 

20.74 

0.66 

Total increase in 

24 hours: 

2.22 








Capon 1 

19.6 

20.2 

0.6 

20.6 

0.4 

21.2 

0.6 

21.6 

0.4 

171 2 

20.2 

20.6 

0.4 

21.2 

0.6 

21.3 

0.1 

21.9 

0.6 

3 

19.3 

19.7 

0.4 

20.0 

0.3 

20.3 

0.3 

20.8 

0.5 

4 

18.2 

18.0 

0.4 

19.4 

0.8 

19.6 

0.1 

20.0 

0.5 

5 

20.1 

20.8 

0.7 

21.5 

0.7 

21.8 

0.3 

22.4 

0.6 

6 

20.6 

21.3 

0.8 

21-8 

0.5 

21.8 

0.0 

22.5 

0.7 

7 

17.6 

18.0 

0.5 

18.7 

0.7 

19.0 

0.3 

19.7 

0.7 

8 

20.4 

21.0 

1.2 

22.1 

0.6 

22.5 

0.4 

23.0 

0.5 

9 

19.7 

20.2 

0.5 

20.8 

0.6 

21.0 

0.2 

21.6 

0.5 

10 

18.8 

19.4 

0.6 

19.8 

0.4 

20.3 

0,6 

20.9 

0.6 

Average 19.43 
Total increase in 

20.04 

24 hours: 

0.61 

2.00 

20.59 

0.65 

20.87 

0.28 

21.43 

0.66 


Capon 1 

17.9 

18.4 

O.b 

18.9 

0.6 

19.2 

0.3 

20.0 

0.8 

139 2 

16.6 

17.1 

0.5 

17.6 

0.4 

17.7 

0.2 

18.5 

0.8 

3 

26.3 

26.7 

0.4 

27.6 

0.8 

27.9 

0.4 

28.1 

0.2 

4 

17.6 

18.4 

0.8 

18.7 

0.3 

19.1 

0.4 

19.8 

0.7 

5 

17.3 

17.7 

0.4 

18.0 

0.3 

18.4 

0.4 

19.1 

0.7 

6 

19.1 

19.9 

0.8 

20.4 

0.5 

20.6 

0.1 

21.1 

0.6 

7 

19.9 

20.2 

0.3 

20.8 

0.6 

20.8 

0.0 

21.7 

0.9 

8 

16.7 

17.4 

0.7 

18.0 

0.6 

18.1 

0.1 

18.9 

0.8 

9 

16.7 

17.4 

0.7 

18.0 

0.6 

18.4 

0.4 

19.0 

0.6 

10 

19.1 

19.9 

0.8 

20.6 

0.7 

21.0 

0.4 

21.4 

0.4 

Average 18.72 19.31 

Total increase in 24 hours: 

0.59 

2.04 

19.84 

0.63 

20.11 

0.27 

20.76 

0.65 

Grand 

Average 

18.89 

19.49 

0.60 

20.06 

0.67 

20.36 

0.30 

20.98 

0.62 


Average Total Increase in 24 Hours: 2.09 
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The average growth in 24 hours of all breast feathers in both sets of 
determinations was 2.15 mm., of all saddle feathers, 1.98 mm., in each case 
somewhat less than the previous sets. The averages of percentages of 
daily increments for six-hour periods were as follows : 

BRttAftT BAPOLB 



IBT 

2nd 

1st 

2mo 


DAY 

DAV 

DAY 

DAV 

9:00 a. m. to 3:00 p. m. 

32.76 

29.08 

31.65 

28.70 

3:00 P. M, to 9:00 p. m. 

27.15 

23.11 

25.67 

27.27 

9:00 p. M. to 3:00 a. m. 

15.62 

19.12 

13.37 

14.36 

3:00 a. m. to 9:00 a. m. 

24.67 

28.69 

29.41 

29.67 


There is a depression of growth rate here from 9:00 p. m. to 3:00 A. m. 


but of a lesser order of magnitude 
than from 12:00 midnight to 6:00 
A. M. in the former series (cf. Figs. 
1 to 4). 

3. Comparison of the Twelve 
O'clock and Nine O'Clock Bases ,— 
Growth within each six-hour period 
is necessarily represented as uniform 
owing to the requirements of the 
method; but it is obviously improb¬ 
able in the highest degree that this 
is actually the case. Tht purpose of 
repeating the original observations 
made on a twelve o’clock basis by 
another set of observations based on 



FIGURE 4 


nine o’clock was to ascertain whether Saddle feathers. From data of table 


by comparison it would be possible 
to determine at least the three-hour 
period with the lowest rate of growth. 
The remainder of the diurnal curves 
of growth (cf. Figs. 1 to 4) does not 


7. The grand average of six-hour incre¬ 
ments of the three birds plotted. Based 
on 9:00 o’clock. Ordinates =« milli¬ 
meters of growth; abscissae » time of 
day. 


exhibit sufficient variation to encourage an attempt at closer determination 
of the time of maximum rate of growth. 

In table 9 we have divided the growth of each six-hour period into equal 
halves, thus establishing arbitrary three-hour periods of growth both on the 
twelve o’clock and the nine o’clock bases; these figures are taken from the 


grand averages of the first set of measurements in each case, and the corre¬ 


sponding three-hour periods for the two bases are thus brought directly into 
comparison. It will be seen that except for the periods of depression of 
growth rates, 12:00 p. m. to 8:00 a. m. on the twelve o’clock basis, and 
9:00 p. M. to 3:00 a. m. on the nine o’clock basis, the three-hour periods 
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agree fairly well in the two series. In spite of the great discrepancies be¬ 
tween the twelve o'clock and the nine o'clock bases during the periods of 
depression, it is nevertheless shown by the table that the sum of the amount 
of growth on the two bases in the three-hour period from 12:00 p. m. to 
3:00 A. M. is much less than in any other three-hour period, even compar¬ 
ing the two adjacent three-hour periods. We would therefore conclude 
that the period of least growth is from midnight to 3:00 a. M. 

This reinforces the conclusion that the diurnal curve of growth is in 
reality a flowing, and not an angular, curve. We have attempted to apply 
this conception by the triangular signs in table 9. These are intended to 
indicate that on the twelve o'clock basis the growth from 6:00 p. m. to 
9:00 p. M. is probably more than from 9:00 p. M. to midnight, and that the 


TABLE 9 

Data Rbareakged on tbb Basis of Thubb-Houb Incrbmbnts. All Data Basbu 
OK tub Avbbaob of tbb Fxilst Sbx of Mbasurbmbnts op All thb Tbrbb Bbown 

Lbohorn Capons Usbd 


12 M.- 8 F. M.- 

fl P. M.- 

a p. M,- 

18 P. II.- 8 A. M.- 

6 A. M.- 

9 A. M.- 

TOTAL 

8 P. M. 8 P. M. 

0 p. M. 

12 P. M. 

8 A. M. 8 A. M. 

9 A. M. 

12 M. 

INC. 

Breast 

12 o'clock 0.40 0.40 

iMUiS 

0.33 

Dr 

0.33 

0.12 0.12 

0.47 

0.47 

2.04 mm. 

9O’clock 0.38 0.815 

buU 

0.315 

0.18 

err 

0.18 0.285 

0.285 

0.88 

2.82 mm. 

Saddle 

18 o’clock 0.28 0.28 

basis 

0.32 

D= 

0.32 

0.06 0.06 

0.88 

0.38 

2.06 oim. 

9o'dock 0.805 0.24 

0.24 

0.125 

0.125 0.275 

0.276 

0.296 

1.87 mm. 

p 1, 


growth from midnight to 3:00 a. M. is probably less than from 3:00 A. m. 
to 6:00 A. M. Similarly, on the nine o’clock basis the growth from 9:00 
p. M. to midnight is probably more than from midnight to 3:00 a. m., and 
the growth from 3:00 A. m. to 6:00 A. M. less than from 6:00 A. M. to 
9:00 A. M. Any corrections made in this sense would tend to even out the 
discrepancies between the two bases. 

Iti figures 5 and 6 we have applied the principle of these corrections to 
the curves of growth for the breast feathers on the twelve o'clock and nine 
o'clock bases respectively (Figs. 1 and 2). The corrections are indicated 
by the flowing dotted curves crossing the original curves. The exact form 
of the dotted curve represents merely our best judgment of the amount and 
distribution of the corrections, and to that extent is arbitrary, but it is 
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believed to give a more correct representation of the actual growth rate 
than either of the unmodified curves. The sfat-hour period of least growth 
is emphasired by the stippled triangle below it. The 3:00 a. m. ordinate 
divides it into unequal parts. 

III. DisctrssiOK 


1. The Physiological Basis of the Diurnal Rhythm "(p) Diurnal fluc¬ 
tuations of bavSal metabolism. The determinations of Barott and others 


(’38)* of the diurnal fluctuations of 
the energy production and gaseous 
metabolism of male Rhode Island 
chickens aged from four to 130 days 
are by far the most thorough on 
record. On page 158 they give a 
curve of the diumal rhythm of the 
energy metabolism, as measured by 
oxygen consumption, of fasting male 
Rhode Island Red chickens of be¬ 
tween 15 and about 18 weeks of age. 
This is a very regular flowing curve 
covering three days. The high point 
of the curve occurs daily between 
8:00 A. M, and 9:00 a. m. and the 
low point between 8:00 p. m. and 
9:00 p, M. On the second day of 
the three-day record, the high oxy¬ 
gen consumption was about 0.85 cc. 
per hour per gram live weight, and 
the low about 0.72. 

Bacq ('29) studied four cocks both 
under normal feeding and fasting 
regimes. His curve of diumal fluc¬ 
tuations of basal metabolism (calories 



% 3 • 

fSm 6Pm 12 W) earn i2m 


FIGITRB 5 

Breast feathers. The 12:00 o’clock 
basis (Fig. 1) modified by the dotted 
line based on comparison of the 9:00 
o^dock basis (Fig. 3) as explained in 
table 9. The stippled area emphasizes 
the period of the least six-hour incre¬ 
ment. Ordinates » millimeters of 
growth; abscissae » time of day. 


per kg. hr.) is quite similar to those 

of Barott though the observations are rather fragmentary; the low and 


high points are slightly later. 

If we attempt a closer comparison to the oxygen consumption curve of 
Barott et al, we find that the lowest three-hour period of oxygen consump¬ 
tion, which offers the best basis for comparison of growtli in the 24-hour 


cycle, is, according to their determinations, between 6:00 P. M. and 9:00 
p, approximately, whereas the period of least growth according to our 
determinations is ^tween midnight and 3:00 a. m., thus six hours later. 


^ Cf. also Benedict, Landauer and Fox (*32), and Schamke (’32). 
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If we assume that tliere is a causal relation between energy metabolism and 
growth in length of the feather, we have to find some explanation of the 
very considerable lag of effect. 

Lillie and Juhn ('32) attempted to estimate the growth due to plasmatic 
growth, including cell-division, and to cell-differentiation, respectively, in 
the growth in length of the shaft (p. 143) and in the barbs (p. 150), and 
concluded that about 90% of growth in length is due to cell-differentiation 
and only about 10% to plasmatic growth. The amount of growth of the 
whole feather due to cell-differentiation, which consists, so far as magni¬ 
tudes are concerned, in elongation and ballooning" of cells, depends on the 
number of cells presented for differentiation as presumably the most im¬ 
portant factor; and the number presented at any one time will depend on 
the rate of cell-division. 

Even if the rate of cell-division should respond immediately to reduced 
0% in the blood, time would be required for the new cells to move up into 
the zone of differentiation, and before reduction in the number of cells 
available for differentiation becomes a measurable factor in reduction of 
rate of growth. It is therefore not to be expected that the dampening 
effects of lower metabolism will receive simultaneous response in measure¬ 
ments of length increments at six-hour intervals. A certain amount of lag 
is to be expected on the hypothesis of a causal relation between the rates of 
energy metabolism and growth increments in such a system as the regener¬ 
ating feather. 

(h) Diurnal fluctuations of body temperature. Regular diurnal fluc¬ 
tuations of internal body temperature have often been recorded. Simp¬ 
son and Galbraitli C05) record a maximum temperature of 41.9°C. for 
Dorking males at 3:00 p. m. and a minimum temperature of 40.9° at 3:00 
A. M. The temperature drops suddenly from 6:00 p. m. to 9:(X) P. M. 
and then holds near, or below, 41° to about 4:00 a. m. Riddle ('07) simi¬ 
larly recorded a marked drop in temperature in fowl, ducks and pigeons 
during the night. Hilden and Stenback (*16) record a series of observa¬ 
tions on fowl and eight other species of birds confirming in general the deter¬ 
minations of Simpson and Galbraith, but adding the valuable determina¬ 
tion that the regular day and night variations are readily reversed by keep¬ 
ing the birds in the dark during the day and furnishing illumination at 
night. A more systematic study of the diurnal temperature fluctuations 
in fowl under various conditions is, however, still much to be desired. 

As regards other birds, Simpson and Galbraith ('06) record a much 
greater depression of body temperature during the night than in fowl in a 
considerable number of species, especially smaller birds; but they found 
that in the case of the owl, a bird of nocturnal habit, the situation was 
reversed. Wetmore (*21) made an immense number of careful determina¬ 
tions of body temperatures of birds taken in the field, and found, as regards 
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diurnal variations, marked depressions during the night, with the exception 
of birds of nocturnal habit in which the situation was reversed, confirming 
Simpson and Galbraith. 

Riley (’37) reports daily variation in the body temperature of the house 
sparrow ranging from an average of 110®F. during the day to 103“104®F. 
during the night. Spermatogenetic activity is limited to the period of 
reduced body temperature. Artificial inversion of light and dark periods 
with reference to normal day and night inverts also the normal day and 


night body temperatures and the time 

Huff (’39) has made a study of 
diurnal variation of temperature in 
canaries in connection with his 
study of malarial infections. He 
made several series of temperature 
readings every three hours in fe¬ 
males by inserting hypodermic 
thermocouples deep into the pec¬ 
toral muscles. The mean day tem¬ 
perature for all determinations was 
42.3®C. 0.05, and the mean night 

temperature 41.0®C, 0.26. In 

certain apparently normal individ¬ 
uals the range might be as much 
as 6®C. over a 24-hour period. The 
curves show a sharp drop of tern* 
perature beginning about 4:00 p, m,, 
reaching its lowest point about 
3:00 A* M. to 4:00 a. m. and then 
sharply rising. 

In attempting to compare the 
diurnal curve of growth with that 
of internal body temperature in 
fowl, we ore limited by the lack of 
continuous records of the latter 


of spermatogenetic activity. 



FIGURE 6 

Breast feathers. The 9:00 o'clock 
basis (Pig. 3} modified by the dotted 
liae based on comparison of the 12:00 
o'clock basis (Fig. 1) as explained in 
table 0. The stippled area emphasizes 
the period of the least six-hour incre¬ 
ment. Ordinates millimeters of 
growth; abscissae time of day. 


under controlled conditions. Simpson and Galbraith (’05) record almost 
a plateau of low temperature from 9:(X) p. k. to 3:00 a. m, from obser¬ 
vations of a single male and female Dorking fowl. In canaries (Huff, 
’39) the high da3^me body temperature begins to fall in the late after¬ 
noon and reaches its lowest point about 3:00 a. m. to 4:00 a. m. and 
then rises sharply. If it is permissible to combine observations on tem¬ 
perature in different species of birds for comparison with our growth 
rate on fowls we note that the rather sudden rise in body temperature 
about 3:00 A. M. to 4:00 a. m. agrees well with the sudden increase of rate 
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of growth of the feather at the same time, and the association of the 
regularly occurring night depression of body temperature and growth 
must be held to be significant. Precise comparisons would require simul* 
tan ecus determinations of body temperature and rate of growth of feathers 
under carefully controlled conditions. 

It would seem to be indicated that daily fatigue followed by rest involves 
a decrease of the rate of basal metabolism, which causes a drop in body 
temperature associated with a reduction in rate of growth of the regenerat¬ 
ing feather. The fact that day-night body temperature relations are in¬ 
verted in nocturnal birds would seem to indicate that light as such does not 
play a direct r6le in the presumed sequence of events. 

2. Morphological Consequences of the Diurnal Rhyihm.--~Th& determina¬ 
tion that the rate of growth undergoes a very sharp diminution each 24 
hours between midnight and 3:00 a. m. checks well with C. O. Whitman's 
discovery of the fundamentsd bars of feathers, which have been especially 
studied by Riddle (*07, '08). Riddle believed, on the basis of good evi¬ 
dence, that each bar represents a single day of growth, and that the “de¬ 
fective lines, or points of apposition of the fundamental bars,” are the loci 
of formation of the abnormal fault bars, characterized by absence or defect 
of barbules, which occasionally cross the vane of feathers at a constant 
angle. The fault bars were subsequently studied by Praps and Juhn (’30) 
and interpreted as isochrones, i.e., as lines of simultaneous disturbance of 
development in the germ, in their entire extent, thus referable to a cause 
acting at one time. 

H. and Josephine Michener (’38) have described bars that occur in flight 
feathers of house finches also which they studied during regeneration after 
plucking. They conclude that the bars across the feathers, resembling 
watermarks in paper, represent a single day’s growth. They find that they 
are most distinct in winter-grown feathers and surmise that they are due to 
difference in metabolism at night and in the day. 

It is indeed probable that the fundamental bars of feathers arc related to 
diurnal physiological rhythms, but this remains at present hypothetical. 
The occurrence of .such considerable depression of the growth rate of de¬ 
veloping feathers during the night as we have determined for fowl offers a 
better mode of attack on this problem; for it has been established that 
thresholds of reaction in developing feathers vary according to rate of 
growth (Juhii and Gustavson, ’32; Juhn, Faulkner and Gustavson, '31); 
moreover, Lillie and Juhn (’32, p. 170) have shown that component parts of 
the same feather, such as barbules and melanophores, have differential 
thresholds. On such a basis it should be possible to investigate more pre¬ 
cisely than has hitherto been done the fundamental bars and other possible 
morphological consequences of diuniai rhythms in feathers. 
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THE PIGMENT^FORMING POTENCY OF EARLY CHICK 

BLASTODERMS 

By Mary E. Rawlks 

Department of Zo6tooY, The UNivERSiry of Rochester 
Commumcated November 29, 1939 

Recent transplantation experiments* *'* between various breeds of fowl 
have clearly established the origin of melanophores in the chick from the 
neural crest. According to Hohndahl^ this structure first appears in the 
midbrain region at the 6 somite stage. By this time the greater portion of 
the medullary plate has been converted already into the neural tube and 
the three primary regions of the brain differentiated. The question comes 
up as to where the cells with pigment-forming potency are located before 
there is any definite morphological indication of the neirral crest. To 
answer this the present experiments were undertaken. Small measured 
pieceSi on the average 0.5 mm. square, were isolated from blastoderms 
varying in development from the unincubated stage to 8 somites, and 
transplanted to the right wing bud region of 70-80 hr. host embryos of a 
different breed. For a description of the methods of cutting and handling 
small pieces of early blastoderms and grafting to the wing bud, the reader 
is referred to former publications.®'**^^ 

In the majority of cases the donors were Barred Plymouth Rocks and the 
host White Leghorns, but Black Minorcas and a F\ hybrid black breed 
(Barred Plymouth Rock 9 X Rhode Island Red cT) also served as donors, 
and New Hampshire Reds and White Wyandottes as hosts. 

A total of 185 operated host embryos lived to attain full down plumage 
and were examined for pigment formation in the feather cdls. Of these 74 
(40%) actually hatched, the great majority of which lived to be adults and 
were followed through their various plumage changes. 

The Experiments. —a. Donors 1-8 somites. Transplants from Barred 
Plymouth Rock donor blastoderms which included portions of the neural 
tube, brain wall and Hensen's node or regions not more than 0.3 mm. lateral 
and posterior to it, produced extensive areas of black down feathers on 
White Leghorn hosts covering the wing (cf. Fig. 2) and often adjacent 
regions of breast and back. Transplants from aD other regions, the primi¬ 
tive streak, somites, lateral and anterior portions of the area pellucida gave 
negative results, i.e., produced no black color in the down feathers of the 
White Leghorn hosts. In donors of 6, 7 and 8 somites, no transplants were 
taken from the midbrain region in order to be sure to exclude neural crest 
cells which at this time are beginning'to proliferate there. 

b. Head-process donors. To test the capacity of all legions of the 
blastoderm at various stages of head-process development for pigment pro- 
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ductiofii the entire area pellucida was divided by means of transverse and 
longitudinal cuts into a number of small pieces (Fig. 1) and each trans- 
planted separately to the wing bud of a host embryo. Record was kept of 
the original position of each piece with reference to the primitive pit, which 
marks the center of the node region and is a convenient point from which to 
take measurements. Blastoderms of Barred Plymouth Rock were tested 
on White Leghorn and New Hampshire Red hosts, Black Minorca on WThite 



• FIOUKB 1 

Photomicrograph of a living donor blastoderm of the definitive primitive streak 
stage divided into a number of small measured pieces preparatory to transplants- 
tion. See text. (X 10.) 


Leghorn and Fi hybrid black on White Leghorn and White Wyandotte 
hosts.** It was soon discovered that pieces from vsuious regions of the 
blastoderm differed strikingly in their ability to produce pigment in the 
host. Those which included any part of the head-process, Hensen*s node, 
or a strip 0.3 mm. to each side of them extending from slightly less than 0.1 
mm. in front of the process tip to 0.4 mm. behind the primitive pit, pro¬ 
duced extensive patches of donor-colored (black) down in the wing and 
adjacent regions of the Red and the White hosts (Fig. 2). Pieces from all 
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FIOUKB 2 

White Leghorn chick 3 day» after hatching which received in its right wing bud 
at 76 hours’ incubation a transplant including the posterior portion of Hensen's 
node from a head-process blost^erm (20 hrs.’ incubation) of a Ft hybrid block 
donor. Note the black (donor-colored) down plumage covering the entire wing. 

PiaURB 3 

White Leghorn pullet 44 days after hatchings whose right wing bud at 79 hours* 
incubation received a transplant including a part of the posterior portion of Henaen’s 
node from a definitive primitive streak blastoderm (17 hrs.* incubation) of a Barred 
Plymouth Rock donor. Note the donor Barred pattern of the juvenile whig 
plumage. 
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other regions, i.e., posterior half of the primitive streak, anterior and lateral 
peripheral portions of the area pellucida invariably gave negative results, 
i.e., produced no pigment. 

In all of these experiments the grafted piece often underwent self¬ 
differentiation giving a mass of tissue at the base of the host wing. This 
was true regardless of whether or not a pigmented area resulted and served 
particularly well to show that failure to give pigment was no sign that the 
graft had not persisted. 

c. Primitive streak donors. Blastoderms showing definitive primitive 
streaks were tested like the head-process blastoderms just described. 
Figure 1 shows how the area pellucida is divided into a niunber of small 
measured pieces by appropriately placed cuts made with a glass needle. 
As in the preceding series, so here, it was soon clear that transplants from 
st)me portions never produced pigment in the host feathers while those from 
other parts of the same blastoderm regularly gave extensive donor-colored 
feathered areas (cf. Figs. 2 and 3). Although the region yielding positive 
results in the primitive streak blastoderm is quite shnilar to that of the 
head-process stages in that it is confined to the region of Hensen's node, it is 
more restricted in its total antero-posterior length due to the absence of the 
head-process. Pieces taken outside of an area 0.25 mopi. lateral, 0.25 mm. 
anterior and 0.3 mm. posterior to the primitive pit usually do not produce 
pigment in the host feathers. In one exceptional case a trace of pigment 
resulted from grafting a posterior piece cut 0.4 mm. from the primitive pit. 
The best effect is always brought about by pieces actually containing a part 
of the node itself. 

d. Unincubated or pre-streak donors. Barred Plymouth Rock and 
White Leghorn breeds were used exclusively in this series its donors and 
hosts, respectively. The donor blastoderm was divided as customary into 
a number of pieces (9 to 16 usually) somewhat larger than in the preceding 
series. Cuts were made with reference to the antero-posterior axis which 
was determined by the somewhat variable rule of von Baer (relation of 
embryonic axis to egg axis). After the blastoderm was removed from the 
yolk it was carefully examined under a binocular dissecting microscope for 
any morphological distinction between anterior and posterior ends. The 
vmiability in the anterior extent of the endoderm is often the basis for this 
distinction. No blastoderm was used which showed any visible evidence 
of primitive streak formation. In only two cases from a total of 34 which 
lived past feathering were the host feathers pigmented. In both the entire 
wing was affected. Since the transplanted piece in these two cases was 
located within the posterior half of the blastoderm, the region concerned in 
primitive-streak formation, it would appear that here too the area capable 
of producing pigment is associated with the primitive streak. Until more 
positive cases are obtained nothing more precise can be said about its 
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localization. In ten of the negative cases the grafted piece itself differ¬ 
entiated into a small lump of tissue at the wing base. 

The experimental results just described show very clearly that early 
blastoderms can produce pigment in host feathers long before there is any 
morphological indication of the neural crest (Figs. 2 and 3). The resultant 
donor-colored areas thus produced are identical in every respect with those 
obtained by grafting either neural crest or various tissues of the body con¬ 
taining neural crest cells at later periods in development. We know from 
these earlier experiments that the feathers of the graft area arise from host 
epidermal cellsthe transplant furnishes only the melanophores which 
migrate into the developing host feather germs where they function per¬ 
fectly normally in their new environment, even to the extent of reproducing 
the exact donor feather pattern (e.g., barring, Fig. 3). This effect, how¬ 
ever, is not lasting. Ultimately the donor-colored area becomes like the 
host. This change usually occurs during or at the end of the development 
of the juvenile plumage, so in relatively few cases donor-colored adult 
feathers appear. In the present experiments with early blastoderms there 
has been a marked tendency for the color to persist in the adult feathers of 
the affected area (wing and breast). In one very nice case obtained from 
grafting the posterior half of Hensen's node (head-process stage) from a 
Barred Plymouth Rock donor, the White Leghorn host regenerated a com¬ 
plete set of adult feathers with the Barred pattern. When these were re¬ 
placed after the first molt the region (wing and adjacent breast) became 
entirely white (host-colored). So the effect was only prolonged a feather 
generation. This tendency of the donor-color to persist presents a prob¬ 
lem of considerable interest. Perhaps more of the melanophore-forming 
material is carried into the host with pieces from the node region than with 
pieces of skin ectoderm or mesoderm of similar size from later stages. 
Further experimentation is of course necessary to validate this. 

The Relationship of the Pigment-Forming and the Neural-Forming Areas ,— 
It has been pointed out already that the region of the presomite blastoderm 
which brings about pigmentation in the host feathers after transplantation 
is localized about Hensen's node. We know from vital staining experi¬ 
ments that the ectoderm of this region is destined to form medullary plate. 
Perhaps more relevant here for comparison are the data from numerous 
transplantation experiments in which the neural-forming potency of 
measured pieces of the blastoderm of early stages was tested on the chorio¬ 
allantoic membrane and in vitro cultures. 

In the definitive primitive streak stages Hunt® found that central nervous 
tissue occxirred re^arly in chorio-allantoic grafts of transverse strips of 
blastoderm taken within 0,2 mm. anterior or posterior to the primitive pit, 
that is to say, pieces including Hensen's node, While ganglia and nerve 
fibres appeared occasionally a little further posteriorly (0.28 mm0> no 
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nervolis tissue occurred beyond 0.3 nun. This posterior extent was, how¬ 
ever, increased to 0.4 nun. by Rudnick's® data from in vitro experiments. 
Although at this stage the lateral extent of nervous tissue development has 



Diagram of a chick blastoderm of the head-process stage of 
development (19-20 hrs.) showing the localization of the area 
which will produce neural tissue in chorio-allantoic grafts 
from small measured pieces. brain or neural tube; 

^ ganglia.) Any part of this same area has the capacity to 
produce pigment in host feathers. 

not been so accurately determined, various data indicate that the neural- 
forming potency diminishes progressively laterally just as it does anteriorly 
and posteriorly with increased distance from the primitive pit, falling some¬ 
where between 0.2 and 0,3 mm. 
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With the development of the head-process (notochord) the antero-pos- 
terior extent of the medullary field is increased and the regioti .which will 
now give nervous tissue in chorio-allantoic grafts is centered about the 
head-process as well as the node. Figure 4 represents diagrammatically the 
area from which nervous tissue has developed in chorio-allantoic grafts 
from small measured pieces taken from blastoderms in the head-process 
stage.* The plus signs indicate central nervous tissue, the circles ganglia. 
It will be observed that the area capable of developing ganglia is more ex¬ 
tensive laterally and posteriorly than that giving brain or spinal cord. 

Now if we compare the areas which give rise to pigmented feathers with 
areas from which nervous tissue developed in chorio-allantoic grafts we see 
a remarkable agreement in the position and extent of the two in the blasto¬ 
derm. Any part of this neural-forming area will pn)duce pigment if 
grafted to a host embryo. 

Just as all transplantation experiments point to a progressively diminish¬ 
ing capacity for differentiation of nervous tissue in the lateral and post- 
nodal portions of the medullary field, .so here we find a similar tendency for a 
diminution in the quantity of pigment produced. As already pointed out, 
the greatest pigmentation effect was produced by transplants including the 
ntxle itself or some part of it. 

Later on, with the appearance of somites and medullary tube, the node 
region still continues in its parallel r61e of nervous tissue development in 
chorio-allantoic grafts and of pigment formation in host feathers. In fact 
even at and 48 hrs.’ incubation (approximately 15 and 30 somites) Wat- 
terson*^* has obtained extensive areas of black down feathers on White Leg¬ 
horn hosts from implants of Barred Plymouth Rock blastoderms containing 
the node or a part of it. 

In the pre-streak (unincubated) stages it has been more difficult to 
establish a direct connection between the neural-forming and the pigment¬ 
forming regions in view of the fact that so few positive cases of pigment 
formation have so far been obtained. Yet, inasmuch as both of the posi¬ 
tive eases came from transplants within the posterior half of the blasto¬ 
derm, the region definitely concerned with primitive streak formation, 
they do seem significant and, indeed, sufficient to suggest strongly that the 
same relationship which has been clearly established ifor all the other stages 
examined, does exist here, too. There is certainly no reason on the 
grounds of embryonic development to expect the unincubated (pre-streak) 
blastoderm to behave differently in this particular respect. Butler’s^ 
experiments have shown quite clearly that the posterior quadrant of the 
blastoderm at this stage has the capacity to develop all the axial embryonic 
structures with a high degree of differentiation, although with lower fte- 
quen^y than older stages. She found that subdividing the posterior half 
greatly hindered the expression of its developmental capacity. It is 
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possible that the very small pieces used in the present experiments may 
have something to do with the preponderance of negative results. Experi¬ 
ments now in progress should settle this point. 

Evidence of a Progressive Change in the Pigment-Forming Area ,—From the 
foregoing study we have seen that at the definitive primitive streak stage 
any part of an area approximately 0.6 mm. long X 0.5 mm. wide surround¬ 
ing and including Hensen’s node can, if grafted, produce pigment in host 
feathers. No other region of the blastoderm has this capacity, A little 
later when the node begins to regress and leave in its wake the differentiated 
notochord (head^process) and medullary plate we find that the area capable 
of producing pigment still centers about Hensen's node (0.3 mm. to each 
side of the primitive pit and 0.4 mm. posterior) but the anterior extent has 
increased, depending upon the length of the head-process. So, the region 
now totipotent for pigment formation includes the tip of the process and a 
region 0.3 mm. to either side (medullary plate). Thus in a medium head- 
process stage (Fig. 4) the dimensions of this area are approximately 1 mm. 
long X 0.6 mm. wide. As development continues anterior to the node 
with the folding of the medullary plate into a tube and the formation of 
somites, we find now that any portion of the medullary tube itself will give 
pigment if grafted but not the adjacent regions as somites, for example. 
(The node apparently retains its pigment-forming ability as long as it is 
capable of differentiating nervous tissue.) With the appearance of the 
neural crest the potency to form pigment becomes restricted to the dorsal 
half of the neural tube'^ and finally to the neural crest only. Thus we see 
that in the early periods of development (before the appearance of the 
neural crest) the potency of the pigment-forming area far exceeds its pros¬ 
pective value. As with other embryonic organ-forming areas such as the 
eye, heart, kidney, etc., so here, there is a gradual restriction of potency 
until the formation of a definite primordium. As regards the pigment- 
forming area, we have seen that in the early developmental stages it coin¬ 
cides with the area which will produce nervous tissue in chorio-allantoic 
grafts. However, with the appearance of a definite morphological struc¬ 
ture—the neural crest—the capacity to form melanin pigment is somehow 
taken over completely by this particular neural derivative. 
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The reciprocal transplantation of White Leghorn to Barred Plymouth Rock and Fi 
hybrid black hosts gave negative results just as the earlier experiments with head skin 
ectoderm. While transplants from White Leghorn donors not infrequently produce 
small areas of white feathers on Black and Buflt Minorca hosts, such a result is very rare 
with Barred Plymouth Rock hosts (4 cases, unpublished data). The behavior of the 
White Leghorn donors in this respect differs from that of White Wyandottes and White 
Silkies, which regularly give rather extensive white feathered areas when grafted to pig¬ 
mented hosts (Barred Plymouth Rock, Fi hybrid black, Black Minorca). 
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ON THE SYNTHESIS OF CLEA VAGE CHROMOSOMES 

By Thsophxlus S. Painter 
Department op ZoOloqy, University op Texas 
Communicated January 15. 1940 

The question which has prompted the present inquiry is, ‘*How is it 
possible for the chromosomes in rapidly segmenting eggs to synthesize so 
quickly the new material needed in the reduplication process prior to each 
cell division?" While it is not to be supposed that a full answer can be 

f 

given to this question at present, neverthdess, if we consider ihodem ideas 
of protein and chromosome structure and behavior and some other facts 
scattered in the cytological literature of the past, there emerge a surpris¬ 
ingly simple and illuminating hint as to one of*the ways this may be ac¬ 
complished. Here it is proposed to draw attention to the pertinent evi¬ 
dence and some of its rather obvious or possible implications. 

Chemists have shown that proteins are composed of long chain-mole¬ 
cules, each link of the chain being a chemical unit such as an amino-add 
residue, a pyrimidine ring or the like, united with other structural units by 
rather simple bonds. Thus, two amino-adds may react to form a molecule 
of water and the “residues,” as they are called, are linked by a “peptid” 
bond, and when many units are involved we have a “polypeptid” chain. 
Whra new molecules of a complex protein are formed the lattice of the old 
molecule is supposed to act as a form or mold, each unit of which, such as 
an amino-acid radical, attracts, or somehow recdves from the surrounding 
medium, a unit like itself and in this way the new molecule is organized and 
built up. Such a method of formation allows us to understand how the 
high degm of (^)ecifidty of proteins (and presumably of genes) is main¬ 
tained. ’ Viewed in this %ht, the reduplication 5 to 10 or more times of the 
same chromosome during 24 hours in segmenting eggs would involve the 
utilization of relatively large amounts of the constituent units of the nu- 
cleoproteina of the chromosomes and would be much more easily under¬ 
stood were we to assume that the egg cyb^lasm is extremely rich in the 



ZOOLOGY: T. S. PAINTER 


PROC. N. A. S. 


oe 


structural units out of which nucleoproteins are made rather than to as¬ 
sume that these needed materials are synthesized anew, at some phase of 
the division cycle, out of more or less undifferentiated food material. 

The early c 3 rtological literature is replete with descriptions of the various 
cellular mechanisms involved in the formation of yolk within the animal 
tsgg- lii general there are two common methods, either through the 
agency of nurse-cells, or by the activity of the ovum itself. The cyto- 
logical picture of the egg, in these two instances, is very different. 

When the eggs grow at the expense of mmse-cells, the latter increase 
rapidly both in the size of the nucleus and the cytosome, and there is a very 
marked growth in the amount of chromatin as is shown by Feulgen's 
nucleal reaction. In the ovary of Drosophila mdanogaster, for example,^ 
the nurse-cell nuclei increase in diameter from 5 pt to 40 m or more. This 
means that the volume of the original nuclei has been increased about 512 
times. Judging from the figures of other investigators of nurse-cells (e.g., 
Gross,^ or Jdrgensen,^) this size increase is in no way unusual. As the 
growth of the ovum nears completion, the nurse-cell contents are usually 
absorbed by the egg either through a direct engulfing, as in many Diptera, 
or more indirectly by absorption through the egg wall, during which process 
the nurse-cell nucleus loses its chromaticity and dwindles in size along with 
the cell cytoplasm until the nurse-cell remains are shrivelled bits of debris 
which completely disappear. Thus directly or indirectly the nurse-cell con¬ 
tents are absorbed and large quantities of nuclear material enter the cyto¬ 
plasm of the egg. An essentially similar condition obtains in the egg cdls 
of many plants. Generally speaking, when nurse-cells function in yolk 
formation the egg nucleus remains small and stains very lightly. 

When the formation of yolk is carried out by the egg itself, the egg nu¬ 
cleus, or germinal vesicle, invariably shows a great increase in size and this 
is accompanied by the formation of numerous nucleoli and often elaborate 
chromatic structures such as the so-called ^'lampbrusb'* chromosomes. 
After the formation of yolk is completed, the amount of chromatin which 
enters the first polar spindle is only a very small portion of the total amount 
visible when the germinal vesicle is at the height of its activity. Most of 
this chromatin, or its derivatives, is discarded into the egg cytoplasm, when 
the germinal vesicle breaks down, and is absorbed. Thus as regards 
nucleoproteins the situation is essentially similar to that in eggs nourished 
by nurse-cells. 

In some animals both ovum and nurse-cells may function simultaneously 
or, as in the case of aphids, the summer eggs may be formed chiefly through 
the activity of a large germinal vesicle, while the yolk of the slow-growing 
winter eggs is due to the activity of nurse-cells. In the latter, the egg 
nucleus remains quite small and relatively achromatic. 

The point of central interest for us is that by the cytological mechanisms 
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employed in the growth of ova prior to fertilization, the cytoplasm of the 
egg is the recipient of large amounts of chromatin, or its derivatives, either 
through an engulfing or an indirect absorption of nurse-cells and their 
nuclei, or from the breakdown of the germinal vesicle. 

The facts cited have been known to cytologists for a long time but it is 
only recently that we have gained a clear insight into the nature of the 
changes in the chromosomes which go hand in hand with any great increase 
in nuclear size. 

In larval tissues of insects, growth is often accomplished by an increase 
in nuclear and cell size rather than by cell division. Accompanying this 
increase in nuclear size Geitler* has shown that there is a series of intra¬ 
nuclear chromosome divisions so that ultimately these larval somatic cells 
reach a high degree of polyploidy. For example, the large lobed nuclei in 
the salivary gland of Gerris have either 1024 or 2048 complete sets of 
chromosomes, oenocytes are 128-ploid and nuclei in the septum walls of the 
testis are commonly 16-ploid. In Diptera, the salivary gland chromosomes 
exhibit a special type of polyploidy in which the chromatids (after somatic 
synapsis) remain closely associated together. 

Recently the writer and E. R. Reindorp^ made a study of the nurse-cells 
in the ovary of D. melanogaster and we found very clear evidence for a 
series of intra-nuclear chromosome division cycles going hand in hand with 
an increase in the size of nurse-cell nuclei so that by the time a diameter of 
40 M is reached there are probably 512 haploid sets of chromosomes present 
in each nurse-cell. Since there are 15 nurse-cells associated with each egg, 
in the fruit fly, and these are all eventually absorbed by the egg cytoplasm, 
it is obvious that prior to fertilization and cleavage the ovum receives the 
materials of thousands of homologous chromosomes. 

No one has as yet made a study of the growth of germinal vesicles to 
determine if intra-nuclear division cycles occur here, but our modem cyto- 
logical outlook compels us to infer that the great increase in the chromatic- 
ity of these nuclei is due to some sort of reduplication of the constituent 
chromosomes and there is much evidence already which suggests that 
'lampbmsh’’ chromosomes may not be simple pachytene chromosomes, but 
chromosome aggregates. In the first place, if one goes back to Rfickert’s 
original description of how lampbmsh chromosomes are formed in, for 
example, PristiurusJ^ we are confronted with the fact that a typical pachy¬ 
tene thread, 10 m iong and 0.5 m in diameter grows into a structure 100 m 
long and 10 fi in diameter. During this growth Riickert says that the 
‘*Mikrosomen” (chromomeres) put out side branches which lie at right 
angles to the long axis; these side branches are chromomeric in structure 
and, were one of them to lie separately, it would be considered a single 
chromosome. These side branches would account for the increase in the 
breadth of the chromosomes but not their ten*fold increase in length. A 
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second and very suggestive fact is that in the nurse-cells of D, mdanogasieTf 
at a definite point in the intra-nuclear division cycle of large nuclei, the 
homologous chromatids, derived from the repeated divisions of the progeny 
of a single chromosome, form a hairy-caterpillar-like aggregate which is 
strikingly similar in form to the lampbrush chromosomes. There is a 
tendency for the separate chromatids to lie parallel to each other in these 
aggregates, and were one to transplant such an aggregate to a vertebrate 
egg undoubtedly it would be called a “lampbrush” chromosome. We are 
now making at my laboratory a study of the way typical lampbrush 
chromosomes are formed, but in the meantime it seems reasonably safe to 
conclude, in the light of all the evidence, that the growth of the germinal 
vesicle in eggs is accompanied by some sort of reduplication of the constitu¬ 
ent chromosomes. As I have pointed out, only a very small part of the 
chromatin in the germinal vesicle enters the first polar spindle, and the 
remains of the germinal vesicle are absorbed by the egg plasm. This 
means that the material from thousands of chromosomes is set free in the 
cytoplasm, and just as in eggs with the nurse-cell mechanism, this would be 
available for use by the cleavage chromosomes. 

There arises now the question; What happens to the chromosomes (or 
their derivatives) when they enter the egg cytoplasm, either by the nurse¬ 
cell or the germinal vesicle route? That they do not persist as visibly 
organized structures is well established cytologically and since the most 
diverse types of eggs have been tested by Feulgen's nucleal stain, with 
negative results, it appears that nucleic acid, as such, does not persist. On 
the other hand, there is reason to believe that the constituent proteins and 
nucleoproteins of the chromosomes do persist in a partially broken down 
form, because a number of chemical analyses have shown, in diverse eggs, 
the presence of large amounts of substances closely related to nucleic acid. 
Thus, in the mature egg of JD. mdanogaster Caspersson^ has shown by his 
ultra-violet photo-electric method, that in the egg cytoplasm there is a high 
concentration of substances containing the pyrimidine ring. And Caspers- 
son and Schultz^ report that in the eggs oi XX females there is appreciably 
less of this pyrimidine ring bearing material than in XX Y eggs. This is in 
line with what we would expect in view of the fact that this sqbstance is 
derived from the breakdown of nurse-cell chromosomes. Also in a number 
of marine and other eggs, many of which are of the germinal vesicle type, 
Brachet* and other workers have foimd a high concentration of nucleotides 
which we can understand in view of the large amount of nuclear material 
which is set free in the egg cytoplasm by the breakdown of the germinal 
vesicle. 

The evidence, then, indicates that in the cytoplasm of all eggs there are 
the products of thousands of maternal chromosomes. Just in what form 
the constituent proteins and nucleoproteins exist is a matter for the bio- 
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chemist to determine* In the meantime, it seems reasonable to conclude 
that the rapid building up of the cleavage chromosomes is possible in the 
segmenting egg because the synthesis is more in the nature of a reassembling 
of already existing materials, such as nucleotides, etc., under the guidance 
of the active chromosomes, rather than an actual synthesis of the building 
blocks from relatively simple substances. 

The presence of materials derived from a very large number of maternal 
chromosomes and genes in the cytoplasm of eggs not only allows us to 
understand the rapid reduplication of the cleavage chromosomes but also 
gives us a simple explanation for certain types of cytoplasmic or matro- 
clinus inheritance. We commonly think of genes as forming specific sub¬ 
stances which react with other cellular constituents to produce, in the end, 
phenotypic expressions. Furthermore, Ephrussi’ has shown that sub¬ 
stances produced early in ontogeny may persist and affect structures de¬ 
veloped in late larval life. This being true we might anticipate that the 
presence of large amounts of material derived from the maternal chromo¬ 
somes and genes might sometimes affect the Fi phenotype irrespective of 
the genotype of the latter. Many different cases of matroclinus inheri¬ 
tance, especially those which deal with larval characters, seem best under¬ 
stood in this light, and adult characters may occasionally be affected. 
Thus Noujdin'® finds that the presence of a F chromosome in the female 
fruit fly tends to suppress mottling and that all the progeny of such XX Y 
females also show the same suppression no matter what their chromosome 
and genetic constitution may be. Since all of the eggs of an XX Y female 
receive from their nurse-cells thousands of F chromosomes which enter the 
egg cytoplasm we may assume that products of these F’s persist and either 
quantitatively or qualitatively function to suppress the mottling. Since, 
however, the eggs of the Fi females receive from their nurse-cells the nuclear 
products of their own genotype, the matroclinus suppression of mottling 
would persist only through the one generation. 

Attention must also be given to the possible influence which the maternal 
chromosome products in the egg cytoplasm may play in development in 
general and especially in so-called parthenogenic merogony. The fact that 
Mrs. E. B. Harvey” has succeeded in stimulating enucleated egg fragments 
to develop in some instances to a morula stage would seem to minimize the 
importance of the chromosomes and genes in early development. Such a 
conclusion does not necessarily follow because it is quite possible that in the 
absence of a normal nuclear set-up, the genes, and possibly the division 
centers, brought into the egg by the nurse-cell or germinal vesicle route, 
may function in this type of abortive development. 

1 J. Gross, Z&ol. Jahrh, AbL Ami, Oni„ 18,72 (1903). 

» M. Jdrgensen, Arch, Zellforsckt 10, 1 (1913). 

* L. Geitler, Chrpmosoma, 1,1 (1939). 
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A NEW INHERITED CIIARA CTER IN MAN 

By a. H. Sturtevant 

Wm. G. Kerckhopf Laboratories of the Biolooicai. Sciences, California 

Institute of Technology 

Communicated January 3, 1940 

Observations on more than 280 human subjects show the existence of 
two fairly distinct classes with respect to the ability to tuni up the lateral 
edges of the tongue. In typical positive cases the edges can be rolled to¬ 
gether over a considerable portion of the distal area of the tongue, while 
the organ is slightly protruded. In negative cases there is no turning up 
of the edges at all. A few intermediates have been encountered; and in 
numerous cases the ability, at first absent, has been acquired by practice. 
This latter phenomenon is most frequent in children, only one clear case 
having been found in an adult—and here prolonged efforts were necessary, 
whereas in children a few hours are sometimes enough. One man reports 
that he learned the trick as a child, but now has forgotten it and can no 
longer do it. It should be added that some children, like most negative 
adults, appear to be unable to learn. In the data that follow, all cases 
where the ability was at first absent are entered as negative. 

Another complication encountered is that a few children are unwilling 
to show whether they possess the ability or not. In one of these cases the 
child later said that this unwillingness was due to embarrassment because the 
ability was absent. The few (two) remaining such individuals have been 
entered in the tables as negatives. 

The ability evidently has no relation to sex, as is shown by table 1: 




TABLE 1 




POHTTVB 

NBOATIVK 

TOTAL 

PBII CBBT N80ATIVB 

Female 

88 

43 

131 

32.8 *4.1* 

Male 

95 

56 

161 

37.1 -I 3.9* 

Total 

183 

99 

282 

35.1 * 2.8* 


* Standard error. 
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Studies of families indicate that the ability is inherited, as shown by 
tables 2 and 3. ’ 

TABLE 2 ' • 


MOTHBit 

FATHRR 

NUMfiaS OP 
PAMILIB.*} 

OFFSPRING 

POBITIVB NBGATtVB 

TOTAL 

Positive 

Positive 

18 

28 

5 

(1) 

33 

Positive 

Negative 

11^ 

16 

11 

0) 

27 

Negative 

Positive 

14 

17 

11 

(2) 

28 

Negative 

Negative 

4 

4 

9 


13 

Positive 

Unknown 

10 

14 

3 


17 

Negative 

Unknown 

2 

4 

0 


4 

Unknown 

Positive 

3 

2 

2 

(1) 

4 

Unknown 

Negative 

1 

0 

1 


• 1 


(Numbers in parentheses indicate individuals known to have acquired the ability,) 


TABLE 3 


NUUBBR tN NtTMBHR 

FRATBRNJTV 0 

OP 

1 

FAICn.tRH WITH 
2 

NHMBBM 

3 

OF NBGATIVR8 INDtCATBn 

4 5 0 

2 n 

7 

2 




3 3 

4 

3 

1 



4 2 

0 

0 

1 

0 

4 

fj 2 

0 

0 

0 

0 

0 

0 0 

0 

0 

1 

1 

0 0 

Table 4 indicates that random mating occurs: 
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TABLE 4 




HimRANn ANO WIFB 


NUMBBM UP 

PAIRS 


KXPBCTKI) 

Positive X positive 


25 



27 

Positive X negative 


31 



28 

Negative X negative 


6 



7 


As will be seen from table 2, neither class breeds true. Positive X posi¬ 
tive has given five negatives, negative X negative has given four positives. 
The first cases do not seem doubtful, and have come in five separate 
families. Two of them have each a negative grandparent, and a third has 
a negative half-brother. This third child learned the trick in one day. 
The four positives from two negative parents occurred in two families (two 
in each); both of these families are from fathers with slight speech defects, 
which suggests that the negative tests on the fathers may be dependent on 
some additional complicating factor.^ It is possible, though not proved, 
that ability to turn up the edges of the tongue may be due to a single 
dominant gene, with the fairly frequent occurrence of additional complica¬ 
tions. 

Two pairs of identical twins have been tested. AU four individuals 
(which are included as separate ones in table 3) are positive—^a result in 
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agreement with the supposition of simple inheritance of the character, but 
needing to be checked by additional observations. 

The individuals in table 1 belong to a wide variety of races, but are 
mostly Americans of mixed European ancestry. Both positives and nega¬ 
tives have been observed in the following groups though the numbers are 
too small to make the proportions significant: English, Russian, Russian 
Jewish, Dutch, Polish, Negro (presumably hybrids with whites), Japanese. 

The data here recorded have been collected by many observers. Since 
the members of a given family are usually recorded by the same observer, 
it might be supposed that the correlation between relatives is a spurious 
one, due only to differences in classif 3 ring intermediates. This supposition 
is negatived by the absence of a correlation between husband and wife, who 
are also usually recorded by the same observer. 

Another possible interpretation of the data is that there is no truly genetic 
element, the correlatio!is being dependent on family habits or customs, or on 
imitation in some form. This supposition is not supported by two sets of 
data: the effect of the father ajid of the mother on the ability of their off¬ 
spring is equal; and there is no indication of a striking difference in fre¬ 
quencies of the two classes in the various national and language groups in¬ 
cluded among those studied. 

Sumtmry. —The ability to turn up the edges of the tongue, present 
in about 65 per cent of the persons studied, is conditioned at least in part 
by heredity. 

^ It should be added, however, that other individuals with slight speech delects have 
been found to be positive. 


INFLVENCE OF FEMALE STOCK ON THE FUNCTIONING 
OF SMALL POLLEN MALE GAMETES 

By W. Ralph Singleton 

Connecticut Agricultural Experiment Station, New Haven 

Communicated December 20,1039 

* 

In the many cases of natiiral or induced heterozy'gous small pollen con¬ 
ditions in maize it is now considered axiomatic that the nnall pollen grains 
do not fimction in competition with the normal, large grains. This is true 
whether the production of small pollen grains is associated with a detectable 
cytological deficiency or occurs in a stodc in wfaidi the diromosomes show 
no visible abnormality. 

In the case of smelt pollen-1, spi, Mangelsdorf*’* found that less than one 
per cent of the spi pollen grains effected fertilization in coii^>etliion with 
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normal. He demonstrated, however, that the 5^ grains are capable of 
germination and aiffecting fertilization when screened to eliminate competi¬ 
tion with the normal large pollen grains. In our investigations on the small 
pollen condition we have found, on the whole, that less than one per cent 
of the sPi pollen grains function in competition with normal.’ 

Consequently, it was surprising to find, in 1938, results of some crosses 
sP sa 

of su X ~— that could be explained only by assuming a considerable 

proportion of the spi pollen grains had accomplished fertilization. The 
pollinations were made on two different sweet stocks, Purdue 39 and Con¬ 
necticut 81. Four sets of paired pollinations were made on these two in- 
breds. In every case the Purdue 39 had a considerably higher percentage 
of sweet seed indicating that the spi pollen grains were able to function 
better when applied to this stock. In one case there was 53 per cent of 
su kernels. Here there was no competetive effect between the + and spi 
pollen grains. The total counts for the pollinations on the two inbreds were 
as follows: 


sp su 

Purdue 39 X -f—r 
+ + 

Su 

su 

TOTAL 

PBX CKNTfM (C. O. CLAM) 

2714 

1744 

4458 

39 

sp su 

Conn. 81 X — 

7089 

1478 

8567 

17 


In each of the pollinations on these two inbreds there should have been 
only about 6 per cent of sweet seeds (the crossover ratio between sp and 
su) had there been no functioning of spi pollen grains. Both per cents, 17 
for C81 and 39 for P39, are much too high for the crossover ratio and 
indicate a functioning of the spi pollen grains. These figures also show that 
Purdue 39 silks function as a more favorable host to the small pollen grains 
than the Connecticut 81, if our interpretation is correct that the higher 
percentages are due to the functioning of the small pollen grains, 

To test this point, the four different classes of seeds from the two pollina¬ 
tions were planted in 1939 and pollen of the plants was examined to de¬ 
termine how many were segregating spi. The following results were ob¬ 
tained ; 



Sp su 

+ + 

44 


POt4.SN 

POLLUK 
+ + 

TOTAL 

PBR CBNT 

^39 X 

SU seed 

447 

68 

515 

87 

C81 X 

su seed 

302 

283 

535 

66 

J»39 X 

ti 

Su seed 

9 

439 

448 

2.0 

C81 X 


Su seed 

18 

S27 

545 

3.3 


Thus we see the Su seeds produced a very small per cent of plants with 
segregating pollen. This was expected since Su was linked with Sp and the 
only segregating plants from these seeds would come from a crossover be- 
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tween these two loci, and a functioning of the sp Su pollen ^diti after the 
crossover. Hence the percentage obtained would never be more than'the 
per cent of recombination. The counts are too small to say whether the 
percentage of 2.0 is significantly different from 3.3. 

In the case of the su kernels more segregating plants were expected Siiice 
this is the linkage class of sp and su. Also a higher percentage was expected 
from the cross using Purdue 39. The su seeds from this cross produced 
plants, 87 per cent of which had segregating pollen, while the su seeds of 
the C81 cross produced only 56 per cent of segregating plants. These 
figures verified the assumption that the excess percentages of su (C. O. 
class) seeds in the original cross were really functional small pollen and did 
not represent an increase in crossing-over. It is possible to obtain the true 
recombination per cent in each cross by multiplying the original value by 
the per cent of non-segregating plants found (the true cn)ssovers). When 
this is done the crossover per cent becomes 5,1 for the P39 crosses and 7.5 
for the C81 crosses. These fluctuations from the normal 6 per cent C. O, 
value are probably not significant. 

The pollen examinations showed conclusively there was considerable 
functioning of spi pollen in competition with normal. They also showed a 
greater functioning when applied to Purdue 39, than when applied to Con¬ 
necticut 81. The nature of this difference is a matter of speculation. Do 
the silks of Purdue 39 afford a better environment for the germination 
of spi pollen grains? If so, is it possible by using this inbred as a female 
stock to secure the functioning of other small pollen male gametes? Other 
inbreds might conceivably be as favorable or more favorable than Purdue 
39. 

No explanation of this condition is available at present. 

‘ Mangelsdorf, P. C., Pror, Nat. Acad. Sd., 17, 69S-700 (1931). 

* Mangelsdorf, P. C., Jour. Hered,, 23, 289-295 (1932). 

»Singleton. W. R., Proc. 6th Inlernat, aeft 4 !ti€s Congress, 2, 182-184 (1931). 
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GALA CTIC AND EXTRAGALACTIC STUDIES, V. THE PERIOD 
FREQUENCY OF CLASSICAL CEPHEIDS IN THE MAGELLANIC 

CLOUDS 

By Harlow Shaplby and Virginia McKibbbn 

Harvard Collegk Observatory 
Read before the Academy, October 24, 1939 

In the study of the characteristics of stellar variation, a well-known 
observational result is the scarcity of periods for classical Cepheids^ in the 
interval from 1,0 to 2,5 days and the conspicuous maximum in the period- 
frequency curve between four and five days. The intrinsic luminosity, 
the mass, mean density, temperature, diameter, color, spectrum, and all 
variations of the five-day Cepheid are naturally accepted as the typical 
characteristics for theoretical studies. There has been some question as to 
the reality of secondary maxima in the period-frequency curve at ten and 
sixteen days; but no doubt has arisen about the principal maximum, which 
as shown in figure 1 occurs at about 4.75 days, with the curve falling steeply 
on both sides, approaching minima near two and nine days. 

In the present communication it will be shown that in the Small Magel¬ 
lanic Cloud, where we are much more free from the evils of selection than 
we are in the galactic system, the maximum is in the vicinity of two days. 
The long-accepted "infrequency” between 1.5 and 2.5 days has disappeared. 
It is probable that our sampling of classical Cepheids around the sun, 
although it involves more than three hundred stars, has been insufficient to 
yield full information on this useful characteristic of Cepheid variation— 
the distribution of periods; or, alternatively, we might conclude that, im¬ 
probable as it seems, the galactic system and the Magellanic Clouds differ 
fundamentally in this one respect—the period distribution of their 
Cepheids. 

Since the new study of the Magellanic Clouds also shows that the distri¬ 
bution of periods depends significantly on the distribution of stellar mass, 
it might be more correct to say that in the Small Magellanic Cloud as a 
whole the period frequency of classical Cepheids differs from that in our 
part of the galactic system either because of a different average star density 
or because selection has given an untrue picture of the phenomenon for 
galactic Cepheids. 

1. Period Frequency in the Galactic System. —From the Viertdjahrs- 
schrift Catalogue for 1939, the distribution of the periods of the 288 classical 
Cepheids with periods less than twenty days is given in table 1 and shown 
as a frequency graph in figure 1, where the plotted dots indicate numbers 
for each half-day interval and the open circles represent running means of 
three. There are nearly forty Cepheids now known with periods greater 
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than twenty days, but the distribution of their periods is here ignored as 
irrelevant. The minima in the period-frequency curve at 1.5 and at 9,0 
days, noted by the Gaposchkins^ and others, are shown in this plot. Most 
of the stars with periods less than 2.5 days are discoveries of recent years 
when the surveys have gone to fainter stars in Milky Way fields. 

2. First Comparison with the Small Magellanic Cloud. —^The period fre¬ 
quency of galactic Cepheids may be next compared with the published 
results for the Small Magellanic Cloud from which a somewhat comparable 
frequency curve is obtained. Omitting the periods of 22 outlying Cepheids, 
published in Harvard Annals, 90, No. 4 (1934) and Harvard Circular 374 
(1932), we obtain the results as given in the first line of table 2 and in fig- 



PIOURK 1 

Distribution of periods for 288 galactic Cepheids. Ordinates are numbers of 
variables in halfKlay intervals of the period (abscissae). Broken lines with open 
circles represent running means of three points. 

ure 2. The maximum of this frequency curve also comes at 4.75 days, or 
when smoothed at 4,25 days. It is noted, however, that there are here rel¬ 
atively more of the shorter periods, and when we examine the results in 
Harvard Circular 374, where there are many periods less thtm three days, 
considerable doubt arises as to the similarity of the frequencies in the Small 
Cloud and the galactic system, 

3. A New Investigation of the Small Cloud Variables. —In order to ex¬ 
amine the phenomenon further, additional series of plates have been ob¬ 
tained with the Bruce refractor at the Boyden Station. During the past 
fifteen months approximately 14,000 observations have been made; a 
sixth of the known variables are now measured. Many of the periods and 
light curves previously published have been re-examined. With one exccp- 
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FIGURE 2 

Diiitribution of periods in main body of Small Magellanic Cloud. Coordinates as 
in figure 1. 



PlOUltB S 

The SmaU Magellanic Cloud, with special regions 
marked (see table 2 and figures 4 and 6). 
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FIGURE 4 

Distribution of periods for the fully investigated regions of the Small Magellanic 
Cloud. Coordinates as in figure 1. 



FIGURE 6 

Distribution of periods in the '*inner** and ''outer’* regions of the Small Magellanic 
Cloud* the broken line with circles representing the former. Coordinates as in 
figure 1. 
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tion, H. V* 216, the periods obtained by Miss Sawyer for the region near 
the globular cluster NGC 362 at the northern edge of the Cloud are veri¬ 
fied.* This northern area has been enlarged and the Cepheids measured 
in that region more than doubled in number. New investigations in other 
parts of the Cloud were also undertaken when it became clear that not only 
should the period-frequency relation be revised but that the possible de¬ 
pendence of period length on star density must also be examined. The 
eighty new periods determined in the course of this work will be published 
elsewhere. 

In order to examine in detail the distribution of periods throughout the 
Cloud, we have made table 2, in which the first column indicates various 
regions in the Cloud, and the tabulated quantities are the numbers of vari¬ 
ables in half-day intervals of period, as indicated at the top of successive 
columns. The regions are marked also on the photograph reproduced in 


TABLE 1 

Frequency of Periods for Galactic Cepheids (1 to 20 Days) 


.BRIOD 


PBRIOD 


PBBIOD 


PBUOD 


IN DAV. 

NUMttBR 

IN days 

NtJMBHit 

IN DAYS 

NUMHItR 

IN DAYS 

NtTMBRK 

X.0-1.6 

6 

6 . 0-6.5 

19 

U.0-11.5 

3 

16.0-16.6 

9 

1.6--2.0 

7 

6 . 6—7 . 0 

11 

11.6-12.0 

4 

16.6-17.0 

I 

2.0-2.6 

8 

7.0-7.6 

10 

12.0-12.5 

6 

17.0-17.6 

5 

2.6-3.0 

7 

7 . 6-8 . 0 

13 

12.5-13.0 

6 

17.6-18.0 

1 

3.0-3.6 

13 

8.0-8.5 

5 

13.0-13.6 

2 

18.0-18.6 

3 

3.5-4.0 

20 

8.6-9.0 

3 

13.6-14.0 

5 

18.6-19.0 

1 

4.0-4.6 

21 

9.0-9.6 

3 

14.0-14.5 

1 

19.0-19.5 

1 

4.6-6.0 

22 

9.6-10.0 

7 

14.6-16.0 

3 

19.6-20.0 

2 

6.0-6.6 

21 

10.0-10.6 

11 

16.0-16.6 

7 



6 , 6-0 . 0 

13 

10.5-11.0 

5 

16.6-16.0 

3 




figure 3. The total of 295 accepted classical Cepheid variables in the 
Small Cloud for which periods are now determined includes 72 for which 
periods arc longer than twelve days. Since the distribution of these longer 
periods has no effect on the question of the most frequent period and the 
location of maxima and minima in the part of the frequency graph in which 
we are now interested, they have not been used in determining the median 
period, given for the various parts of the Cloud in the last column of table 2. 
But the accompanying figures include the data on periods up to twenty 
days, and for only thirty stars does the period exceed that value. 

it should be emphashsed that some of the data of table 2 are affected by 
selection. Until tbt present investigation was undertaken, the Cepheids 
chosen for period determination were generally those that could contribute 
effectively in the testing of the form of the period-luminosity relation, or 
those that for one reason or another were easiest to measure. As a result 
there has been a definite selection of the brighter stars and therefore of the 
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longer periods. Only in regions B, D and the “core" of C have all the 
variables been investigated, whatever the brightness and period. 

The deliberate preference shown brighter stars in the determination of 
periods for the 177 variables represented in figure 2 has tended to force the 
resemblance of the Cloud^s frequency curve to that of the galactic system 
(Fig. 1). If we make a frequency graph for only the four regions essentially 
free of selection, we obtain the result shown by figure 4—a surprisingly 
different picture than heretofore seen for the distribution of Cepheid 
periods. This might be taken as the true period distribution for Cepheids, 


20 


:3 

10 


0 , 

0 4 8 12 16 20 

Days 

FIGURE 0 

Distribution of the 265 periods now known for the Small Magellanic Cloud—the , 
sum of the two curve.s in figure 5. The broken line with open circles is the 
running-mean curve. A remnant of the selection effect is seen in the secondary 
maximum at 4.75 days. Coordinates as in figure 1, 

but the four regions involved lie mostly in areas of low star density and 
may not thoroughly represent the Cepheid population of the Cloud as a 
whole. 

That the period frequency may depend sharply on the star density is 
shown, without much weight because of the small numbers involved, by the 
distribution of periods in region D —a small area chosen to cut across the 
border between high and low densities. When we divide this “inter¬ 
mediate" region into equal parts, as in table 2 and figure 3, we find that 
three-fourths of the periods in the sparse half are less than 3.5 days; nearly 
three-fourths of those in the denser half are greater than 3.5 days. The 
medians are 2.16 and 4.70 days, respectively. 
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Only a small section of the so*called nuclear region, C, was thoroughly 
investigated for the whole range of magnitude and period. In that “core" 
the median for stars with periods less than twelve days is 6.47 days, a value 
that may hold for the whole of the nucleus when all of its fainter classical 
Cepheids have been studied. It is noteworthy that about half the stars of 
the core have periods greater than twelve days, a ratio not approached in 
any other area studied. The considerable number of long-period Cepheids 
in region j 9, however, demands further investigation; these variables may 
be related to a peculiar extension of the Small Cloud toward the southeast, 
which we are now investigating as to population and structure. 

The three bottom lines of table 2 are shown graphically in figures 5 and 6. 
For figure 5 all the 295 variables with known periods are divided into 
‘'inner" and “outer," in order to show with greater weight and clarity the 
dependence of the period distribution on star density. If the selection, 
mentioned above, were absent throughout the areas studied, the maxima of 
both curves would probably be shifted somewhat toward shorter periods. 

The combination of the two curves of figure 5 is shown in figure 6, with 
the open circles again indicating running means of three. The maximum 
frequency in this “total" curve is at two days, instead of at 4.75 days as 
found for galactic Cepheids in figure 1 and for Magellanic Cepheids in the 
earlier study represented by figure 2. The minimum at nine days has now 
disappeared. The waves in the frequency curve for periods greater than 
ten days are perhaps not significant. 

Probably it is too early in the study of period distribution to attempt the 
interpretation of the frequencies observed in the Small Cloud. It is not 
likely that any other significant selection effects are involved; and the 
plate material is now quite sufficient to provide ample tests of periods, 
magnitude sequences and background effects. We might suggest that 
equipartition of energy may account for the fact that the shorter period 
variables, with their lower luminosities and masses, appear preferentially in 
the regions of lower star density; but a simple calculation shows how rela¬ 
tively little the masses of two-day Cepheids differ from those of six-day 
period. Such fine sorting out on the basis of mass would probably demand 
an unacceptably long time scale and should require also other, clear evi¬ 
dences of an approach toward a steady state. 

An alternative hypothesis is that the distribution of matter and gravita¬ 
tional potential throughout the Cloud at some earlier time, or the distribu¬ 
tion of the various chemical elements,* governed the masses and therefore 
the periods of the forming Cepheids; in other words, heavy stars formed in 
“heavy regions," or the chemical elements that favor the maintenance of 
long-period Cepheid variation may have been localized in the denser 
regions. 

4, Cepheids in the Large Cloud .—It will be useful for the interpretation 
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of the characteristics of the period- 
frequency graphs in the Small 
Cloud to see what evidence there 
is elsewhere for a star-density ef¬ 
fect on period distribution. Table 
3, similar to table 2, shows what 
we can now say about the Large 
Magellanic Cloud. The variables 
already published^ show the usual 
value of the median period, about 
4.5 days. Selection has again 
entered through our special inter¬ 
est in improving the brighter end 
of the period-luminosity curve. 
For an area on the axis of the 
Cloud, and for another of lower 
star density which is, however, 
not so near the border as was at¬ 
tained for the Small Cloud, we 
have made a thorough study and 
find median periods of 5.24 and 
4,36 days, respectively. The effect 
is in the same direction as for the 
Small Cloud, but no periods less 
than 2.5 days have as yet been 
found. On four special series of 
Bruce plates, which permit a better 
border patrol, the question will be 
further investigated. Mr. A. L. 
Jennings and Miss Frances W. 
Wright have assisted in the study 
of the Large Cloud. 

5. Further Consideration of Ga¬ 
lactic Cepheids .—We have carried 
through many studies of the bear¬ 
ing of location in the galactic sys¬ 
tem on the period frequency of 
classical Cepheids, with the follow¬ 
ing principal results; 

a. The material for galactic 
Cepheids has been highly selected 
on the basis of apparent magni¬ 
tude and convenience of the ob- 
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server (latitude^ seasons, equipment). Also the irregular distribution of 
space absorption and the irregular structure of surrounding star fields com- 
bine to make valid conclusions impossible. 

6. The periods average shorter in higher latitudes, where the star 

density is certainly lower; 
but since the botmdaries of 
the galactic system enter 
the problem, another kind 
of selection may be largely 
responsible for this result 
also. 

c. Figure 7 shows that 
there is no appreciable de¬ 
pendence of period-length 
on galactic longitude in the 
material now available.* It 
is based on the following 
median values of galactic 
longitude and period (num¬ 
ber of stars in last line) for 
all galactic Cepheids with median apparent magnitudes brighter than 10.0 
and periods less than twenty days: 

X 15'* 45^* 7,5* 105** 135° 165* 195* 225* 255" 285" 315* 345" 

P 6.1 6,6 6.4 10.8 5.0 7.9 4.6 6.7 6.7 6.3 7.0 6.6 

No. 9 10 9 6 5 7 6 9 23 12 5 9 

The Cepheids in the direction of the galactic center (longitude 325®) may 
on the average lie in regions of greater star density and mass than prevail 
in the anticenter direction, but we cannot be certain because of our present 
ignorance of the details of galactic structure. 

d. It is easy to show that our records for galactic Cepheids are pro¬ 
gressively less complete for the more distant stars, those of shorter period 
bemg preferentially omitted so long as we do not approach the boundaries 
too closely.^ We conclude, therefore, that for a given volume pf space in 
the galactic system the period-frequency maximum would shift toward 
shorter periods than suggested by figure 1. No matter how complete the 
survey, however, we may not be able to attain in this part of the galactic 
system results comparable to those for the Small Magellanic Cloud (figure 
4 or 6), since it is possible that the star density near the Sun corresponds 
not to the average but to the densest part of the Small Cloud. 

Summary, a. The periods and median magnitudes of eighty classical 
Cepheid variables in the Small Magellanic Cloud have been determined in 



FIGURE 7 

The relation of median period (ordinates) to 
galactic longitude (abscissae) for galactic Cepheid 
variables with periods less than twenty days. The 
crosses represent median periods for 90® intervals 
of longitude; the dots for 30" intervals. 
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order to supplement earlier material for an investigation of the form of the 
period-frequency curve and the dependence of median period on position 
in the star cloud. 

5. It is found that the maximum frequency at about 4.5 days for galactic 
Cepheids holds also in the Small and Large Clouds when a strong selection 
for the bright long-period Cepheids affects the material but when the 
selection is eliminated the maximum of the frequency curve shifts to ap¬ 
proximately two days, where heretofore a minimum of frequency had been 
supposed to occur. 

r. Between the center and the borders of the Small Cloud the median 
frequency differs by two or three days (table 2), an indication that the 
Cepheids in the regions rich in stars are systematically brighter and more 
massive thkn in the outer parts of the Cloud. 

d. Preliminary results for the Large Magellanic Cloud are presented. 
An investigation of the galactic Cepheids with respect to the dependence of 
period on position in the Milky Way gives inconclusive results, probably 
because of the many vitiating factors of selection in the disc^overy and 
analysis of galactic variable stars. 


^ "Classical" Cepheids arc those with periods in excess of one day. For recent dis¬ 


cussions of period distribution see, for example, Landmark, K., Vierteljahrsschrift d. Ast. 
GesdL, 58,377 ff. (1933); Campbell, L., Pop. AH., 47,216 (1939). 

* Gaposchkin, C. P,, and S., Variable Stars, Harvard Observatory Monograph No. 5, 


162 (1938). 


* But the uncertainties in range and period for H. V, 1869 lead us to omit it for the 


present. 

* The possibility that the abundance of lithium, berylium, boron and deuterium may 
have a bearing on the form of the period-frequency curve of galactic Cepheids has been 
suggested by Gatnow, Nature, 144, 575 (1939). 

* Harv. BuU. 905, 22 (1937), 

* With less material the relation of period to longitude has been previously examined 
by Landmark (see footnote 1) and earlier by Schilt, Ap. J., 64, 149 (1926), and Ast. 
Jour., 38, 197 (1928). In our tabulation and plot we omit variables with magnitudes 
fainter than 10.0 because of the proximity of the. boundary of the galactic system in the 
anti-center direction and the consequent restriction on average period length—high 
luminosity stars in those longitudes being necessarily absent among Cepheids of faint 
apparent magnitude. 

^ Some of the effects of selection will be discussed and evaluated in a paper appearing 
elsewhere. 
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REMARKS ON ZWICKTS PAPER *VN THE FORMATION OF 
CLUSTERS OF NEBULAE AND THE COSMOLOGICAL TIME 

SCALH* 

By M. S, Vallarta 

Dkpartmbnt of Physics, Massachusetts Institute of Tbchnoixigy 

Communicated January 3, 1940 

In a paper recently published in these Proceedings^ Zwicky has mar¬ 
shalled arguments purporting to show that the existence of large clusters 
of nebulae is inconsistent with the cosmological short time scale demanded 
by the theory of the expanding universe. His main argument appears 
to be that the formation of clusters of nebulae requires multiple close 
encounters; an estimate of the interval between collisions leads him then 
to the conclusion that the time of formation of a large cluster out of a 
random distribution would be greater than 10^* years, a figure obviously 
so much greater than the age of expanding universe as to rule out the latter. 
He then examines the possibility that clusters might already have existed 
in the early stages of the expansion and dismisses it on the ground that, 
according to the investigations of Sinclair Smith, the velocity distribution 
in the central part of a cluster is the same as at a considerable distance 
from the center, and large radial velocities at the rim of a cluster are not 
observed, as would be expected if they had shared in the expansion of the 
universe. He finally suggests an experimental verification of the theory of 
the expanding universe which would consist in attempting to find out if 
remote clusters are more condensed than nearby ones. 

While formulating these objections to the theory in question, Zwicky 
seems to have overlooked certain important results of Lemaitre on the 
theory of the formation of clusters of nebulae in an expanding universe. 
In a paper appearing almost six years ago in these Procbboings* he showed 
that in such a universe there may be locally collapsing regions and equilib¬ 
rium regions, and went on to examine the hypothesis that the former are 
to be identified with the extragalactic nebulae and the latter with the 
clusters of nebulae. This hypothesis implies, first, that the mean density 
of all clusters should be the same, and second, that they may be of any 
shape, including the spherical. He then tested his first conclusion on 
eight clusters reported by Hubble and Humason and on twenty-five 
studied by Shapley, and found a very satisfactory agreement witJi his 
theoretical expectation. The suggestion that the collapsing regions are the 
extragalactic nebulae led, in Lemaitre’s hands, to a rather satisfactory 
answer to the question of the origin of the energy involved in the creation 
of stars within a nebula. 

The purpose of this note is to point out that, so long as Lemaitre's con- 
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dusions as outlined in his papers have not been disproved, it cannot be 
seriously maintained that the existence of clusters of nebulae in any way 
contradicts the theory of the expanding universe, or the cosmological time 
scale associated with it. 

^ F. Zwicky. these Proceedings, 25, 604 (1939). 

■ G. Leraaitre, Ibid., 20, 12 (1934). 

Blaborations and further tests of these ideas were presented by Lemaitre in a paper 
read at the University of Notre Dame’s symposium on cosmic physics, held in April, 
1938. This paper has not, to the writer’s knowledge, ever been published. 


THE OPACITY OF EXTENDED STELLAR ATMOSPHERES 

By Otto Struve 

Yerkes Observatory, University of Chicaqo 
Communicated January 4, 1940 

1. In a recent paper^ the expanding atmosphere of P Cygni was treated 
as a layer of gas which is transparent for radiation except within the ab¬ 
sorption lines. The equivalent widths of the absorption lines ftrmished a 
measure of NsH—the number of atoms per cm,^ above the photosphere 
responsible for the lines. The intensities of the emission lines, on the 
other hand, furnished a measure of the quantity (1/W0N„H, where W is 
the dilution factor and N^H is the number of atoms per cm.* above the 
photosphere, in the upper level of each emission line. Adopting a relation 
of the Boltzmann type between Ns and N„, we should, in principle, be able 
to derive W. The conclusion was that the emission lines are relatively too 
weak, and that, in consequence, the value of W was much larger than th^t 
derived from spectroscopic criteria, such as the relative intensities of lines 
arising from metastable and from normal levels. 

2. The difficulty is removed if we abandon the assumption that the 
expanding shell in P Cygni is transparent for continuous radiation. 
There is, in fact, abundant evidence that the shell has a considerable optical 
thickness. If we compare P Cygni, 17 Leporis and HD 190073, we notice 
that these three stars show, with increasing clearness, the underlying spec¬ 
trum of a stationary layer, which in HD 190073 and 17 Leporis gives rise 
to typical broad hydrogen absorption lines whose contours are produced by 
Stark effect. In 17 Leporis, moreover, we observe an undisplaced absorp¬ 
tion line of Mg 114481. There can be no doubt that the expanding shell of 
HD 190073 is almost perfectly transparent. That of 17 Leporis is already 
markedly affected by continuous absorption and emission in the shell. 
The broad hydrogen wings are too weak for class iloi but the star cannot 
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be placed among the or among the later because we fail to observe 
undisplaced He lines and we also fail to observe strong undisplaced lines 
characteristic of the later subdivisions of class ^4. Nor can the underlying 
spectrum be classified as that of a normal giant, for in that case it would 
show a strong undisplaced line of Mg II 4481 and, in addition, strong un¬ 
displaced components of Fe II, Ti II, etc. Finally, in P Cygni there is no 
trace left of the undisplaced lines, or of the Stark wings of the hydrogen 
lines, and we must conclude that the optical thickness of the expanding shell 
is considerable. 

A survey of the Be stars shows that, in general, when the outer shell gives 
rise to strong, narrow absorption lines of hydrogen, as in ^ Persei, the nor¬ 
mal stellar lines of He and the broad wings of H are always very weak. 
This phenomenon is quite conspicuous, but its recognition has been delayed 
by the well-known correlation between the widths of the emission lines and 
the rotational broadening of the He lines.^ The latter tends to make the 
He lines appear rather inconspicuous. It requires a comparison of the He 
lines in such Be stars as <p Persei with normal stars having similar rotational 
velocities to ascertain the effect of the continuous absorption of the shell. 
We may consider the atmosphere of a Be star to consist of: (1) a 

normal layer below a certain optical thickness, ri = / xp dz, where k is the 

continuous absorption coefficient of the shell; and (2) of a tenuous shell 
above ti. A stratified model of a stellar atmosphere has been treated by 
Eddington* and by Swings and Chandrasekhar/ Adopting the case of 
pure scattering (e — 0, in Eddington’s notation) and setting 

— absorption coefficient of atoms within the line 
Kgf, = absorption coefficient in the continuous spectrum 
X 

1? * - 
K 


we find for the residual intensity within the line 
HVH - 

1 __ Vl^ _^_^ 

2|[l 4 - , 4 - sin h Vs n -I- [vTTn4- g - c<»h\/3r,| 

Consider a point within the Stark-wing of a normal hydrogen line, as pro¬ 
duced in the stationary layer below n. Let the intensity of this point in a 
star not surrounded by a shell be H'/H ® 0.6. Then, for r > ri we have 
= 2. Above n we have, of course, 17 *» 0. Numerical computations 
show that if Ti 0.1, then HVH « 0.66. This is approximately correct 
for 17 Leporis. For P Cygni we must have n 0.6. 

These estimates rest solely upon the decrease of the intensities of absorp- 
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tion lines when seen through a shell. The question arises whether they are 
consistent with the known absorption coefficients and the known amouig^s 
of matter in the shells. Consider first the case of 17 Leporis. We have 
not yet been able to measure accurately the equivalent widths of the 
absorption lines. But since the hydrogen lines are similar to those of P 
Cygni, we may estimate NjH = 10*®. In order to estimate the optical 
thickness, we must know the number of hydrogen atoms in the neutral 
state. Hence we apply the Boltzmann formula (and disregard possible 
departures from thermodynamic equilibrium): 



For 17 Leporis T == 10,000°. This gives, approximately, 

N = 

The continuous absorption coefficient per gram of neutral hydrogen,* for 
T * 10,000°, and at X 5000 is 


V - 20. 

Since mn = 1.7 X 10’gr, we find that the optical depth produced by 10* 
neutral hydrogen atoms at T — 10,000° is 

n « 3 X 10-». 

We require n = 10“ *. Hence, hydrogen is not sufficient to produce the 
required opacity, provided our estimate of N 2 H is correct. The continuous 
absorption of the metals and of the free electrons may easily increase n to 
approximately lO'"*. The remaining discrepancy—^by a factor of about 
10—is not sufficiently serious to cause concern, and there is at present no 
need to search for other sources of continuous absorption. 

These considerations cannot be applied directly to P Cygni. Here the 
optical thickness of the shell is so great that our observational value of NH 
does not, even approximately, represent the number of atoms above ti. 
Hence, we must proceed in a different manner. In the determination of 
NaH we had assumed that the atmosphere is transparent and that re¬ 
emission can be neglected. Hence, we adjusted NaH in such a manner that 
e" correctly represented the observed equivalent width. A weak 
line was used. Hence 


« 1 ^ NaHXa<. 

The stratified atmosphere must now be considered to contain absorbing 
atoms only above ti. Therefore 17 »= % when r < n and n =* 0 when r > ri. 
The continuous absorption coefficient k is constant for all values of t. 
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The corresponding solution of the problem of radiative transfer by Edding¬ 
ton’ and by Swings and Chandrasekhar* gives^ 


H'/H = /(n, Ti) = 1 


U 

sin h qn -f cos h jti — 1 




q VSJ 


sin h qn +{ 1 + 


( 


Va 


) 


COS h qn 


where q — \^3(1 + ??). 


Accordingly, we may write 


But 


NHKt - 1 - M n). 





/Igr TBh 



where f is the ratio of the atoms in the lower level of the line to ail atoms of 
the gas and /* is the mean atomic weight of the unionized gaseous mixture. 

We infer again from Unsdld's table® that for T « 25,000° and X == 5000, 
the continuous absorption coefficient per gram of neutral hydrogen is 


Kg, ^ 2 X 10®. 

Let us consider a specific point on the contour of the absorption line pro¬ 
duced by the shell, for which — 1. Then 


X^ = 2 X 10®. 

If we are dealing with a shell consisting of pure hydrogen, then f is given by 
the Boltzmann factor, provided Kg, is expressed per gram of neutral 
hydrogen: 

f - 10-*. 

Accordingly, X^j « 3 X 10"’*^ For the number of atoms we found* 
NaH « 10*®. The problem is, therefore, to adjust n in such a manner that 
the following expression is fulfilled 


3 X 10"« - 1 - fin, r,). 
By means of trials we find, approximately, 


n 


— 0*05* 


This is again too small, by a factor of 10. But we have allowed only for 
absorption in hydrogen. Other sources of continuous absorption will in¬ 
crease this value, and will probably be sufficient to remove the discrepancy. 

The absorption lines of the shell are of the same order of strength as the 
normal absorption lines of a giant star of similar ionization. Hence, if the 



VoL. 20, 1940 


ASTRONOMY: 0. STRUVE 


121 


absorbing properties of matter are the same in a normal giant reversing 
layer and in a shell, it is obvious that the optical depth tj will be roughly 
0,5—this being Unsdld’s value* for the wings of normal absorption lines. 
Hence the discrepancies found for 17 Leporis and P Cygni would, if they 
were real, merely suggest greater values of k than those which we have used. 

4. The recognition of the existence of appreciable continuous absorp¬ 
tion in the shells of P Cygni and 17 Leporis suggests an explanation of the 
relative weakness of the emission lines, mentioned in section 1. It is clear 
that the absorption lines will be favored if the emission lines come only 
from that part of the shell for which the optical thickness is less than that 
of the fictitious photosphere (n < V«» according to Milne). 

Another interesting consequence of our results is their bearing upon 
Kosirev's theory'* of reddening in extended atmospheres. We know now 
that in P Cygni the opacity of the expanding shell is considerable. From 
the fact' that the dilution factor is of the order of 0.1, we conclude that the 
total thickness of the shell may be equal to the radius of the star. For such 
a layer it is no longer permissible to neglect the curvattue—and the prob¬ 
lem of radiative transfer must be solved along the lines suggested by 
Chandrasekhar" and by Kosirev.'* The effect of reddening follows from 
this treatment. 

It is probable that the same explanation holds in the case of y Cassio- 
peiae. According to the observations of Greaves and Martin** the color 
temperature of tliis star dropped from 16,100®K. in 1926.78 to 9200®K. in 
1937.72. This change was accompanied by the outburst of a shell which 
produced strong absorption lines,'* and which must have had a considerable 
optical thickness. 

The problem of the abstjrption lines is not seriously affected by the 
curvature of the shell. Chandrasekhar has derived a simple formula** for 
an infinite atmosphere. The case of a stratified curved atmosphere has not 
been investigated, but it is clear that the change will be negligible. 

5. The question may arise whether the broad lines in 17 Leporis and 
^ Persei really arise in the same star the outer shell of which produces the 
sharp lines. In the case of ^ Persei this question has been answered by an 
observation of Hynek'® who has found from measurements of line displace¬ 
ments that the broad hydrogen wings and the sharp cores come from the 
same source. Another question is whether the outer shell envelops all 
parts of the photosphere, or whether we are dealing here with a phenome¬ 
non similar to that of the solar prominences. It is conceivable that the 
sharp lines are formed in a large mass of separate prominences, and that we 
are able to see the photosphere through the open spaces between tlie indi¬ 
vidual prominences. Observations of the sharp and very strong line Ca K 
in 17 Leporis show no appreciable intensity in the center. Hence the con¬ 
tinuous spectrum of the normal photosphere is not superposed over the 
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violet-displaced line of the expanding shelJ. We infer that the shell is 
essentially unbroken, and that the broad hydrogen wings are seen through 
the shell and not between separate prominences. 

* O. Struve and F. E. Roach, Ap. Jour., 90, 727 (1939). 

^Ap 73, 94 (1931). 

* M, N., 89, 626 (1929); The Internal Constitution of the Stars, German Edition, pp. 
424-425 (1928). 

* M. N., 97. 33 (1936). 

* A. Ensdld, Die Physik der Slernatmosphdren, p. 121 (1938). 

« M. N., 97, 32 (1936). 

^ The form of this equation is due to Mr. Ralph Williamson of the Yerkes Observa¬ 
tory. 

* Ap. Jour., 90, 749 (1939). 

* Op. cit., p. 247, 

w M. N., 94, 430 (1934), 

Ibid,, 94, 444 (1934); Russian Astr. Jour., <5 (6), 8 (1934). 

98, 434 (1938). 

» Baldwin, Ap. Jour., 89, 256 (Plate 17) (1939). 

M. N., 94, 456 (1934), 

^ Unpublished. 


NORMAL ALGEBRAIC NUMBER FIELDS 
By Saunders MacLane and O, F. G. Schilling 

Departments op Mathematics, Harvard University and the University of 

Chicago 

Communicated December 18, 1939 

1. Introduction •—In this note we present a brief outline of investiga¬ 
tions on the generalization of class field theory to arbitrary normal fields. 
A complete treatment of the results will be submitted for publication to the 
Transactions of the American Mathematical Society, In the sequel k denotes 
an algebraic number field of finite degree over the field of all rational num¬ 
bers. Class field theory^ deals with the description of abelian extensions 
over k in terms of classes of ideals in k. In other words, it is the analog of 
the theory of multiplicative functions on algebraic Riemann surfaces. It is 
possible to describe the class groups of the classical theory by means of the 
totality of all ^-adic extensions kp of k; p denoting the prime divisors* of k, 

2, Ideal Algebras ,—Let Hp denote a class of normal simple algebras 

with index over kpJ A set all p\ « H shall be termed an ideal 
algebra if and only if « 1 for all but a finite number of prime divisors. 
If^ then we define the product X 

as X This definition implies that aU ideal algebras 

form a group H, Now let be a normal extension of degree n over k with 
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Galois group T = (<r, *.r|. Let tip = [Kpikp], where P is a typical 
prime divisor of pm k. We say that K splits an ideal algebra H if ftp ^ 0 
(mod trip) for all prime divisors p. Thus H contains as a subgroup the 
class group of all normal simple algebras S/k which are split by K. 

In order to describe our generalization of class field theory we term 
"'algebras^' or S relatively prime to a divisor M = HP" (inisT) iinoP k 
is a ramification divisor* of H or 5, respectively. The group of all ideal 
algebras that are relatively prime to M can be called J/jf. It contains the 
group Sm- Our investigations deal with the evaluation of the index 

[Hu :Su], M 

P 

for arbitrary normal fields K/k and properly selected divisors M depending 
on the structure of K relative to k. If the field K is specialized to a cyclic 
field Z then the general index reduces to the index of the class group associ¬ 
ated to Z in ^ by the class field theory. 

3. Theory of Primary Factor Sets. —In order to actually evaluate the 
index we use a device first developed by Artin in some tmpub- 

lished work.*^ Let Tj = {S,c^cr} be the group ring of T with coefi&cients c, 
in the ring I of all integers. Suppose that P is an arbitrary prime divisor of 
Kf the associated decomposition group. The conjugates of P are ob¬ 
tained by appl)dng to P substitutions X e F which are representatives of F 
modulo Ap. We then consider the infinite cyclic group (P | generated by 
P imder the operators of F;. A /^-primary factor set P{P} is a set of n* 
ideals P*^'^ in |p} with exponents a,,in F which satisfy the n* conditions 

These associativity relations imply that, for suitable elements 

— iff + oby. — iffff, i.e., 

a factor set of transformation quantities.® All factor sets of transformation 
quantities form a subgroup r{P} of P{P|. The theory of group characters 
yields that the index of this subgroup is 

[F{P} : r{P}] - [A,. : Ap'l, 

where Ap' denotes the commutator group of Ap. Thus, Up ^ P /k is 
unramified in K we find 

[Ap ; Ap'J 

■( 

/(/>) denoting the relative residue class degree of a typical P dividing p. 
By the fundamental theorem of ideal theory we can collect factor sets F {P) 
to factor sets F8 of arbitrary ideals 8 in JT. 
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A factor set A,,, of numbers from K alwasrs determines a crossed product 
{K/k, r, A,,,) which is a normal simple algebra over k. In terms of these 
algebras we next define certain factor sets of principal ideals which 
correspond to the principal ideals generated by norm residues in the 
cyclic theory. The S,,, are all those factor sets defined by the restriction 
that each is prime to the divisor M, and the restriction on the corre¬ 
sponding crossed product thaf 

(K/k, r, B, /)p kp, for all p ratniBed in K/k. 

Let Fm{Au) denote the group of all factor sets Using the theory 

of rational algebras and the existence theorem for prime divisors with given 
Frobenius symbol we arrive at* 


= 1. c. m. of all orders of elements v t F. 

The definition of the B,, also determines the divisor M for which we must 
consider Hu, S^- We observe that these results yield ordinary class field 
theory only for cyclic extensions. Namely, if F is the fours group then 
[Hu : = 2, whereas the inversion theorem of class field theory yields 

the value 4 for the index of the class group. 

4. Determination of by Means of Index Reduc¬ 

tion. —Another way of evaluating the index in question is to generalize the 
proof of the classical inversion Theorem.” Lack of space does not permit 
us to sketch the important steps of our reduction. At various stages of the 
process we have to consider arbitrary normal extensions Kp/kp. Let E 
denote the group of ail units m Kp which are congruent to 1 modulo P. 
If f and n range over the decomposition group Aj>, JSf., will denote a corre¬ 
sponding factor set of units from the group E, while F^E denotes the group 
of all such factor sets. We define the local conductor C{P) of Kp/kp as 
the least power of P such that 

£f., = 1 (mod C{P)) 

implies 

(Kp/kp, Ajp, Ef^/i kp. 

It is readily seen that C(P) is the unit divisor if P/p is not ramified. If 
P/p has no higher ramifications, then Kp is cyclic of degree prime to P 
over its unramified subfield and C(P) = p. The divisor IIpC(P) can be 
chosen as the M of the preceding discussion. Thus, M can be setected to be 
an invariant divisor of K/k. The intersection R{M) of all groups E de¬ 
fined above for all P 3 rield 8 the generalization of the ray used in class field 
theory. I.ocal class field theory yields 
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[FE:TE\ « e(ph 

where e{p) is the ramification degree of p in a t)T)ical Kp. 

Moreover, we require information on factor'sets of units U in K, 
Appl}nng the methods used in section 3 we find 

[FU* : TU*] « [r : 

for the Herbrand subgroup U* of 27,^® Here F' denotes the commutator 
group of r, f, the number of basal units u ^ U k which lie in the ground 
field k, p the number of real (infinite) prime divisors of k that are ramified in 
K, In order to evaluate [FU : TIT] we make repeated use of Herbrand's 
Lemma and find that the essential index of this reduction is 

[FU:FV^] « [U :UT^' [U ^ k : U* ^ k]^L 

where L denotes a rather complicated factor of reduction. Examples show 
that L can be different from unity, although in the cyclic case the analogous 
index can be proved to be one, by the Herbrand Lemma on groups. Com¬ 
bining the various results we ultimately find 

- [FAM:F(AM)][r:r]h\r^h;^^L-\ 

where L and F' are defined as above, while 

Hk » m:{A)], h * m^k:iA - k)] 

are the respective class numbers of K and k, (Here A denotes the group of 
all non-zero numbers of k, {A), the group of all principal ideals of K,) 

5. Generalized Artin Symbol and Norm Residue Symbol, —^Finally, by 
means of our results, we can define a generalization of the classical sirmbols 
of class field theory. They yield formal implications of our general theory, 
which is based on the notions of ideal algebras and classes of algebras. 
These symbols can be used to describe the law of decomposition of unrami¬ 
fied prime divisors.^^ 

^ C. Chevalley, Generalisation de la tbeorie du corps de classes pour les extensions 
infinis/* Jauf, MfUk, pures et appliques, ser. 9, IS, 369-i371 (1936); A. Weil. '*Remarques 
sur les resultats recents de C. Chevalley/' C. R„ Paris, 203,1208 (1936); A. Weil, "Zur 
alsebraische Theorie der algebraischen Funktionen," Jour, reine ang. Math,, 179,129-133 
(1938). 

* As usual, a prime divisor of k is simply a valuation of k. These valuations are of 

two types: ''finite" and "infinite." Each prime ideal p gives a finite prime divisor, for 
which the valuation function is Vp(a), the exact exponent to which a is divisible by p. 
The infinite prime divisors correspond to archimedean valuations of k given by the 
various subfields of the complex field conjugate to k. * 

* For general information, see: A. A. Albert, "Structure of Algebras," Am. Math. 
So€. Col. Pub., 24 (1939). 

* p is a ramification divisor of If if m,, 1, and conversely. 

* M. Hall, "Group Rings and Extensions L" Ann. Math., 39, 220-234 (1938); T. 
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"lleber die Beziehutigen der Kaktorcnsysteineii und der Normeiiklassen- 
gruppe eines galoisschen Erweiterungskorpers/’ Math. Ann.^ 112, 86-91 (1936). 

• If is any multiplicative abelian group with the operators of then FR will de¬ 
note the group of all factor sets Rir,r with components Rv^r in R and subscripts v, t rang¬ 
ing over r. In like manner TR designates the group of all transformation sets R^l^r/ 
Rv^r formed from vectors over the group R. 

^ E. Noether, “Der Hauptgeschlechtssatz fur relativgaloissche Zahlkdrper,” Math. 
Ann., 108, 411-419 (1932). 

• Here, as previously, a subscript "M** signifies that one is to consider only those 
elements prime to Af in the group concerned. 

• C. Che valley, “Sur la theorie du corps de classes dans les corps finis et les corps 
locaux,” Jour. Fac. Sci., Univ. Tokyo, 2, 365-'476 (1933); H. Hasse, Mimeographed lec¬ 
ture notes on Klassenkdrpertheorie, Marburg, 1933. 

J. Herbrand, “Nouvelle dtoonstration et generalisation d*un theoreme de Min¬ 
kowski,” C. R., Paris, 191, 1282 (1930). 

R. Brauer, H. Hasse and E. Noether, "Beweis eines Hauptsatzes in der Theorie der 
Algebren,” Jour. rrAne angewandU Math., 167, 399-404 (1932). 


ON AN ERGODIC ANALYSIS OF THE REMAINDER TERM OF 

MEAN MOTIONS 

By Aurel WmTNER 

Department of Mathematics, The Johns Hopkins University 

Communicated January 11, 1940 

Let ai,,.., a„ be positive constants for which + ... + 6* + i + ... 

+ i,,, (ife » 1,2, ..., w — 1) if (ii, .,is any permutation of (ui, .. 
Denote by «(/) the trigonometric sum 

n 

*(0 = W") = 2x*«), 

j m i 

and suppose that the frequencies X,,... ,X^ are fixed and linearly,^indepen¬ 
dent, while the initial phases <^5,.. .,0^ are arbitrary on the n-dimension^ 
torus T--0 ^ <t>j < 1. One can exclude from T a, {n — l)-dimensional 
hypersurface in such a way that for the remaining points of T the function 
z{t) does not vanish for — » < / < ; so that the pair of conditions 

e(^(0) = s(0/i2(0l: OS^(0)<1. 

determines a unique regular function ^ of f along the <-axis. By an appli¬ 
cation of Birkhoff's crgodic theorem,* it was recently shown* that has, 
for almost all choices of the initial phases cm T, a mean motion 

M == limV'(0A. > M “ Af|^'(/)1, whereJlf{g(<)) =• limt)“ 
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(and dyp{t)/dt ); so that the arcus ^(/) may be analyzed into a secu¬ 

lar term ju ^nd a remainder term 6 j (0 = ^(/) — of lower order. 

In view of the applications, one would expect that the remainder term 
oj(l) admits of an anharmonic analysis, as tacitly assumed by the astrono¬ 
mers. However, the existence of such an analysis never was mathemati¬ 
cally established (except in Lagrange's case ai > aa + as + ... + a„, in 
which case (o(l) turned out to be uniformly almost periodic*). The object of 
this note is to fill in this gap to some extent, by proving for X 5 *^ 0 the exis¬ 
tence of the Fourier averages F(X) = ikf{e(*-X0«*>(0K < X < + 00 , of 

aj(/), if, as before, a set of zero measure on T is excluded. The proof con¬ 
sists of a refinement of the considerations applied loc. cit.* In fact, 
Birkhoff's ergodic theorem will be applied, not once but infinitely often. 
What is actually proved in this manner is the almost periodicity (B) of 
u)'(/). The existence of f(\) then follows from the existence of G(X) = 
Mie( — Xl)w'(l)j and from the relation 

27riF(X) = G(X)/X, (-00 <X<+«,X 5 ^ 0 ; G(0) = 0), 

which may be established by using the existence of m- 

It will also follow that G(X) is, for fixed X, homogeneous and linear in the 
given frequency Xi,... ,X„ of s(/), and that G(X) ~ 0 unless X is of the form 
WjXi + ... + w^Xh, where ptj = 0, =*=1, =±=2, ... for j = 1,.. .,w. Hence, 
it is seen from the preceding connection between G and F, that the Fourier 
averages of co(/) involve the small divisors of classical celestial mechanics,^ 
or, equivalently, the Diophantine problematics of irrational rotation num¬ 
bers in the general stability problem of BirkhoffThus, the Fourier analy¬ 
sis of the remainder terra a>(/) of ^(0 m • ^ + w (0 automatically leads, at 
least formally, to the central unsolved problem of general dynamics. This 
might be connected with the circumstance that, although the derivative 
co'(t) ss ^'(i) — ^ turns out to be almost periodic (B), the almost periodicity 
(jS) of of(l) itself will remain undecided. 

First, if rdenotes the n-dimensional torus 0 g <t>j < 1, (j »= 1 ,.. .,n), and 
if the amplitudes aj and the frequencies X^ of z(t) are fixed, then, on placing 

n H 

. 0 h) = real part of 

j m, I j t 

one obtains a function x of the position (^i, ...,«.) on T. It was proved 
loc. cit.® that X is integrable (Z.) over T. On expressing exp ia in terms of 

cos a and sin a, one readily sees that x(—4>i . —4>n) * x(^i. • • 

Hence, the Fourier series (L) of x on T is of the form 

x(<^i. - ■ . .,«»)cos 2ir(mi^i + ... + 
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wha-e the n summation indices mu... ,w„ run from — to + «* * (Since x 
is homogeneous and linear in (Xi,...,X«), the same holds for each of the 
Fourier constants A.) Let k denote the collection (ii,.. of n positive 
integers and cr* == the «-fold trigonometric polynomial 

which is the kth partial sum of the Fourier series of x* Then, since x is 
integrabJe (L)y one has 

r 

if > CO means that kj ^ I j ^ •• 

Consider the cyclic transformation group 

<t>i = Xi/ + A = X«/ + 0®; -<»</< + «>, 

This group of transformations of T into itself is metrically transitive in 
view of the linear independence of Xi,.. .,X„ (Kronecker-Weyl). Further¬ 
more, the function |x — on T is integrable (L) for every fixed k. But 

becomes, in virtue of the cyclic group, an almost periodic 
polynomial = o'*(Xi/ + . .,X„/ + 0®), while the definition of the 

function x on T implies that x(Xi/ + ... ,Xh/ + </>») is identical with the 

derivative of tlie angular fimction ^(/), defined in the introduction. 
It follows therefore from the ergodic theorem of Birkhoff that, if k is arbi¬ 
trarily fixed and if the initial phase (<^5,... ,0^) on T is chosen arbitrarily 
but not on a certain zero set (which, if it exists at all, might depend on k), 
then the time average exists and is identical with the 

space average of |x ““ <^*1 over T. But, as was pointed out before, this 
space average tends to zero as ^ ; so that, since for each of the integral 

indices k » {ku ,. .,^k) only a zero set of initial phases is excluded, the 
relation 

M\\\p'{t) - ^*(0l) "^0, 

holds whenever the initial phase (^J,... is not in a zero set of T. 

Since is an almost periodic polynomial, it follows that ^^(t) is almost 
periodic (B) for almost all choices of the initial phase. Furthermore, it is 
clear from the definition of Sj^(l) that the anharmonic Fourier analysis (B) 
of ^'(/) may be obtained by writing Xi/ 4- ... ,X„^ + for <l>u -- in 

the Fourier series (L) of the periodic function x(0i» • • • $4>h)» 

Finally, the passage from w'(0 » ^'(0 M to w(f) « ^(0 — as 

described in the introduction, requires merely a cautious application of 
partial integrations on the average. 

It was suspected loc. cit.* (p. 263) that, as far as the existence of the 
constant m is concerned, the exceptional zero set of the ergodic theorem is 
vacuous, and WeyF has succeeded in proving, among other things, that 
such is actually the case. However, it remains undecided whether or not 
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the same is true in case of the finer problem of the present note. On the 
other hand, there is no difficulty at all in transferring the above considera¬ 
tions to the case where the frequency Xi,.. .,X, of z{t) are not linearly inde¬ 
pendent.^ 

‘ G. D. Birkhoff, Proc. Nat. Acad. Set., 17,656-660 (1931). 

* P. Hartmant JK. R. van Kampen, and A. Wintner, Amer. Jour, Math., 50, 261-269 
(1937). 

* A. Wintner, JRend. R. Accad. Naz. Lincei, (6) 11, 464-A67 (1930). 

* Cf. A. Wintner, Math. Zeii., 31, 434-440 (1930) and Amer, Jour. Math., 59, 80J 
(1937). 

* Cf. G. D. Birkhoff, A nn. Inst. PoincarS, 2,369-^86 (1932). 

« H, Weyl, Amer. Jour. Math., 60, 889™896 (1938). 

^ Cf. loc. dt., reference 2, 263; H. Weyl, Ibid., 61,143-148 (1939) 


GROUPS WHICH CONTAIN LESS THAN FOURTEEN PROPER 

SUBGROUPS 

By G. a. Miller 

DsPARTBtBNT OF MATHEMATICS, UnIVBRSITY OF ILLINOIS 
Communicated January 6,1940 

The earliest fundamental theorem relating to the development of the 
groups of finite order was announced in an incomplete form by J. L. 
Lagrange (1736-1813) and asserts that the order of a group is divisible by 
the order of each of its subgroups. The work of J. L. Lagrange related 
directly only to the subgroups of the symmetric group but the method of 
the proof in this special case is easily extended to the general case and hence 
the general theorem has sometimes been called Lagrange’s theorem relating 
to group theory. It may be noted that this was just about one hundred 
years earlier than the announcement of Sylow’s theorem in 1872, which 
incorrectly is said to be the first to be proved among a set of closely related 
theorems on the structure of finite groups, in the Encyclopaedia Britannica, 
volume 10, page 914 (1938). The present article is one of a series of recent 
contributions along primitive lines on the subject of finite groups. 

The groups which contain less than twelve proper subgroups were deter¬ 
mined in these Proceedings, 2S» 540-543 (1939). If an abelian group 
contains exactly twelve proper subgroups its order cannot be divisible by 
as many as three distinct prime numbers since such a group is the direct 
product of its Sylow subgroups. If its order is divisible by two distinct 
prime numbers it is the cyclic group of order Pipi\ px and pt being distinct 
prime numbers. If it is a non-cyclic prime power group one of its invari¬ 
ants is a prime number p, and therefore the number of its proper subgroups 
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is (fe“'l)(p+l)» b^ing the order of the group. Hence there is one and 
only one such group of each of the following orders: 32, 81, 125, 121. 
These correspond to the following pairs of values of p and k, respectively: 
2, 5; 3, 4; 5, 3; 11, 2. When the group is cyclic its order is Hence 
there are exactly six abelian groups which separately involve twelve proper sub¬ 
groups, Two of these are cyclic and consist of infinite systems of groups. 

If G is a non-abelian prime power group which contains exactly twelve 
proper subgroups its order cannot be 16 and if its order is 32 it is the group 
of this order which contains exactly two non-invariant subgroups. Hence 
there is one and only one non-abelian group which contains exactly twelve 
proper subgroups and has an order which is of the form 2"*. If a non- 
abelian group whose order is of the form 3” contains exactly twelve proper 
subgroups it contains an invariant subgroup of order 27 which involves 
operators of order 9. This subgroup involves eight proper subgroups. 
Hence it must contain operators of order 27 and be the group of order 81 
which involves three and only three non-invariant subgroups. From simi¬ 
lar considerations it results that if a non-abelian group whose order is of the 
form 5” contains exactly twelve proper subgroups it is the group of order 
125 which contains exactly five non-invariant subgroups of order 5. Since 
a non-abelian group whose order is a prime power of a larger prime number 
than 5 cannot contain exactly twelve proper subgroups it has been proved 
that there are exactly three nm-abelian prime power groups which separately 
contain exactly twelve proper subgroups. The orders of these three groups 
are 32, 81 and 125, respectively, and they are all conformal with abelian 
groups. 

When the order of a non-abelian group G which contains exactly twelve 
proper subgroups is divisible by two distinct prime numbers the larger of 
these prime numbers is less than 13, for G is not the direct product of its 
Sylow subgroups. If the larger of these prime numbers is 11 then G con¬ 
tains only one subgroup of order 11 and its order is either 22 or 55, being 
either the dihedral group of order 22 or the semi-metacyclic group of order 
55. If the larger of the two prime factors of the order of G is 7 then G con¬ 
tains only one subgroup of order 7 and it is formed by establishing a 7, 4 
isomorphism between the dihedral group of order 14 and the cyclic group 
of order 8 or by establishing a 7,9 isomorphism between the serai-metacyclic 
group of order 21 and the cyclic group of order 27. If the larger of the 
two prime factors of the order of G is 5 then G contains an invariant sub¬ 
group of order 5 and is formed by a 5, 8 isomorphism between the dihedral 
group of order 10 and the cyclic group of order 16, or it is the metacyclic 
group of order 20. 

If an abelian group contains exactly thirteen proper subgroups its order 
is divisible by at most two distinct prime numbers and the cyclic group of 
order pi^p 2 *f Pi and pi being distinct prime numbers, is the only group whose 
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order is divisible by two distinct prime numbers which has exactly thirteen 
proper subgroups. The direct product of the four group and the cyclic 
group of order p^f p being an arbitrary odd prime number, is the only non- 
cyclic abelian group which contains exactly thirteen proper subgroups and 
has an order which is divisible by two distinct prime numbers. If a prime 
power abelian group contains exactly thirteen proper subgroups it is the 
group of order 16 and of type 2, 2 if it has two invariants and the cyclic 
group of order p^* if it has only one invariant. Hence there are four and 
only four abelian groups which separately involve thirteen and only thirteen 
proper subgroups. Three of these are infinite systems of groups while one 
is an individual group. 

There are two non-abelian groups of order 16 which separately contain 
exactly thirteen proper subgroups. One of these is obtained by extending 
the cyclic group of order S by operators which transform each of its oper¬ 
ators into the third power and the other is obtained by extending the 
abelian group of type 2, 1 by an operator of order 4 wliich transforms each 
of its operators into its inverse but has a different square than its operators 
of order 4. If a non-abelian group of order 32 would contain exactly 
thirteen proper subgroups it could not involve a cyclic group of order 16 
and therefore each of its subgroups of order 16 would contain at least nine 
proper subgroups. Hence there are two and only two non-abelian groups 
which separately contain thirteen proper subgroups and have an order 
which is a power of 2. It is easy to see that a non-abelian group whose 
order is a power of an odd prime number cannot contain exactly thirteen 
proper subgroups and hence there are two and only two prime power non- 
abelian groups which separately involve exactly thirteen proper subgroups. 

If the order of a non-abelian group which contains exactly thirteen proper 
subgroups is divisible by just two distinct prime numbers these prime 
numbers are 2 and 3, respectively. There are four Sylow subgroups whose 
order is a power of 3 in such a group, because if G contained only one such 
Sylow subgroup this subgroup could not be cyclic and of order as large as 9 
because the dihedral group of order 18 contains fourteen proper subgroups. 
It could not be of order 3 since the corresponding quotient group would 
have for its order a power of 2 and could not be cyclic because G contains 
an odd number of proper subgroups. It could not be non-cyclic because 
there would be a subgroup of index 2 under G which would be the direct 
product of the group of order 3 and an abelian group whose order is a power 
of 2. As this is impossible G contains four subgroups whose order is a 
power of 3 and transforms them according to the tetrahedral group. 

If these four subgroups are of order 9 they are cyclic and G is formed by a 
4, 3 isomorphism between the tetrahedral group and the cyclic group of 
order 9. If the given four Sylow subgroups are of order 3 they generate the 
non-twelve group of order 24 which is known to contain thirteen proper 
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subgroups* The order of G cannot be divisible by as many as three distinct 
prime numbers since G could not be the direct product of two groups and a 
non-abelian group cannot contain exactly five proper subgroups. A 
simple group of composite order could not contain exactly thirteen proper 
subgroups since its order could not be divisible by more than two distinct 
prime numbers for there would be more than one Sylow subgroup of each 
order. The smallest possible order of G would be the product of powers of 
2, 3, 5 and hence there would be at least 3 + 4 + 6 Sylow subgroups, but 
there would also be subgroups which would not be Sylow subgroups since if 
there were only 3 subgroups whose orders would be powers of 2 they would 
be transformed according to a group of degree 3 and hence G could not be 
simple. If the order of G would be divisible by as many as three distinct 
prime numbers the largest of these numbers would be at least equal to 5. 
This is impossible, and hence it results that there are exactly eight different 
groups which separately contain thirteen proper subgroups. The four non- 
abelian groups which have this property consist of two groups of order 16, 
one of each of the orders 24 and 36. 


ON THE DECOMPOSITION OF TRANSITIVE PERMUTATION 
GROUPS GENERA TED B Y THE SYMMETRIC GROUP 

By J. S. Frame 

Dbpaktubntt of Mathematics, Brown Univbrsity 
Read before the Academy, October 26, 1939 

1. Introduction. —The double cosets HJSH^ into which the symmetric 
group G of degree n is decomposed with respect to a subgroup arc 
associated in an interesting way with the irreducible representations ly) 
which occur as components in the reduction of the permutation group 
The subgroup H ^ H^xs taken to be the direct product of S 3 rm- 
metric groups of orders au o^t ... and Gff{a) is the transitive permuta¬ 
tion group on the cosets Il^^Si which orders to an element Rot G the per¬ 
mutation HffSi HffSiR — HaSj. If we restrict R to the elements of 
Hat the cosets which are then permuted among themselves form the aggre¬ 
gates called double cosets. Now if Ggi(a) is written as a group of 

permutation matrices and completely reduced, and if fiy denotes the mul¬ 
tiplicity of the irreducible representation {y) in this reduction, then we have 

Gj/(a) - XX" {'l')- W 

y 

The number of Hermitian invariants of this group is equal on the one hand 
to the number of double cosets HaSHa u>d on the other hand to the sum 



VOL. 26. 1940 


MA THEM A TICS: J. 5, FRA ME 


133 


of the squared of the multiplicities of the irreducible components { 7 ), 
so we have 

~ number of double cosets (2) 

7 

We propose to prove the following theorems. 

Theorem I.— The double cosets HJSHa of the S3anraetric group G 
(with respect to a subgroup //„ which is the direct product of symmetric 
groups) can be displayed in a series of squares, one for each irreducible 
component (7} of Gjy(a), so that each square shall have its (m*)* double 
cosets so arranged that inverse double cosets are symmetrically placed 
with respect to the diagonal, and self-inverse double cosets occupy the 
diagonal positions. 

Theorem II.—The number of self-inverse double cosets H„SH^ is 
equal to the number of irreducible components of Gff(a)t each counted 
according to its multiplicity. 

2 . Partitions and Tableaux .—Each partition [a] of an integer n into a 
sum of positive integers, 


*4* <*2 "I" + • -« 4" 7?, 0 !i ^ a 2 ^ Ota — ... 2i! a„ > 0, (3) 

may be associated with an [a] -tableau having dots (or symbols, or digits) 
in the ith row, t = 1,2, ... r. Frobenius and others have associated such 
tableaux with sets of conjugate elements and with irreducible representa¬ 
tions of the symmetric group G of degree n. We may further associate this 
tableau both with the .subgroup //« of G which permutes s 5 rmmetrically 
among themselves the symbols in each of the rows of the tableau, and also 
with the transitive permutation group Gfj{a) which gives a reducible linear 
representation of the symmetric group. 

Following Littlewood, Richardson^ and others, G. deB. Robinson^ has 
used these tableaux in a study of the decomposition of the direct product of 
irreducible representations of the symmetric group. His representation of 
the elements of the symmetric group in a series of squares corresponding to 
the irreducible representations suggested the theorems of this paper about 
the double cosets For when the subgroup //« is the identity sub¬ 

group, the double cosets become the elements themselves, and his diagram 
becomes a special case of ours. 

3. Standard Tableaux and Double Cosets .—^We shall use the expression 
'^normal [a] ^sequence*' to denote a sequence of ax l*s, oi 2 ’s, aa 3’s,... a^f's, 
in that order, and the expression '^normal [a] -tableau" to denote the same 
sequence arranged in r rows to form an [a]-tableau. The substitution 
Xi Xj operating on a sequence or tableau is to be thought of as carrying 
the symbol in the 4th position into thejth position. The subgroup Ha of G 
obviously leaves a normal [a]-sequence (or tableau) invariant, and each 
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element of a coset H^S transforms it into the same deranged [a]-sequence 
(or tableau). The substitutions from the double coset IlaSH„ shuffle 
among themselves the digits or symbols of a given row of the deranged 
tableau corresponding to H^Sf but they all leave the same number cj(5) 
of digits j in the ith row. A particular substitution of Il^SH„ can be 
found which will arrange the digits in non-increasing order within each row, 
and we shall suppose that 5 itself is so chosen. The resulting tableau will 
be called a standard [a]-tableau, and the corresponding sequence obtained 
by writing the successive rows of this tableau in a single line, separated by 
commas, will be called a standard (a)-sequence. Both will be denoted by 
There is thus a one-to-one correspondence between standard {aj- 
sequences [a] '* and double cosets IlaSH„. Both may be defined briefly 
by the r X r matrix cj(5), for which we have 




j 1 


Of,-, i — 1, 2, ... r. 



If a substitution S takes a digit j from a normal [of]-tableau into the ith 
row, the inverse substitution 5“^ will take a digit t into the jth row, so we 
have 



It will be convenient to use the symbol [a]y to denote a tableau (or 
sequence) whose digits are taken from a normal [ 7 ]-tableau, but are ar¬ 
ranged in the form of a standard [a]-tableau (or corresponding sequence), 
so that the digits are non-increasing in each of the rows of the latter. 
Thus, for example, let n « 7, [a] — [ 3 , 2 , 1 ,!], [ 7 ] =» [ 5 , 1 , 1 ] and let Si be 
the permutation {a){bdecf){g). We chose S — H„SiIJ^ « (ac)*5i- 
iacb)(de)(f)(g) — (af)(bd)(c)(d)(g) so that [a]*^ is standard, and obtain the 


following tableaux; 




NORMAL [a]; 

DBRANORD 

STANDARD 

I«J?; 

lU 

132 

321 

Ill 

22 

12 

21 

21 

.3 

1 

1 

1 

4 

4 

4 

3 

and the corresponding sequences: 



111. 22 , 3 , 4; 

132, 12. 1, 4; 

321,21, 1,4; 

111.21. 1,,< 


(6a) 


The method for transforming the [a]‘^-sequence to the [a]:^-sequence 
will be described in the next paragraph. 

4. Lattice Permutations and Sequences,—h deranged sequence is said to 
be a lattice permutation of a normal sequence if among the first k digits, 
^ “ 1 , 2 , ..., n, the frequency of any digit does not exceed the frequency of 
any lower digit. The procedure described by Robinson^ and his prede- 
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cessors may be used to transform in a unique manner a standard [a]- 
sequence into a lattice [a]y sequence, i.e., into a sequence which is a lattice 
permutation of a normal [y]-sequence but has the form of a standard [a]- 
sequence. We may summarize their method as follows. 

If we denote by m* , the number of times that the digit s occurs among 
the first k digits of the sequence, then if the sequence is non-lattice, some of 
the differences d*,. — nik, s “ s - i muvst be positive. Pick the smallest 
.y ^ 2 for which some > 0, then the largest difference dfg, s for that s, and 
then the smallest k for that difference. Change this ^th digit from 5 to 
s ~ 1. If this change makes some d/, = 1, reapply the same rules to 

change the /th digit from s ^ 1 to 5 2, etc., and suppose that finally when 

we change a / + 1 to a ^ in this way that the digits le^s than ^ are again in 
lattice order. We now have a new tableau with ^ 1 digits s and + 1 
digits t, and we associate with this reduction the operator Qs- vStarting all 
over again on the new tableau or sequence, if it is not already lattice, we 
make successive reductions until finally the standard [a]-sequence is 
reduced to a lattice [a].y-sequence. With this entire transformation we 
associate the operator 

Zx = n n clf', (7) 

J 2 I 

where denotes the number of digits s which are replaced by / according 
to the procedure just described. For # > s it is convenient to define = 
— so as to make the matrix (X^y) skew-symmetric. The new partition 
[y] is then given in terms of [a] and X by the equations 

r 

7i = a* + (8) 

j - 1. 

It may of course happen that the last r-r' digits may vanish. The in¬ 
verse of the operator Lx is defined by the transpose of the skew-s)rmmetric 
matrix (X^^). 

The number of solutions of ( 8 ) for given partitions [a] and [ 7 ] is known* 
to equal the number of times the irreducible representation 1 7 ] corre¬ 
sponding to the partition [ 7 ] occurs in the reduction of the permutation 
group 

We are concerned in this proof with the reduction to lattice form of the 
standard [a] -tableaux corresponding to an arbitrary but definitely chosen 
standard permutation S and its inverse 5"* ^ We shall denote these 
tableaux and the corresponding sequences by A and A \ We shall further 
distinguish between various operators by letting Qs, r = Ct(s,s\s'', ... 

, fbe an operator which starts by reducing a digit s in 
row r of the tableau, is thereby forced to reduce a digit in row r' r whose 
original value was r' ^ r, then a digit in row ^ r' whose original value 
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was s" ^ s', etc., and finally reduces to the value t a digit in row ^ 

,. r* r' Si r, whose original value was 5^^* S: .. s” ^ s' s. 

The following example will illustrate the reduction just described. Let 
n * 11, and [a] = [3,3,2,2,11. The permutations 

5: iafeigkdj){bc){h) and 5-’; (ajdkgie!f)(ibc){h) (9) 


generate double cosets whose standard [a] -tableaux A, A', and matrices 
c}(S) = ci(S~ *) are the following: 


411 

211 

521 

442 

A : 43 

A': 53 

22 

31 

3 

2 



The reduction of the corresponding sequences is as follows. 



A : 411,521,43,22,3 (standard) 

- 11 ,- 21 ,—, 22 ,- 
-11,-21,-3,22,3 
Ci 4 ,» -11,-21,32,21,3 

Cm,i 111,-21,32,21,3 
Cj 6 ,j 111,221,32 ,21,3 (lattice) 

ill, 222,33^44, 5 (normal) 


A': 211,442,53,31,2 
Cb., Ill,— 2 ,—,- 1.2 
Cm ,4 111,-2,-3.21,2(11) 
^ 4 .* 111,-22,-3,21,2 
Cm.* Ill, 222 ,-:J, 11,2 
A., :Cw,» 1U.222,33^12»2 


Ci4,8 Ci4,1 Ca5,3- ix' = 


At each stage the digits ^ 5 are indicated by dashes, and the newly changed 
digits < 5 are shown in bold face type, with the corresponding operator , 
at the left. The final lattice sequences Ay and Ay are followed by the 
normal [a] -sequence for purposes of comparison. It is readily seen in this 
example ( 11 ) that the change from the normal (a]-sequence to the lattice 
Ay sequence is essentially given by the same operator Ly which takes A' 
into Ayt and that the change from the normal [a]-sequence to is given 
by if a factor Qs, r is now interpreted to mean that a digit t appears in row 
5 , The new significance for the subscript r is that when r^s there is a digit 
r in d which reduces to the digit t in row 5 of d, and corresponds to the 
operator Qs, r of Ly. If r > 5 , however, and if there are /, digits $ in the 
tableau d^, which are in rowthen a final digit / < ^ in d occurs /, places 
to the right of the corresponding r in d, in order that the standard form be 
preserved. 

That this dual relationship of the operators Lx and Lx^ is true in general 
will be shown in § 6 . In the special case considered by Robinson,* this 
was considered obvious. But in the more complicated situation treated in 
this paper, some indication of the proof seems to be required. Prom this 
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duality we see that the operators Lx and Lx' together determine the stand¬ 
ard tableaux corresponding to both 5 and 5* \ their r61es being merely inter¬ 
changed in the two cases. This is the crucial fact which will be used in §6 
to establish our theorems. 

5. The Duality of the Operators for S and 5” We concentrate our 
attention on the effect of a factor Cts. r uf Lx* in the reduction of A At 
each stage in the reduction process, the need for reducing a digit $ in row r 
is determined completely by the original arrangement of digits ^ 5 in rows 
< r, and other digits r which precede it in row r. Also a digit jp in row r of ^' 
corresponds to a certain digit r in row 5 of j 4, and we shall see that if the 
operator C/j, ^ is applied to this digit s in the reduction of A then the 
corresponding digit r in ^4 will give rise to a digit t in the same row s of A. 
Let us first analyze the cases s = 2,3. There are certain critical digits 2 in 
A ' which reduce to 1. An operator C 12 . r changing a critical digit 2 to 1 in 
row r > 2 of A' will correspond to a change from r to 2 and 2 to 1 in row 2 of 
A , since at this stage in the reduction of A all digits < r in row 1 have be¬ 
come I's, all the critical digits < r in row 2 have become Ts (as may be 
assumed by induction), and all other digits <r in row 2 have become 2 's. 
Hence at the stage when this digit r is reduced, the 2's in row 2 just balance 
the Ts in row 1 , and there are no digits between 2 and r — 1 in row 1 , 
Consequently this r must reduce to 2, and then the last 2 in the second row 
must reduce to 1 . 

The case 5 = *3 is somewhat more typical. An operator changing a 
3 to 2 in row r ^ 2 of ^4' will correspond in .<4 to a change from r to 2 or 
from r to 3 and 3 to 2 in row 3. At this stage there are as many digits ^ r 
which have become 3’s in row 3 as digits < r which have become 2*s in row 2, 
but less digits < r which have become 2*s in row 2 than digits < r which 
have become Ts in the first two rows. Furthermore, as the digits ^ rin 
the first three rows are successively reduced, at no stage will an excess of 2’s 
be created in the third row which will force this 2 to become a 1. Hence 
each operator Ca8,r for A' yields a 2 in row 3 of .4. The operator 
changing 3 to 1 will do so directly in .4' if r » 1, but in rows f ^ 2, there 
may be a change from 3 to 2 in row r which causes a change from 2 to 1 in a 
different digit of some row r' ^ r. Then the original value of this new 
digit must have been 5 ' 3. To this situation in A ' will correspond in A 

a digit r in row 3 which is reduced to 2, and a digit r' ^ r in row 5 ' ^ 3 
which is subsequently reduced to 2, thereby causing an excess of 2’s which 
forces a 2 in row 3 down to a 1. Hence each operator belonging to A' 
yields a 1 in row 3 of .4. 

In general let the operator C*,, f « C|(r, s\ ; r, r', f ^ be 

applied at the proper stage to the tableau 4^ Then the reduction of the 
digit r in row r of 4 ^ may cause other digits further to the right in our se¬ 
quence to be reduced in succession, until finally the last of them is reduced 
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to the value t. Let the original digits occupying these critical positions in 
be denoted by s', s", .. and let their rows be r', r", .. Then 

as stated in §4 the values of are non-decreasing, while those of 5^*^ are 
non-increasing. The first statement is obvious from the rules of lattice 
reduction; the second statement, though less obvious can be verified by 
studying the preceding stages at which the digits were reduced. If 
5 > f, then our original digit 5 must be reduced directly at least as far as r, 
since all digits between r and 5—1 inclusive have already been eliminated 
from the first r — 1 rows. Now our critical digits 5^*^ in row of A' 
correspond to certain digits in row 5 ^*^ of A, We select a subse¬ 
quence (r*, Sk) of the pairs 5 ^*^ so as to eliminate equalities among the 
digits 5 ^*\ and also to eliminate equalities among the when 
If 5 > f, we reject s itself when r = / or r < r', but set s ^ Si when r= 
r' > t, and choose so that r < ra If 5 ^ r, we set 5 « 5 i. If several of the 
5 ^*^ are equal, we reject all but the one corresponding to the largest 
If 5^*^ > and several are equal, we reject all but the largest of 
these We denote the resulting monotone decreasing subsequence of 
the 5 ^*^ by 5i > 52 > ... 5 ^ > /, and the corresponding values of the by 
fi ^ r 2 < ... ^ I'hese digits mark certain steps in the reduction of A' 
which correspond to the successive steps in the reduction of the digit r of 
row 5 in . We find that q is the smaller of the two numbers s — t and 
r — L If 5 > r, then the r — ^ reductions in the digit r of row 5 in 4 are 
caused successively by the reductions in the digits fi ... in the previous 
rows 5i... 5 ^. If r > 5 , then the digit r of row 5 in .4 is reduced directly to s, 
and the 5 — / further reductions which take place either directly in this 
digit or in some other digit further to the left in the same row are caused by 
reductions in the digits fi... which successively upset the lattice arrange¬ 
ment in digits less than 5. 

Thus we see that the operator Qs, r in the reduction of A ' has as its 
counterpart in the reduction of .4 a succession of operations which change 
an r in row 5 of 4 to a Hn row 5 of 4.^. Hence the tableau 4 which corre¬ 
sponds to the double coset generated by S is defined by the operators 
and Lxt and in like manner the tableau A' corresponding to the inverse 
double coset is defined by these same operators taken in reverse order. 

6. Conclusion^ —In view of this duality between the operators Lx and 
Ly, we may arrange all the double cosets H^SH^ whose standard [a]- 
tableaux reduce to [7] -tableaux belonging to the same partition [y] in a 
square array whose rows and columns may be designated by X and 
respectively. Then since we have in the main diagonal, the diagonal 
double cosets will be self inverse^ whereas in general the pairs of inverse 
double cosets will be symmetrically placed with respect to the diagond. 
For each partition [ 7 ] we have as many rows in the square matrix of double 
cosets as there are operators Lx, namely Consequently there are 
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double cosets associated with the partition [ 7 ] of w. Since the total 

number of double cosets H^SHa is we have just one square of 

y 

double cosets for each partition [ 7 ] which corresponds to an irreducible 
component { 7 ) in the reduction of the permutation group G//(a). If in 
this array we examine the placement of inverse double cosets, we see that 
Theorem I follows at once. If we count the number of self-inverse double 
cosets, we see that their number is and thus we prove Theorem II. 

y 

^ Liltlewood, D. E., and Richardson, A. R., Phil. Trans. Roy. Soc. London (A) 233| 
99-141 (1934). 

* Robinson, G. deB., the Representations of the Symmetric Group," Arner. Jour. 
Math., 60. 745-^759 (1938). 

* Murnaghan, F D,, "The Theory of Group Representations," Johns Hopkins Press, 
Baltimore (1938), csp. pp. 150 ff. 


GENERAL EXPANSION TimOREMS 
By R. P. Boas, Jr. 

Dkpartment of Mathematics, Dckk University 
Communicated December 7, 1939 

A set G of elements of a normed linear space* E is said to be fundamental 
if every element of E is the limit of a sequence of finite linear combinations 
of elements of G; it is called a base if every element x of it can be expressed 
uniquely in the form 


= Z) yn * C. (I ) 

« ■“ 0 

Theorems of G. I). BirkhofT,*- ^ J. L. Walsh^ and R, E, A. C. Paley and N. 
Wiener* illustrate the general principle that if the elements of two sets Gi 
and Gi are sufficiently near each other, in some suitable sense, then either 
set is fundamental, or is a base, if the other is. More precisely, the follow* 
ing theorem can be proved. 

Theorem 1 . Let and {y„} be two sequences of elements of the normed 
linear space E. If there is a number A, 0 < X < 1, such that for every sequence 
{a^l of complex numbers 

II - yn) II ^ ^ II E II, = 1, 2, ..('2't 

« 1 » ■» 1 

then if {A:,|j isa fundamental set or abase, {y„} has the same property 
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Theorem 1 for bases can be proved by a generalkation of the proof given 
by Paley and Wiener when JS is Hilbert space; a proof of Th^rem 1 for 
fundamental sets is much simpler, and this weaker result suffices for many 
applications. 

To show how Theorem 1 can be applied, I shall outline proofs of some 
theorems on the expansion of analytic functions of a complex variable in 
terms of functions where the functions A,p(s) are "small/' 

These theorems include and generalize a number of expansions which occur 
in the literature; in some cases, the methods of this note lead to larger 
regions of validity for the expansions than have been obtained previously. 
One special case can be applied to a conjecture concerning the zeros of the 
derivatives of an entire function of exponential type. 

For the space E, I take the set of functions /(s), analytic in |s| < r and 
continuous in \z\ ^ r, with the norm 


ll/ll = ^ ^ 


Gt is the set » = 0, 1, 2, ...; 6^isa sequence of elements {gn(^)l ofE, 
Then Theorem 1 yields 

Theorem 2, If, for every sequence } of complex numbers, some number 

p,p I, and every N, 

- gn{i)]\*de ^ r 1 L (4) 

0 »/o i» - 0 

where z « X < 1, then any function f(z), analytic in \z\ < r and continuous 
in |«| S r, can be expanded in a series of the functions g„(s), the series con¬ 
verging uniformly in any circle \z\ ^ f' < f. 

The direct deduction from Theorem 1 is that there exist coefficients 
such that 



lim r Ifire**) - 2 c*fo(re**)l^d« = 0. (5) 

n-Hi'tt fc/o k Q 

For z » r'e^, f' < f, one can represent 

- t 

by Cauchy's integral along \z\ » r, and apply Hdlder's inequality to deduce 
the conclusion of Theorem 2 from (5). 

Birkhoff's expansion theorem* can be deduced in a few lines from The- 
orem 2, with 1 < p S 2, Another theorem which can be obtained from 
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Theorem 2 resembles a theorem of S* Takenaka,® which has been shown^ to 
contain a large number of special expansion theorems. 

Theorem 3 . If the functions h^{z) are analytic in\z\ < To, vanish at z ^ 0 , 
and have a common majorant h{z) satisfying 


h£ iMpe" 


) \He g K/, 0 < p < ro; 


then any function f(z), analytic in \z\ <5, where s g ro» can he expanded in a 
(uniformly convergent) series of the functions s” [1 + h^{z)] in any circle 


g Si < min \sf sup + 1) 

i 0 < p < ro 


- 1/2 


With — 2, and gf^(z) ~ 1 + (4) becomes 

^ T' 1 £ \W g X* L 1 a. lV*«, 

^0 ft = 0 n "• 0 


n - 0 


where .yj < r < fo* 


Z hniz” Z = v’Cz). a» = 0(n > N); 


0 


» “ 0 


Kiz) = E 7 /"V. = Z 7 * 2 *. 

^ 1 k "• I 

where j 7 *^”^ | ^ 7 ^^ for A = 1 , 2 ,...; n ~ 0 , 1 , 2 , .... 

The left side of (7) is easily reduced to the form 

w m — 1 2 

Z Z «',7«-„'-> . (8) 

m * 1 » *< 0 

The expression inside the absolute value signs does not exceed in absolute 
value the coefficient of s” in the power series of tp(z)h(z), and consequently 
does not exceed 


-f 

2iri J\z\ - 


h{z)<p{z) t 

+-r >r <p < ro; 


and the square of its absolute value does not exceed 


2irp’* 


/ 2 ir 

t<p(re": 


) M 


IT 2 m -^1 ^ 

2m 2-f n \ P • 
P If - 0 


Substitution in ( 8 ), followed by some algebraic reductions, yields 


if V* ^ . 

^pJL^ ^ f, 

i o*' I 

'p* — r* II - 0 


2|**« 
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as an upper bound for (8), and thus (7) is true with X < 1 if p is chosen 
so that 

r < p{K,^ + 

A particular set of functions coming under the hypotheses of Theorem 3 
is the set , where the are complex numbers such that |a*| S f * 

These functions are of interest because, if every function analytic in the 
circle |s| < R can be expanded in a series of them, the following theorem 
can be deduced. 

Theorem 4. If F(z) is an entire function such that* 


lim sup i log jif < R 


and F{z) and each of its derivatives have a zero inside or on the unit circle, then 
F{z) ^ 0. 

Theorem 4 has been established by Takenaka* with i? = log 2 = 0.693+. 
It has been conjectured* that it is true with R «= ir/4 = 0.785+ [which 
would be '*best possible;” example, F(z) = sin (irz/A) ^ cos(irs/4)); the 
conjecture has been verified by I. J. Schoenberg^® when all the zeros are 
required to lie on the real axis. 

For the functions »» — 1), (8) does not exceed 


z 

FM M 1 


/ m — 1 

r*" { £ 

I « - 0 


a^ 


(m — n) 




by retracing the steps which led to (8), one sees that the left side of (7) 
does not exceed 


This yields at once the expansion theorem with J? = log 2 (it was known 
previously, I believe, only for R » 1/e), and so establishes Takenaka's 
result for Theorem 4.^^ It seems likely that still more careful estimates 
will yield the value R ** t/4. 

Detailed proofs, with extensions of the special theorems and other appli¬ 
cations of Theorem 1, will be published elsewhere. 

^ The terminology is that of S. Banach’s book, Thiorie des operations UnSadres, 1982, 
except that Banach’s real linear spaces are replaced by complex linear spaces. 

’ These Procksdinos, 3, 656-659 (1917). 

» C. Je. Acad. Set. Paris, 163, 942-946 (1917). 

* Frans. Amer. Math. Soc., 31, 63-57 (1929). Other references will be found in this 
paper. 

* Fourier Transforms in the Complex Domain, ICM) (1934). 
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• Proc. Phys,-Math. Soc, Japan (3), 13» 111-182 (1931), 

^ See G. S, Kctchtini, Imrans. Amer, Math. Soc., 40 , 208-224 (1936), where further 
references are given. 

• Af(r) denotes the maximum of j F{z) j for 1*1 >• r. 

• See J. M, Whittaker, Interpolatoty Function Theory^ 44-45 (1935). 

« Trans. Amer. Math. Soc., 40 , 12-23 (1936). 

” The method indicated here can be developed further: if (6) of Theorem 3 is re¬ 
placed by |A(r*^)| £ the expansion can be shown to be possible in any subcircle of 
Ul < ^ in which /C,. < 1; Takenaka^s theorem can easily be deduced from this result. 


SOME COMBINATORIAL PROPERTIES OF COMPLEXES 

By Hasslbr Whitney 


Department op Mathematics, Harvard University 


Communicated January 13,1940 


1. IntroducUon ,—The purpose of this note is twofold. First, we give a 
definition of the **dual’* of a cell in a larger cell, and use this to define prod¬ 
ucts in a complex.* Second, we discuss ‘‘locally isomorphic'' complexes, 
afid products in such complexes. The results are needed in the following 
note. 

2. Dual Systems in a Complex .—For each pair of oriented cells lr^ <r'' ^ ^ 
in a geometric complex K, let 

D{a\ ^ « dual of in ^ ^ 


be a singular r-chain whose cells are in \ and each cell of the closure of 

which IS in either <r*' ' or Let it be 0 if and <r'' ' are not incident. Set 


If these satisfy the two conditions 

D{Xit Xi) aa Xi (for cach vertex jr<), 

/ ^ *) * i-iy ^ d<r^ ^ *)]» 

we say these form a system dual to K, 

3. Intersections in a CeU .—^Let B'* be an oriented half-plane bounded by 

Ut 


. .Xx^, o’ m x^.. .x^^, (f + i » «), 

be simplexes in E** + ~ ^ With a simple definition of general position 

rdative to ET" ^,vfe may define their Kronedcer index { o', o*, £'”) as usual; 
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we omit anything in E” ^ (The cells may be singular, if any one is wholly 
in or " \) Let their index in any JS* be 0 if they are not both in 
Then 

Applying the same theory to a cell and its faces gives the same formula with 
replaced by a cell or chain C”. 

4 . Products in Terms of Intersections .—Say two systems D, D' dual to K 
are in general position if their sets of singular cells are in general position in 
each 0 -'' relative to 

If this holds, and we set 




r + 5 
(T 


[D{o\ a' ^ •'). D'{c\ 


0. " * 


1 , 


then the ^ and corresponding ^ products satisfy the conditions in PC. 

5 . Special Products .—The products of PC, § 6 , may be obtained as 
follows: Let K be simplicial, with ordered vertices. Take 0 < a < 1, and 
set 


yu “ ” (1 (^0 < ... < Xr)* 

yu,, .X, is interior to Let 

[Xo ... X^] « +1 or -1 

according as (Xq, ... is an even or odd permutation of the natural order 
of these numbers. If (X^,... ,Xr) is a permutation of the natural order 
Xo < ... < X^, we use 

iVXq * . * [Xq ■ • 'X).]3£:x'0 . . yX'o • • 'XV ~ yXo* * *Xr* 


Now take any cells 


cr — jCxo ■ ’ .^x^* ^ 


[Xq. . .X,.. . .X,r ^ f]^Xo* • •^\y’ • ’^X,, ^ Xo ^ ... ^ Xf, 

Xf + 1 ^ ^ X|. 4 . j, 


and set 


0-' *) = s[Xo. . .\ni- ■ ■ •XrMI * • '3^Xo. . . X|,Mt. ■ .|45> 


summed over all permutations {uu . • • »Mj) of (X^ 4 . 1 ,... ,Xr + $)• Then this is a 
system dual to K. If 0 < < a < 1 , then the systems a,re in general 

position, and the definition in §4 gives the products of PC, § 6 . (This is easy 
to verify for r ^ ;S 2.) If we replace a' by 0 and a by 1, We find interest¬ 
ing combinatorial formulas. 
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6. A Nrw Particular ^ Product.-^Wntmg “ 2<3txj..,x^JCxo. . 

etc,, then ^ ^ may be defined as follows, for various r and s: 

C\ = “ dxa,. .x^ZrXo» ^X*...Xr “ <^Xe...X,, + , “ 

' ' ^ + i(^»X^ + J...X^ , "" ^XoX,, 1- -V + $)• 

This product is used in the following note, §6. 

7. Locally Isomorphic Complexes. --L^t isT be an abstract complex. In 

place of {Kl) of PC, we assume; (a) Each is incident with exactly two 
vertices; ^ b. (b) Each d(r*'(r>l) is combinatorially connected 

(through paths with non-zero incidence numbers), (c) 0- and 1-cycles mod 2 
in any closed cell ^ bound in if the 0-cycles have an even number of 
vertices. Two complexes jS", are locally isomorphic if there is a (1-1) 
correspondence 4> between their non-oriented cells which preserves inci¬ 
dences, and such that for each <r, a and are isomorphic complexes. 
Examples: 

K: b{ab) == 6 — a, d(ac) = c — a, b{bc) = c — b, 

K': b'lab) ^ b — a, d'(ac) = c — a, d'(Jc) = — c —* 

If <r bcy then reorienting c to c' in K' gives b'(bc') — d(&c). K' has 1- 
dimensional torsion. 

Note that chains mod 2 may be transferred to locally isomorphic com¬ 
plexes at will. , 

A unit 0-chain / is a sum 2 (**=:*£:,•) of all oriented vertices. Let 02 be the 
integer a mod 2; let ^4 12 =» (A )2 be the chain A reduced mod 2. 

For any L W ^ (s®/)# exists and is a cocycle; its cohomology class W 
is independent of the 7 chosen. If K and are locally isomorphic, then 
they are isomorphic if and only if W — W'.' 

K is normal if W =® 0,® Arg? geon:]^ip;:;a>tnplex is normal. Given any 
normal K and any 1-cocycle mod 2 there is a locally equivalent 
K'mihW^^X. 

8. Particular Orientations in Simplidal Complexes. —Set 

p(0s) «* 1, p(l2) * “1» «* Sp(a<)(r^ 

■ * 

Let a^i denote oriented cells in either of the looally isomorphic complexes K, 
K'., K being normal; the incidence numbei^ may diff^ in sign. Define 
new. incidences in iST' as follows. If (f, 9 ' * have the same first vertex, let 

[ff’’Iff' ['r'tff' *]. If their first vertices Xf, % are different, set 

•' [ff'iff' + V ” p(»''•(*(*i))k’':®^'* ‘J• 

The K' thus constructed is isomorphic with the givot one. (The cells may 
be reoriented.) Thus, in the example, we may use W* ** (6c),, p{W' • be) «« 
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p(l*) “ — 1, and [c:bc] ' * — [c. bc] => — 1. Wemay also write, with the 
product of PC, |6, 

[/.'ff' * '] - ^ W * * *J. 

9. Products in General Complexes. —^The theory in PC holds only in 
normal complexes. It may be extended as follows. Let K', K", K'” be 
locally isomorphic complexes, with 

W' + W" + W'" * 0. 

Then we may define products of the form 

X> Y" = Z'", X" ^ A”' = B', 
as follows. Orient the vertices etc., so that if /' =■ Sxl, etc., then 

Let K be the corresponding normal complex, in which ^ o is defined. Take 
any face tri of any <r»; choose a vertex x in <ri. Let 4»^ etc., be isomorphisms 
of into etc., such that <I>'(jc) x\ etc. Then set 

.rl' ^ ai" - 4.'[(0")" ‘(<^1') -0 (♦"0" 

If is simplicial, with ordered vertices, we may use, if Xo < ... <\p < 

• •. ^ 'f 

• '^Xp + j) • '^X^ + 4^ ** (*X.*X^) 1 (*X«• • • 

The products are unique just as in PC. 

10. Subdivisions; CAotn-Afop/wnfs.—Any complex Jf', in which each a 
has the homolog[y groups of a closed simplex, is locally isomorphic with a 
similar normal complex K; the latter has a "regular” subdivision, with 
geometric meaning. The theory of chain-mappinp* carries over to the 
present case. Products are preserved under subdivision and chain-map¬ 
pings. If K'l is the "regular” subdivision of K', then W' Sd*W\. 

11. Coboundary Operators. —Set (>)(0i) *• 0, w(li) — 1 (we could use 

-HI). Set » Zu(ai)o^ (of » Or or It). Then far any p-Ir 

cocycle X, J StaX is a (p -H l)-/«-coc}rcle whose cohomology class dq)ends 
only on that of X. The dual operation j dax4 is well known. 

If K' and K" are locally isomorphic, and we let e^ denote cells in either, 
theni(j”ri' — j'ri') is defined for all chains il'in JST'; as a drain in it", if 
S'A' «. 0, it is a coc 3 rde whose dass depends only on that d Ai If t'A' ^ 
0, we may write it as i S''u(A 1 1 ), 
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Corresponding to the pair K't K” is a characteristic 2-/o-cocycle in the 
corresponding complex 

X'" » (/' - ^x'i). 

If S3'' are 0-sphere-bundles with these as classes, then their product has 
the 2-class (see the following note). Similarly, to K\ K*\ if'" corre¬ 
sponds 1etc. 

12. Relation to Products, —Using if', if", if'" again, and Q>A^A\iA 
has integer coefficients, set 

y" = wA" wa>y". 

This has topological significance if each chain either is integral or equals 
W* or IT". To show this, we use, if is a p-face of ox ^ *, and xa,xi 

are their first vertices, 

- «'V,)-<r, = o[W'\xtXt)]wW\x^). 


We find 



w w W” » liS'''uW" - 6"aW") = the X'" above. 

13. On Non-Ofieniable Manifolds ,^—Let if be a subdivision of the non- 
orientable manifold M, For each oriented <r, let t be an orientation of the 
part of M about <r; set 

«r' * (<r, €) « (-<r, -e), -<r' » ( —(t, e) « (a, —«), « 

[oiiot] or—[criiffa] 

according as the orientations €i and es agree or disagree. The new complex 
if' is locally isomorphic with if; its class has the property that any l-circuit 
>4‘ in if preserves orientation if and only if A^*W' *= 0*. The Poincar^ 
duality theorem (compare PC, §18) says: 

*EciK) - " ■ *BP{K% *Kc(K') « • ■ ^(K). 

Note that in if', the sum of the n-cells forms a cycle with integral coef¬ 
ficients. 

^ We recall the notations d for boundary, i for coboundary; integers mod m, io *■ 

integers. An r-/^-chain is an r-chain with coefficients in /^. The reference PC will 
mean Whitney, "On Products in a Complex," Ann, Math,, 39, 397-432 (1938). We 
note some corrections to this paper: In footnote 9, 3-sphere should read 3«complex. 
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In Theorem'12» we mean the (uniquely deterinihed) products bf 11 (ajr In place of the 
following paragraphs, read: As knowing all pf •«*’ for all f uniquely..^Ipt'^rinines and 

the correct satisfies (11.8), we have found the correct (Note: Theorem 11 is 
not used.) The end of the first paragraph in 12 ahould read: Find over 

then over Rx, {p ^ 2), then for all p, by (5.12); then find ^ over /o, by Theorem 12. 
(We must know (11.15).) In Theorem 13, (a), add; « 0 if 0(r**) is acyclic. Rela¬ 
tion (14.9) follows directly from (14.4). After (25.7), add; 'P *= P 
* Augmentable in Tucker, Ann. Math., 34, 191-243 (1933). 

® vSee Tucker, these Prockrdings, 25, 371-374 (July, 1939). The theory was devel¬ 
oped independently by S. Lefschetz and myself. 

^ This case of the theory is due to de Rhatn; see Comm. Math. Helv., 4, 151-157 (1933) 


ON THE THEORY OF SFHERE-RUNDLES 

By Hassler Whitney 

Department ok Mathematics, Harvard Universitv 
Communicated January 13, 1940 

1. Introduction. - -We give here a brief sketch of some new results in the 
theory of sphere-bundles;^ in particular, further properties of the charac¬ 
teristic classes, a duality theorem, theorems on tangent and normal bundles 
to a manifold, and some examples. The results will be published later in 
book form. 

2. Fibre-Bundles. —Let 5o be a space, and G, a group of homeomorphisms 

of 5o into itself. Then over any space K, the base space^ with neighbor¬ 
hoods Ui, we may define fibre-bundle ©(IT) as follows. For p t Uu let 
iiip) be a homeomorphism of 5o into a set of points S{p)* Let S{p)-S{q) * 
Q\i p ^ q. Let %(K) be the space of all points on all Sip), the total space 
(gefaserte Raum). Let g) be the image of q in So under For 

ptUi-Uj, set iijip, 2) = $ r \pf (jiP. g)) ; assume t G for each p, and 
that it varies continuously with p. Then a topology is easily defined in 0. 
The part 0(G,) of © over is a product U^X So. 

If So is a set of M points, and G is the group of permutations, we obtain the 
covering spaces of K with m sheets. If So is a subgroup of a continuous 
group Rot and G — So, then the left (or right) cosets of So ioim a space it’ 
(factor group if So is normal); the total space is i?o. If 5o » 50* is a v- 
sphere, and G «= G*' \ the orthogonal group, we have o, sphere-bundle. If 

5o is a vector space, and G, the affine or orthogonal group, an equivalent 
theoiy is obtained. 

3. Particular Coordinate Systems, —We use this section in the proof of 
the duality theorem. Let it be a complex with ordered vertices. We may 
use J,, defined over closed cells <r. (See TP.) We may choose them so 

if (T and tr' have the same first vertex. Let be a small closed 
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region in ^ surrounding all <r'), o-' of any dimension (see I, § 2 ); 

set ^ = if — Then if is the r-dimensional part of if, and .... 
4-1 are the unit points of 5o^ 




iP^Q^ 


t = I, 


k). 


Note that - i{p, ei) (p e any cr'' \ i = 1 , ,:y — r + 2 ) defines 

orthogonal projections of ir ” ^ into ©. 

4. Characteristic Classes—Choose ..., ^ 4,2 as above over TT “ 

then for each ^ studying these on gives which is an integer 

mod 2 if r ™ 1 or r g uis even, and an integer otherwise. is a cocycle 
whose class W is an invariaht of SB; the characterize ® if i' ^ 1 or dim 
(/iT) g 3 (see TP). We may use a general type of subdivision of the poly¬ 
hedron K in defining the W. 

If 5) is not orientable (TP, §4), and K' is obtained from K by replacing 
[h": y by when and + j give opposite orientations to 

the S(p) (p 6 cr'') (see TP, p. 793, footnote), then K' is locally isomorphic 
with Kj and We call the compkx associated with 8 * The 

characterivStic classes are taken in K^ \ the theorems above hold still. 

If / maps K\ into Xa, and is defined, then a bundle ®j(^i) is 

fined (TP, § 8 ), and W/ = (C *= dual of/). 

Up ^2, dim(K) = 4, and W' - 0, = 0 , then an invariant character¬ 

izing S3 is obtained as follows. A triple <t> ~ (</>!, 02 , 08) of orthogonal pro¬ 
jections of into ©(JfiT*) exists. Let ^(/>) (p € K^) map So into S{p) so that 
^{Pf «i) — ei{i 1,2,3). For each <r^, set 


%>(P) = C‘~ \P)^(P) {P < d(r«). 


This maps d<r* into the orthogonal group G*; as G* is homeomorphic with 
projective 3 -space P*, this defines an integer Z>^ er*, the degree of ^,, 4 - 
is a cocycle. If we identify two cocycles if they are cohomologous, or 
differ by a cocycle of the form ^ X^ {X^ a 1 -cocycle), 

the class determined is the invariant. 

The classes ^ are determined from the others as follows (see I, §11): 

+ ' (if S 2 f). 

5. On Mappings into O' \—In the theorem just stated, and in the 
duality theorem, we need the following (and other more complicated) 
theorems, (a) Let/map a" into G' ^ so that if 0(/>) « /(/>,^i), then fp{p) « 
ei in dcr"; let 0 be of degree a. Let ^ map a* into with the degree /8, 
and let ^{p) « ei{p e bo""). Then e(p) « f(p, 0(/>)) is of degree a + 

(b) Take/ as before; then <t>'(P) ^ ^(pp ei) (the point of 5o mapped into ei 
by fip)) is of degree — a. (Use (a).) (c) Let / map a*' into & “*■ S let 0 
map into SJ" " ^ with the degree a, and suppose f(p, <h(p)) ^ ei (p e 
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da"). Then i/(p) = f(p, e" maps da*' into the 5/ " ‘ orthogonal to ei 
with a degree ^ a (mod 2). 

6. The Duality Theorem .—Given bundles and 35*"(iC), there is a 

uniquely determined bundle 358*'(if)» their product (v = X + m 4* 1; see TP, 
p. 796): thus if A/” C il/", the tangent times the normal bundle gives the 
part of the tangent bundle of over Af The formula for the character¬ 
istic classes of 35/ is 

^ Wi* w W**' “ *, reducing mod 2 if necessary. 

% 

(See §4 and I, §12; we use = sum of vertices.) The proof is very 
difficult if r ^ 4. We use the special {j., of §3 in 35i, and in 35», with a 
replaced by a' < a, so the Pj and P% will be in “general position** (see I, §5). 
The projections into @8(ir “ *) are defined successively over 0/, Qi\ — 
For each a", they are now deformed in da" into a simpler position, except in 
each A* = ^ “ ^*a" “ ^ ((y'' “ ^ face of a" opposite first vertex of a"). 

The terms shown come from the A\ two coming from A^~^. The results of 
§5 and the products of I, §6, are needed. 

Remark. We do not know whether or not the individual terms W/ w 
W/ ”* ’ have topologicial significance. 

Reducing everything mod 2, write, for any 35, the formal power series 

W = S WH\ W « 1/W « S W¥; 

i i 

then 

« /|*, W W* » W® + W* -- 

etc. The duality theorem gives then, as ** W/Wy, etc., 

“ E w* - W/ " \ W' » E Wt' ^ Ww' “etc. (mod 2). 

7. Tangent Bundies. —Let /C be a simplicial subdivision of the manifold 

M’*, with ordered vertices. Each p in IT may be written uniquely as p >= 
E if Define 

*'*(#>) “ E • • • nx*(f>)(*x* - *x* _ ,) (* « 1, 2, ...). 

These are continuous in K, and the first r are independent except in X' ~ ' 
(any r). If iC* is the usual complex dual to K, these may be used to define 
a cocycle in K*. Its dual is a characteristic xyde C” "' in K', the com¬ 
plex associated with 8 (which was studied in I, §13). Note that 
■: ^duC” ~ The value of C‘-v‘ (s ■»« n — r, v* ■» *x, • • • *x,) ** M fol- 
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lows. Let Ki be the subcomplex of the closed star of containing all 
vertices Xi with 


X, > i > X, _ 1 or X, _ j > i > X, ^ j or_ 


(This includes all vertices below Xo if s is even.) Then C**cr* » 1 — xC-STi) 
(x “ Euler-Poincar^ characteristic), or this mod 2. 

From this we prove : If K is the first derived of a simplicial subdivision 
of M, then is the sum of all 5-simplexes of K (properly oriented if integer 
coefficients are used).* 

In the proofs of the following theorems, we study the classes over sub¬ 
manifolds of the given manifold, and use the duality theorem and results 
from §8. For AT” C let mean the part of W/(Ar*) in Af”. 

If a closed can be imbedded in (with or without singularities), then 


0 






Hence ” 0 always. This gives, if (Jf)* ^ X ^ X, etc., 
closed Af*: W*|* « (W^*; closed Af*: (W*)* *= 0; 
closed Af^: + (W*)* + W* -- (W)* + (W»)^ - 0; etc. 


In any Af*, for any 1-Ij-cocycle XS X^ X^ ^ WK In any M*, 

W* = ^ hence (Stiefel) for orientable M* (closed or not), the 

tangent bundle is simple. In any orientable Af*, W* = 0. (The proof 
uses facts from §10.) For any 2-l8-cocycle X* in any Af^, X^ ^ X^ ^ X^ 
For any orientable Af^ in an orientable Wt^ * 

8. Normal Bundles ,—For any Afin any Af”, ~ ^ is the intersection 

of Af^ with itself in Af", which is a cohomology class of the complex associ¬ 
ated with the normal bundle; if A/”* is closed and Af" « JS", then ~ |j = 
0, and if also AT** is orientable, then = 0. Compare PC, §20, and 

TP, p. 795. 

If ilf”* is mapped regularly into Af”, but with singularities, we may de¬ 
form slightly into Af'*”, and consider the intersections of the o* with a 
neighborhood of a' in Af; then W* ^ is the local intersection thus defined. 
For a closed orientable AT" C £**, the intersection vanishes, so that the distant 
intersection equals the local. This holds mod 2 in the non-orientable case. 
If n » 2m, and the singularities are isolated points, the distant intersection 
is of course 0 (mod 2); if m is odd, it vanishes, because | « — | 

<r]. 

Take an orientable AT" C £"* Then the nonnal bundle is simple if m « 
1 or 2, or n m + 1 or m + 2, or m « 3 and Af is closed, or Jlf is a cell. 
This holds if AP is merely mapped regularly, provided that if « « m + 2, 
then m is odd, and we omit m « 2 if Af is closed. 

9. Examples .—Consider a cylinder, the product 2^ = P X T* of a 
segmeift and a disc. Let P* be one end, let be a segment crossing P*, 
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let be a rectangle cutting through T* and ending on and let Si^ be the 
center of ending at ^o» the center of S 2 I rather, let these be the sets after 
the identifications below. (1) Join the ends of T*, and shrink 57'® to a 
point; this forms Mi^ — 5^ X with a simple tangent bundle. (2) Join 
the ends, and identify opposite points of 5P; then characteristic cycles are 
(mod 2) C® = “ iV; /. W® 4 = 0. (3) Join the ends, reflecting one so 

that P® is joined to itself with orientation reversed, and shrink dP to a 
point. We obtain Ma®, with W® — 0. (4) Join the ends as in (3), and 

identify opposite points of 57 ®, forming M 4 *. Now P® is a projective plane, 
and is a Klein bottle. Intersections are (mod 2) 

- 0 , '-6V + 5,>; 

~ 0 , {<2*, 5,*} {G», 5,‘} -^ 0 ; 

characteristic classes are 

a (P® + Q% O ~ 

Define with Ci® -- P®, Ci^ ^ 0, and «j®(M 4 »), with C 2 ® -- Q\ 

Cs^ 0; let the total spaces be il/j*. We may pretend is in either 
(because — 0). Then 

Cy^ - mm. Cy^ ^ ^{Sy^). Cy^ ^ ®(^o) I A Cj® ~ 0; 

- @(P®), C2® ©( 5 *^), C3I ~ ®(po): A a' ©(/>o); 

hence in W® ^ 0, W® 9 ^ 0. Hence (see §7) Ma^ cannot be imbedded in 

hJ. 

Define Jt 8 ®(Af 8 ®), with C® P®, and ~ 5i*. Then we may consider 
ilfa* C — ©(Jl/a®), and prove (a) M® is closed and orientable, {b) C®(il/*) 
^ ©(/>); hence W® = W® 7 ^ 0, and cannot be imbedded in JE®. 

We may define = ©(5o®), with W® “ W® 5 ^ 0; hence M* cannot be 
imbedded in £^®. 

The complex projective plane P*® cannot be imbedded in P®, as W* 9 ^ 0 . 
(W® w w® « W^la; • P^* - x(P**) « 30 But it can be in 

For any closed orientable Af®, and any cocycles AT®, AT® (mod 2) in Af®, 
we may imbed Af® in an so that the part over Af ® of the character¬ 

istic classes of the normal bimdle of Af*cP‘’' are J?® and X\ Hence we may 
make 9 ^ 0 and 9 ^ 0 also. 

If we put a Klein bottle Q® in P®, then the distant and local intersections 
are equal (mod 2 ); these are W^r^ = Wr^I Cy® = a closed curve in 0 ®, 
Hence the distant intersection, as a cycle, is a certain curve in Q®, as is clear 
in the usual immersion of in P®. For P® in P®, we get the "projective 
line" similarly, 

A direct study ^ows: If Af® C P^ is closed (with or without singu¬ 
larities), and C® is the fundamental cycle of the associated complex (integer 
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coefficients), then • C* — 2 [x{M^) + 2^] for some k; any k may be ob¬ 
tained. Hence if x 0 (mod 2), then a field of normal vectors never 
exists. Also one imbedding cannot be deformed into another with a 
different m * C\ 

10. Homology Groups of Total Spaces, Etc .—Let K be connected. 
Given 39 (^T), the homology groups satisfy IT (@) HT (iiT), r < v. kS{p) ^ 0 
if and only if for some * W* '*' * = (We may use kx^k mod X, 

and ^Ix ) For 39 oriented, a (i/ -f l)-I^-cycle i4 in isT is the projection 
of such a cycle in @ if and only if A * ^ = Ox. Now H*'(©) may be de¬ 

scribed in terms of W" ^ ' and properties of kS(p). If /x is the smallest in¬ 
teger such that txS{p) ^ 0, then H*'(@) « 0 if and only if for each 

X and each {v + l)-lx-cycle A • W ‘ 0 mod (X, /u)* A mapping/of a 

complex K' of dimension ^ + 1 into K is the projection of a mapping into 

© if and only if /'W' ^ = 0. 

^ We refer the reader to papers in these Proceedings, 21, 464-468 (1935), and in 
Bull, Am. Math. Soc., 43, 785- 805. We denote the latter by TP, and the preceding 
note, by I. Sphere-bundles were formerly called “sphere-spaces.” 

* This was a conjecture of Stiefel, Comm. Math. Helv., 8, 40 (1936). 
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THE EXPERIMENTAL PRODUCTION OF MELANIN PIGMENT 
ON THE L0WE:R SURFACE OF SUMMER FLOUNDERS 

{PARALICIITIIYS DENTATUSy^ - 

By Clinton M. Osborn 
Department of Anatomy, Ohio State rNivERsiTv 
Communicated January 25, 3 940 

Differences in the degree of pigmentation on the upper and lower surfaces 
of animals have for centuries attracted man’s interest. Such differential 
pigmentation, although perhaps most markedly exemplified in the lower 
vertebrates (lishcvS and amphibians), is seen also to a lesser extent in all the 
(Hher vertebrate classes and even in many invertebrates. 

Flounders provide an excellent example of differential pigmentation as 
they have entirely unpigmented lower sides but densely pigmented upper 
surfaces. They are doubly interesting because as larvae they display bi¬ 
lateral pigmentation which disappears on one side coincident with the 
migration of one eye and the secondary or adult orientation of the fish in a 
plane at right angles to the original (Agassiz, 1878). Naturally enough, 
Cunningham (1891, 1893, 1895) associated light with the presence of pig¬ 
mentation and, on this basis, illuminated larval flatfishes ventrally to see if 
the bilaterally pigmented pattern would be retained even after the meta¬ 
morphosis of the fish and the secondary orientation of the body with one 
flat surface against the substrate. Although he failed to retain the original 
bilateral pattern, it was found in a fair percentage of cases that after 
several months of ventral illumination some pigment did develop on the 
normally unpigmented lower side. However, Agassiz (1878) reported no 
development of ventral'* pigment in flounder larvae which were exposed to 
light ventrally for the express purpose of arresting the migration of the 
eye in metamorphosis. 

* This work was aided in part by a Bache Fund grant administered by Professor G. H, 
Parker. 

* Contribution No. 247 of the Woods Hole Oceanographic Institution whose research 
facilities were generously provided for this investigation. 

* The term '’ventral" will be used in this paper to indicate the lower surface of a 
naturally oriented fish. 
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This paper presents descriptive data on preliminary experiments de¬ 
signed to show the relationship between directed continuous illumination, 
vision and the production of melanin pigment. 

Materials and Methods.—The experimental flatfishes, summer flounders 
(Paralichthys dentatus) 11 to 17 inches long, were taken by otter trawl from 
Woods Hole waters. Live cars of neutral shade were anchored in the har¬ 
bor for storing stock animals but most of the fishes used were freshly 

FI6.A, EXPERIMENTAL SETUP 

PROVIDING VENTRAL ILLUMINATION 


cur ratit t» four 




proof 


w«ttr 




netted. Ventral illumination was provided by an apparatus similar to 
that shown in Fig. A . The temperature of the running sea water averaged 
19®C. throughout these experiments. Some of the fishes were blinded by 
complete optic enucleation and in others both optic nerves were cut. 
Large experimental tanks painted black or white inside and illuminated 
continuously from above were used for extreme (black or white) back* 
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ground adaptation. Numerous controls were kept for each experimental 
situation. 

Experiments and Observations: 

1. Unoperated Floutiders with Lower Surface Illuminated. —Eight 
freshly caught summer flounders were, on different occasions, placed in the 
apparatus providing a diffuse direct illumination of the lower side for 
periods ranging from seven to 51 days. Pigment developed to some extent 
on the normally pale surface (Fig. i) of all of these tlshes. In one flounder 
the first pigment was apparent after seven days but only after 15 to 25 
days of ventral illumination was a melanin development obvious in most of 
the animals. After these initial stages the macroscopic increase in melamn 
was more rapid, A growth comparable to that in figures 2 and 3 was at¬ 
tained in about seven weeks. The general body .shade (upper surface) of 
animals kept in the apparatus (black side walls and ceiling) was definitely 
darker than intermediate but yet not fully black adapted. They were 
more nearly dark brown than black. Paler contrasty spots were fre¬ 
quently observed. 

2. Blinded Black Flounders Illuminated on Lower Surface.- Five, black- 
adapted flounders were blindtd and placed in the apparatus providing 
ventral illumination, All of these fishes developed ventral pigment which 
first became apparent in 12 to 14 days and became pronounced in 45 days. 

3. Unoperaled Flouiulers on Black Background Illuminated from Above. . 

Another set of 12 uuoperated fishes was placed in an experimental tank 
illuminated from above. The floor and side walls were flat black and the 
light source was of the same intensity as in the previous experiments. The 
animals became black-adapted in a few hours (Osborn '39a), finally 
reaching a fully black shade which persisted tliroiighout the experiment. 
Typi^^'S^l white excitement spots could be elicited at any time upon applica’^ 
tiou of the appropriate stimulus (Osborn ’39a). The fishCvS remained in 
this situation for periods ranging from 15 to 70 days but none developed 
ventral pigment. 

4. Blinded Black Flounders an Bkick Backgromvd Jllumimted Jrom 
Above. —Experiment 3 was repeated with ten flounders but this time the 
animals were totally blinded as soon as they were fully black-adapted. 
Such fishes were maintained under these conditions as long as 56 days but 
ventral pigment did not develop. 

5. Blinded Bkick Flounders on White Background Illuminated from 
Above. —Summer flounders, 14 in all, were totally blinded following black- 
adaptation and were then transferred to white experimental tanks con¬ 
tinuously illuminated from above. F'lounders thus prepared remain 
maximally dark even on the white background (Osborn ’39a). The light 
source was of the same intensity a>s employed above but the resulting 
illumination much brighter due to the high incidence of reflection from the 
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white floor and walls of the tank. Under these conditions, some evidence of 
developing ventral pigment appeared as soon as 15 days but the process 
was very slow and only a small amount developed in 60 to 70 days. Longer 
periods of treatment would undoubtedly result in increased pigmentation. 
However, the unmistakable amounts of ventral pigment developing in every 
fxsh suggest that vision is not essential to this process. On the contrary, 
normal unoperated control fishes placed under similar conditions at the 
same time foiled to develop any ventral pigment and, of course, became 
typically white-adapted on the upper surface (Osborn '39a). Further¬ 
more, it has been shown in fundulus and catfish that prolonged white- 
adaptation actually results in melanophore degeneration and an absolute 
decrease in the melanin of the skin (Odiorne '37). 

6. Blifided' White Flounders on White Background Illuminated from 
Above ,—Nine fishes were completely white-adapted (seven days) and then 
totally blinded and replaced in illuminated white tanks under conditions 
identical with tliose of experiment No. 5. Summer flounders so prepared 
do not darken quickly and maximally as do many fishes but rather darken 
vety slowly to an intermediate shade (Osborn '39a and b). Of nine such 
animals, six failed to develop appreciable amounts of ventral pigment in 40 

PLATK i 

Explanation op Kicukim 

Figure 1. Lower unpignienled surface of a normal summer flounder which was re¬ 
moved from nature and photographed imuiediately. The upper surface was in the 
dark phase. Vs natural size. 

Figure 2. Lower surface of a summer flounder which had been illuminated ventrally 
for seven weeks in the apparatus in figure A. Note that considerable pigment has 
developed. natural size. 

Figure 3. Same as figure 2 but on white background to show the developed pigment 
in better contrast. 

Figure 4. Photomicrograph of the exposed smface of a tjrpical scale plucked from 
the lower surface of a normal tmtreated fish. Note that no trace of pigmentation is 
apparent. X 25. 

Figur’e 5. Scale plucked from upper normally pigmented surface of a summer 
flounder. The scale surface is quite fully covered by mclanophorcs. X 25. 

Figure 6. Portion of the pectoral fin taken from the pigmented side of a control fish. 
It is highly pigmented. X 25. 

Figure 7. Portion of the pectoral fin removed from the lower normally unpigmented 
surface of a fish which received ventral illuniination for 6 weeks. This treatment ha.s 
produced marked pigmentation. X 25. 

Figure 8. A scale plucked from the tower surface of a fish illuminated ventrally 7 
weeks. Note that it is pigmented as fully as is the dorsal scale in figure 5. X 25. 

Figure 9. A scale from the lower surface of a fish illuminated ventrally for 3 weeks. 
Macroscopicalty only initial traces of pigmentation could be detected. Note that the 
melanophores are sparsely distributed. X 26. 

Figure 10 An area of the scale in figure 9 showing the details of the newly developed 
meianophores. X 140. 
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to 50 days. The other three fishes exhibited early stages of melanophore 
development on a few scales. This experiment must be repeated on more 
animals and be allowed to run three or four months. 

7. Blinded Flounders on IlluminatH Backgrounds ,—Seven summer 
flounders were totally blinded as soon as they were taken from nature. 
They were an intermediate greenish brown at the time. After blindings 
they darkened slightly to a very homogeneous deep chocolate-brown and 
were placed in an illuminated white experimental tank as in the previous 
experiments. These fishes developed appreciable ventral pigment in 38 
days and definitely more in 50 to f>0 days. Two other fishes received simi¬ 
lar treatment in all details but were placed in an illuminated black experi¬ 
mental tank. Pigment did not develop on the lower surface of either of 
these fishes in 52 days. 

Discussion ,—Perhaps Agassiz failed to get pigmentation because his 
light source (daylight) was not directed onto the lower surface of the fishes. 
They were simply placed in glass-bottomed dishes near the window. Since 
daylight varies in intensity with time of day and the weather, it would 
necessarily take two or three times as long for positive results as would 
continuous artificial illumination of constant high intensity. Agassiz, 
who was primarily interested in the migration of the eye in metamorphosivS, 
probably did not continue his experiments long enough to grow pigment. 

Cunningham designed his experiments for pigment studies, continued 
them for periods of from several months to over a year and reflected day¬ 
light by mirrors directly onto the lower surfaces of his fishes. 

The confirmatory results presented here were obtained in relatively 
shorter periods probably because the light was of higher intensity and 
directed continuously onto the animals. These flounders were also larger 
and older than those used by previous investigators. 

The artificially produced pigment is melanin in melanophores (Figs. 7, 8, 
9 and 10) which appear to be normal morphologically and physiologically. 
When ventral scales bearing these melanophores are placed in adrenalin a 
typical concentration of the pigment granules occurs. Furthermore, 
when the scale is plucked and the nervous connections severed, the melanc»- 
phores typically exhibit maximal expansion. 

The source of these new melanophores is an unsettled question. Two 
possibilities are indicated: either they differentiate from some other cell 
already at the site or they migrate in from other areas. In the latter case 
they might migrate as typical melanophores or as cells capable of becoming 
melanophores. Experiments designed to provide more information on 
these points are now in progress. Thus far, no evidence for the migration 
of melanophores to the unpigmented area has been obtained. Cunning¬ 
ham, failing to find evidence to the contrary, believed that the pigment 
ceils developed in situ. 
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Summary. An apparatus providing continuous artificial illumination of 
constant intensity directed to the lower surface of flounders is pictured. 
Pigmentation was developed on the lower normally unpigmented surface 
ill a high percentage of summer flounders in the following experimental 
situations: (1) Unoperated fishes in black tanks illuminated from below. 
(2) Blinded dark fishes in black tanks illuminated from below or in white 
tanks illuminated from above. 

The observation that flounders blinded in the dark phase developed 
ventral pigment as readily as unoperated ones indicates that the eyes are 
not essential to this reaction. 

Light is a necessary factor in the production of ventral pigment. 


Agassiz, Alexander, " Development of the Floundens," Proc, Amer. Acad, Arts Set., 14 
(1«78). 
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A RESPIRATORY PIGMENT FROM THE EGGS OF A MARINE 

WORM 

By N. H. Horowitz^ 

SciKHU. OF Biological vScikncks, Stanford Univer.sity 
Commtinicated January 24, 1940 

Of the wide diversity of pigments occurring in nature, a certain number 
are considered to function as respiratory carriers by virtue of their ability 
to be reversibly oxidized and reduced (see review of Barron®). I wish 
to report here the presence of such a pigment in the eggs of the marine 
worm Urechis caupo, together with evidence for its probable participation 
in cellular respiration. 

The eggs of Urechis caupo are typically piuk iu color. In small, or 
relatively unripe, females, however, it is frequently found that the eggs 
are not pink, but yellow. Although the eggs of any one individual are all 
of the same color, a comparison of the eggs from different individuals shows 
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an intergradation of color from light yellow to an intense pink. It was 
found that if yellow eggs are placed in a Thunberg tube, and the tube 
then evacuated, they gradually become pink. If the vacuum is then 
broken and the eggs aerated, they regain their yellow color. The de¬ 
velopment of a pink color is apparently the result of the reversible reduc¬ 
tion, in vivOt of a pigment present in yellow and pink eggs alike. The pig¬ 
ment in pink eggs can be oxidized by adding a small amount of HaO* to 
the suspension (plus a trace of HCN to inhibit the powerful catalase con¬ 
tained in the cells). They thereupon become yellow. If the eggs are then 
washed and placed in an evacuated Thunberg tube they become pink again. 

To obtain the pigment from the cells, pink eggs are extracted with 
acetone for 3-6 hours in a Soxhlet apparatus. This removes large quanti¬ 
ties of two yellow pigments—one water-soluble and the other fat-soluble. 
The pink pigment remains behind. The nature of the two acetone-ex¬ 
tractable pigments is as yet uncertain. Neither of them, however, shows 
reduction to a pink form. The pink pigment is then extracted by shaking 
with 5% HCl-methanol at 40®C. The pigment thus extracted consists of 
a mixture of the reduced form and its yellow oxidation product. If the 
extract is placed in the icebox overnight, the reduced form largely pre¬ 
cipitates out in dark red, amorphous particles. The supernatant, contain¬ 
ing the oxidized pigment and a small amount of the reduced pigment, is 
concentrated by distillation in vacuo and is finally dried on a water bath. 

The oxidized form of the pigment is readily soluble in ijr^^ter. It is 
reduced by hydrosulfite, or by hydrogen in the presence of a platinum 
catalyst, to a pink (in concentrated solution, red) pigment. Upon shaking 
with air it reoxidizes to the yellow form. Autoxidation in air occurs rapidly 
at neutral and alkaline pH’s. The reduced form is only sparingly soluble 
in acid solution (<pH 5.6). It is readily soluble at neutral and alkaline 
pH’s, but immediately autoxidizes if oxygen is present. The pigment is 
rapidly destroyed by strong alkali. Autoxidation of the pigment can be 
accelerated in vivo by raising the intracellular pH by means of the pene¬ 
trating base ammonia. Pink eggs so treated become yellow. Upon wash¬ 
ing away the ammonia, the pink color returns. 

The oxidation-reduction potential of the pigment has been determined 
polarographically* through the codperation of Professor J. Percy Baum- 
bergcr, using the purest preparation so far obtained. At pH 7.39 jEJ « 
+0.163 volt (260°C.). Ei decreases 0.059 volt per unit increase in pH in 
the pH range 5“ 10. The change in with change in degree of oxidation 
corresponds to a one-electron process. These results will be presented in 
detail in a future communication. 

The facts that the pigment occurs naturally in both oxidized and re¬ 
duced states, and that it is reducible by the cells and autoxidizes in the 
physiological range of pH, indicate that it is probably involved in the 
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cellular respiration. It is suggested that the pigment be called urechrome 
(not to be confused with the urinaty pigment, urocbrome). The chemical 
nature, absorption spectrum and physiological function of the substance 
are bdng studied. 

^ National Research Council Fellow in Zodlogy. 

» Barron, E. S. G., PhysioL Rev,, 12, 184-239 (1939). 

• Mtillcr, O. H., and Bauraberger, J. P., Trans, Bleetrochem. Soc„ 71, 169-194 (1937). 


FURTHER STUDIES ON THE PARTHENOGENETIC 
ACTIVATION OF RABBIT EGGS* 

By Gregory Pincus and Herbert Shapiro 

Physiological Laboratories, Clark University, and Department op Physiology, 

Vassar College 

Communicated February 8, 1940 

In the course of certain studies on the artificial activation of rabbit tubal 
ova in tdlro in which the development in culture of ova given certain 
stimulating treatments was contrasted with the development of untreated 
ova, we noted that in certain of the control cultures some ova gave clear 
evidence of activation. Our experiments were being conducted in a base¬ 
ment room at temperatures ranging between 17°C. and 21°C. Further¬ 
more a period of one to two hours often elapsed between the sacrifice of 
the donor of the ova and their final incubation at 37.5°C. It seemed 
possible, therefore, that the cooling of rabbit ova might lead to activation. 
Some 80 unfertilized ova were cooled either by keeping them at room 
temperature for 2 to 3 V» hours (34 eggs) or by placing them in a refrigerator 
(at 6°C.) for 15 to 85 minutes (46 eggs). These ova, like all the others in 
our experimental series (see table 1), were cultured for 20 to 24 hours in 
rabbit serum at 37.5° (see Shapiro*), then fixed in Bouin’s fluid (Pincus*), 
sectioned and stained with Ehrlich’s hematoxylin, and examined for cyto- 
logical evidences of activation. 

In table 1 we present a summary of our data on the effects of cooling and 
also on the effects of exposing ova to: (1) balanced salt solutions made 
hypotonic by dilution with glass distilled water (usually 1 part salt solution 
to 1 part distilled water), (2) rabbit serum diluted to one-half by distilled 
water, (3) hypertonic balanced salt solutions (1.6 to 1.8% salt) and (4) 
hypertonic and hypotonic solutions alternately. Ova are considered acti¬ 
vated when they exhibit clear pronuclei, or cleavage chromosomes, or 
cleavage. Ova classified as not activated either showed marginal meiotic 
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chromosomes (as at ovulation), or subnuclei (due to the scattering of 
meiotic chromosomes and nucleus reformation about single chromosomes 
or groups), or cytoplasmic fragmentation without cleavage. In some 
instances ova showed trtie cleavage had occurred followed or accompanied 
by cytoplasmic fragmentation -such eggs were considered activated. 

The cooled ova appear to have been activated (and proceeded to 
cleavage) in a larger proportion than the other ova of these series. Actually 
our data indicate that cooling at for 10 to tU) minutes was most 

effective: of such ova VA were activated and 10 cleaved, 7 of these 
cleavages without any cytoplasmic fragmentation. Of ova placed at 
()“C. for 85 minutes, 6 cleaved but 5 of these (> showed cytoplasmic frag- 
mentation. 

We decirled to attempt to cool ova Dj situ in the fallopian tubes. At 14 
to 19 hours after the injection of an ovulating pituitary extract (Pincus*' “) 


TABI.K 1 


The 


Efficcts op Variotis 


Treatments on 1:nfkrtua7.ed Uahuit Ova CuiairKicD 
in vitro FOR 20 to 24 Pours 



NUMBKK 

NirMitnK 

NVMDUK 

% 

% 

I'RhATMKN 1 

ICGGS 

ACirVAl HD 

CI.K AVltD 

ACriVA 1 l?l» 

ri-HAVKI) 

Controls, no ircatinont 

un 

20 

11 

14.0 

7.9 

C Doling 

80 

42 

19 

52.5 

23.8 

H>i)Otonic balanced salt soluMon.s 

92 

37 

16 

29.3 

17.4 

Hypotonic serum 

354 

134 

32 

37.9 

0.0 

Hypertonic balanced salt solutions 

24 

7 

2 

29,2 

8.3 

Altemaling hypertonic and hypo¬ 
tonic solutions 

20 

9 

2 

31,0 

7.0 


the ovulated ova are massed below the first loop of the fallopian tube in a 
narrow portion and ordinarily so distend the tube as to be visible as a 
translucent bulge. We designed a hollow brass jacket which would enclose 
;3 centimeters of the tube at this point. Laparotomy was performed under 
combined ether and nembutal anesthCvSia, the sterilized cooling jacket 
placed about the right fallopian tube, and ice water circulated through the 
coolitig jacket for appropriate periods of time. 

Four females whose right fallopian tubes were so cooled for 15 minutes 
were sacrificed at various times after the operation. One killed on the 
second day after cooling showed a few ovulation points on each ovary, but 
only one uncleaved ovum was recovered from the cooled tube, none from the 
left (uncooled side). A second was killed at five days after cooling. Eight 
ova were recovered from the right oviducts of which one was a collapsed 
blastocyst, one a morula and the others fragmented or uncleaved. Two 
others sacrificed at 20 and 21 days, respectively, after the cooling operation 
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had neither eggs nor embryos, but one had a resorption site in the right 
uterus. 

A number of other animals underwent the cooling operation and were 
allowed to go to term. 'Fhe details are given in table 2. 


TABU*: 2 


The Effects of Cooling the Utgiit Fallopian Tuee Containing Freshly Ovulatep 

Ova 


NUMKKR 

i>r 

MABItlTS 


TERIOn 

OP 

COOl.ING 

(minutks) 


1 5 

2 10 

7 15 

2 20 


4 Frozen with solid 

CO 2 2 to 10 
minutes 


RKSUI.T 

No young 
No young 
No young 
One gave birth 
to one living 
female 
No young 


Since these rabbits should have ovulated 12 to 15 ova on the operated 
side (Pincus‘0 it can be seen that one egg in over 200 developed into a 
living rabbit. This is less than would be expected if all the ova that pre¬ 
sumably cleaved proceeded to develop normally. It has already been 
shown (PincusO that rabbit ova artificially activated by other methods may 
degenerate at any stage of development, and that the expectation of re¬ 
covery of young is therefore very small. 

Full details of these experiments will he published elsewhere. 

* Aided by grants from the American Academy of Arts and Sciences and the Ameri¬ 
can Philosophical Soc'tcty. 

* Pincus, G., Jour, Exp, ZooL, 82, 85 (1939). 

* Pincus, G., Anat, Rec, (in press). 

» Shapiro, H.. Science. 00, 308 (1939). 
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GALACTIC AND EXTRAGALACTIC STUDIES, VI. SUMMARY 
OF A PHOTOMETRIC SURVEY OF 35,500 GALAXIES IN HIGH 

SOUTHERN LA TITUDES 

By Harlow Shapley 
Harvard Collbob Observatory 
Communicated February 12, 1940 

1. Introduction. —The distribution of galaxies on the. surface of the sky 
is easily examined on any uniform collection of long exposure photographs. 
But an effective study of the distribution in the line of sight requires much 
greater labor and is complicated by the serious difficulties of nebular 
photometry and uncertainties concerning the spread of intrinsic luminosity; 
for when we attempt to measure the space density of external galaxies, and 
its variation from place to place, it is necessary to use photometric methods 
for estimating distances. We must measure the apparent magnitudes as 
dependably as possible, adopt reasonable values of the space absorption and 
of the mean absolute magnitude and its dispersion, and survey large areas 
in order to diminish the effects of statistical fluctuations. 

It is hoped that through the systematic photometry of large numbers of 
external galaxies, such as the one summarized in the present paper, it will 
be possible to trace the metagalactic gradients which have been shown in 
earlier communications^ to affect the space density of galaxies within the 
easUy explorable surrounding volume of space that has a radius of the order 
of a hundred million light years. 

A considerable amount of work has already been done at the Harvard 
Observatory on the frequency of apparent magnitudes and on the immedi¬ 
ately related question of space-density variations in the line of sight, ^ 
The present study, however, has the advantage over some earlier studies of 
referring only to areas in high latitude. It is not seriously troubled, there¬ 
fore, by space absorption, unlike the situation in the earlier studies of 
36,000 objects in the south celestial polar area (equatorial coSrdinate sys¬ 
tem), and of nearly 17,000 in the northern. 

Approximately 31,500 galaxies have been measured for the determination 
of the magnitude frequencies that are summarized in table 2. All the 
fields He in galactic latitudes between — 55® and the south galactic pole—a 
region that appears from examination of the distribution of faint stars on 
twenty 3*hour exposure, small-scale plates to be whoUy free of irregularities 
in space absorption; it appears in fact, from earlier studies of the south 
galactic cap, to be entirely free of absorption of the sort that would produce 
a measurable latitude effect on the magnitudes of external galaxies. From 
the current study we should obtain, therefore, a very good value for the 
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mean space-density parameter,* defined by 

»Ml = tw — ^ log N, 




Magnitude 
FIGUKE 1 

Frequency of magnitudes on plates,^ 20433 (top), 20503 
and 20341. Ordinates are numbers in tefith-of-a-magni- 
tude intervals: abscissae are observed photographic mag¬ 
nitudes. 

which relates N, the average number of nebulae (down to a given magnitude) 
per square degree, to that apparent magnitude m, on the assumption of 
uniform distribution (or linear density gradients) throughout space, and 

* The symbol M was inappropriately used for this parameter in the fourth paper of 
the current series, mi is ob^ously the value of m to which we must go to find one galaxy 
per square degree. For uniform space distribution the gradient d is 0.6. 
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(general similarity in the luminosity function from place to place in the meta¬ 
galaxy. 

More than twenty individuals have taken part in this investigation, 
which has been in progress for several years. The marking of the galaxies 
on the Bruce plates was done chiefly by Mrs. S. F. M. Lindsay, Miss Con¬ 
stance Boyd and Miss Frances Wright. Miss Boyd and Miss Wright have 
independetitly estimated the magnitudes. Mr. Robert Porter and Miss 
Edith Jones made many of the star counts for the establishment of the 
magnitude sequences. The Bruce plates were made by Dr. J. S. Paraskevo- 

TABLE 1 


Summary of Plates and Counts 


FI.ATTt 

k\ (UiOO) 



a 

0 






A 20280 

22*4878 - 

lO'lfV 

27?1 ■ 

-68 .'4 

(] 

18.4 

17.7 

1266 

1031 

340 

20318 

22 49.9 

6 17 

35.9 

55.4 

8 

18.3 

17.9 

2208 

1867 

729 

17182 

22 59.3 

15 20 

23.3 

63.4 

6 

18.6 

18.3 

797 

077 

295 

15781 

23 19.2 

0 18 

61.6 

56.2 

5 

18.0 

17.5 

603 

546 

233 

17777 

23 40 2 

15 13 

39.0 

71.1 

5 

18.6 

18.5 

134:1 

1177 

.537 

20484 

23 59.1 

17 38 

45.6 

76.0 

8 

19.6 

18.4 

1641 

1441 

741 

20341 

23 59.6 

5 23 

05.2 

65.4 

8 

18.7 

18.3 

2495 

2078 

811 

19788 

0 18.8 

10 17 

72.1 

71.6 

5 

18.2 

18.0 

13a3 

1138 

448 

20347 

0 18.9 

0 31 

78.7 

61.9 

7 

18.4 

18.2 

2892 

2457 

988 

17867 

0 19.0 

15 16 

08.0 

76.4 

7 

18.9 

18.8 

1838 

1601 

769 

20503 

0 38.0 

20 20 

86.5 

82.3 

5 

18.9 

18.2 

1656 

1638 

686 

17084 

0 39.0 

0 20 

89.6 

62.3 

6 

18.2 

17.7 

896 

664 

308 

16253 

0 40.0 

10 06 

90.0 

72.1 

7 

18.6 

18.1 

1528 

1247 

588 

18691 

0 58.9 

15 18 

110,1 

76.6 

7 

19.3 

18.8 

4510 

3847 

1341 

16213 

1 20.0 

10 36 

120.3 

70.2 

6 

18.4 

18.1 

906 

740 

293 

18706 

1 38.5 

15 16 

139.6 

71.4 

6 

18.3 

17.6 

1021 

854 

391 

18809 

1 56.3 

20 30 

160.8 

71.1 

6 

17.9 

17,8 

664 

576 

230 

16814 

1 58.3 

0 14 

127,3 

56,5 

5 

18.4 

18.0 

801 

781 

200 

20440 

1 69.3 

16 16 

149.1 

67.7 

8 

18.4 

17.8 

1781 

1647 

796 

17946 

2 19,3 

15 12 

166.1 

m.7 

5 

18.1 

17.8 

1962 

1711 

839 

20433 

2 19.6 

20 17 

166.7 

66.3 

7 

18.2 

17.9 

2265 

1997 

906 

17971 

2 38.0 

20 19 

170.6 

62.1 

6 

18.9 

18.6 

2128 

1839 

_9M 

Meanff and totals 

> * • « « t • » 



.6.2 

is. 6 

18.1 

36,673 


il.sTs 


fKmlos and his a.sststants at the Boyden Station. Miss Boyd and Miss 
Martha Dowse have assisted throughout with the calculations and editorial 
details. 

2. The Observational MateriaL —Twenty-two plates, each of three 
hours’ exposure with the Bruce refractor at Bloemfontein, have been used 
in the present investigation. Because of the general unreliability of faint 
magnitude standards south of declination —23°, only plates in the northern 
part of the south galactic cap were used. In this area both the van Rhijn 
and the Scares and Joyner tables have been employed in setting up the 
stellar magnitude sequences. Although the magnitude scale is not as cer- 




VoL 20, 1940 


A STHONOM V: H. SHA PLE J 


109 


tain as one could wish fainter than magnitude 17.5, it has the security of 
being based on the Mount Wilson values of the Selected Area sequences in 
declinations -“15° and 0^^ 

In table 1 the twenty-^two plates are listed in order of right ascension. 
The fourth and fifth columns contain the galactic longitudes and latitudes, 
and the sixth the qualities of the plates (10 represents perfection) from the 
standpoint of satisfactory discovery and measurement of nebulous objects. 
l"he st*venth and eighth columns give, respectively, the magnitude m, of the 
faintest stars easily visible on the plates and the magnitude to which the 
nebular survey is judged to be complete. The average diflFcrence between 
these two limiting magnitudes, and its mean error, are 


= 0.42 O.Ofi. 

The values are similar to those obtained heretofore in similar studies. 



15 10 17 18 

Magnitude* 

FIGOHK 2 


Magnitude frequency for all plates. Abscissae are pho- 
tographic magnitudes corrected for red shift; ordinates arc- 
logarithms of the cumulative totals. The straight line is 
defined by (2). 

The last three columns of table 1 give the total number of nebulous ob¬ 
jects marked on the plate, the total number in the central twenty-five 
square degrees, and the total for the central nine square degrees where 
distance correction can be ignored and there is diminished probability of 
error of misidentification through deformed images. The grand totals for 
the whole plate and for the twenty-five square degrees include about twelve 
hundred and one hundred objects, respectively, that are twice counted 
through overlapping. Some of these plates appear in an earlier tabulation’ 
with totals and magnitude limits differing somewhat from the present 
values which represent further measurement and analysis. 

The magnitudes in intervals of 0 ” I arc assembled for each plate in table 2. 
Although the magnitudes of all objects in the central twenty-five square 
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degrees have been measured, only the homogeneous data for the nine cen* 
tral square degrees on each plate are tabulated and used for the present 
magnitude-frequency discussion. For plate A 18691 the nebular counts 
were made on eight square degrees only, because the ninth contains the rich 
cluster of galaxies described in these Proceedings for November, 1930; 
to correct for the omission, the numbers counted in the eight square degrees 
have been multiplied by the factor 9/8. At the bottom of the table are 
totals, sub-totals and logarithms of the cumulative totals and sub*totals, 
used below in section 3. 


The plates are not equally potent; some penetrate to nearly twice the 
depth of others as indicated by the values of and in table 1. 


3. Discussion. - Table 2 shows the usual diversity in the distribution of 


magnitudes, illustrated in figure I by the data from three plates (central 
nine square degrees). vSimilar unevenness is sometimes manifest on a single 


plate. 

Plate A 20433 is rich, and down to magnitude 17.5 the frequency fits 
fairly well the theoretical uniform-density curve (1) for nti — 15.2, which is 


the average value for the south galactic cap;* but apparently a cloud of 


nebulae is encountered at about magnitude 17.5, doubling the “uniform” 
number at magnitude 17.S. (A large error in the magnitude scale appear¬ 
ing abruptly at 17.4 would account for the deviation, but is improbable.) 

In contrast, plate A 20503 is poor, and reaches the “average” curve only 
at 17.3 to 17.5; it then shows a sub-uniform gradient, the space density fall¬ 
ing off sharply with distance until the approaching plate limit disturbs the 


census at about magnitude 18.5. Plate A 20341 is better represented by 
the lower “uniform” curve, with mi = 15.5 and a clustering of about 150 
galaxies centered around m = 17.6 at a distance of r ~ |qo 2 (u .6 4- h. 2 ) - 6 _ 


23 megaparsecs, than by the average curve. For all three figures the 
ordinates are not cumulative totals, but are the numbers for nine square 
degrees in succ'essive tetith-of-a-magnitude intervals, taken directly from 
table 2 and not corrected for red shift. 


All the data of table 2 are represented by a single logarithmic plot in 
figure 2. The ordinates are logarithms of the total numbers brighter than 
the corresponding magnitudes (abscissae). Since m„ is brighter than 17.7 
for two of the plates, the plot cannot be taken as a dependable representa¬ 
tion of magnitude frequency fainter than that magnitude. Before making 
this and subsequent graphs, and all the following calculations, the magni¬ 
tudes of table 2 were corrected for the red shift. 


The straight line that best represents the total material from 198 square 
degrees, as plotted in figure 2, is given by 


log Ni « 0.600^w - 6,806 

0.011 0.017 


( 2 ) 
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where the mean errors are computed from a least squares solution. From 
(1) we have 

nil =* 15.17 * 0.03 

when we reduce the result (2) to one square degree by the relation 

log Ni — log 198 « log JV — 0.600 (m — 

Equation (2) would require, for the area covered by tlie present survey, 
eight galaxies brighter than 12.9. An examination of the Shapley-Ames 
catalog for the central nine square degrees of these twenty-two plates 
shows three systems, as follows,** 

NGC 175 12’?8 

247 10.7 

908 11.1 

The relatively small population of bright galaxies in the southern galactic 
hemisphere has been generally recognized. 

The investigation of the magnitude-frequency relation can be carried to 
fainter magnitudes than involved in (2) by including in the totals and 
graphs only the data from plates with faint magnitude limits. We thus 
have in figure 3 two graphs referring to 117 and 45 square degrees, and 
essentiaUy complete for objects as faint as magnitudes 18.2 and 18.6, respec¬ 
tively. The corresponding linear solutions are given by 


log Nin = 

0.589»i 

- 6.871 

(3) 

* 

0.006 

0.009 

log Nu, == 

0.5719* 

- 6.981 

(4) 

2 ^ 

0.006 

* 0.012 


which yield the values 

OTi = 15.18 * 0.015, 
mi = 15.12 * 0.02. 

Giving weights 3, 2,1, respectively, to the three determinations of b and mu 
we obtain the mean results 

^ = 0.592 * 0.009 (m.e.), ... 

mi “= 15.16 * 0.02 (m.e.). 

Again it is found that there should be eight galaxies brighter than 12.9 in 
the 198 square degrees. 

4. The best representation of the magnitade>frequency plots for indi¬ 
vidual plates cannot be obtained by Unear formulae. The considerable 
deviations from uniformity in space density, already shown by the plots in 
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figure 1, and the frequencies in table 2, can be further illustrated by calcu¬ 
lating the distribution constants, b and nti, at various right ascensions. It 
happens that the plates used in computing botii the values (3) and (4) are 
distributed in right ascension and thus those computations do not pro¬ 
vide a test of variation of density across the galactic cap. Assemblmg the 
material into three groups of seven plates each, ^ we obtain the following values 
and mean errors for the radial gradient and the space-density parameter; 


I II 

b = 0.632 0.571 

* 0.024 * 0.009 

Wi = 15.43 15.06 

=*■ 0.06 - 0.02 


III 
0.611 
0.020 
16.09 
* 0.05 



Magnitude 
FioxntB s 

Magnitude frequency for thirtem platM (above) and fiveplatea. 
Coordinates as in figure 2. The straight lines are defined by (8) 
and (4). 


From the measures of mi it is seen that the density increases eonspiqu- 
ously with increasing right ascension; a decrease of 0.35 in tte ponuneW 
corresponds to an increase of about sixty per in tibe spcux 

VPIate A 18091 is omitted, 
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In earlier communications^ attention has been called to the metagalactic 
gradient that crosses the south galactic cap and extends to the southeast¬ 
ward, nearly to the Milky Way. The plates now under examination lie 
wholly in the first and second quadrants, but they also show this transverse 
gradient which appears most conspicuously when first and third quadrants 
are intercompared. 


TABLE 8 

Radial Gradients and Space Density Paraubtbrs 


FLATS 

b 

Wl 

^20280 

0.67 

15.48 

20318 

0.76 

16.41 

17182 

0.78 

16.37 

16781 

0.63 

15.44 

17777 

0.76 

16,01 

20484 

0.62 

15,60 

20341 

0.67 

14.88 

19788 

0.67 

16,23 


FLATS 

b 

mi 

20347 

0.72 

16.24 

17867 

0.48 

14.88 

20603 

0.58 

15.16 

17084 

0.62 

14.90 

16263 

0,63 

14.62 

18601 

0.68 

14.02 

16213 

0.57 

15.41 


PLATS 

b 

mi 

18706 

0.63 

16,00 

18800 

0.87 

16.18 

16814 

0.60 

16.73 

20440 

0.86 

15.56 

17946 

0.75 

16.88 

20433 

0.62 

14.44 

17971 

0.49 

14.46 


The irregularities in space distribution and possibly in luminosity spread 
are further shown by a graphical determination of the constants for each 
plate separately. The results are given in table 3, where the plates are 
listed in order of right ascension. The gradient b varies from 0.48 to 0.87; 
ffii is systematically fainter for the first part of the table. The mean values 
and their mean errors are 


£ « 0,64 0.025,. 

mi « 15.28 0.11. 

Summary, —(a) The total photographic magnitudes of something 
mote than thirty-one thousand galaxies have been twice estimated on 
twenty-two Bruce plates, each of three hours* exposure, on fields in the 
south galactic polar cap. 

(b) The magnitude system for the nebulae is based on that provided for 
stars through the international standards in Selected Areas; the sequences 
have been set up by the star-count method. 

{c) The high latitude areas covered by this study are free of inequalities 
in space absorption, if we judge by the distribution of the faint stars; and 
probably the total dimming of light by interstellar or intergalactic absorp¬ 
tion does not here exceed a quarter of a magnitude. 

(d) In the coefficients b of table 3 and in the frequency curves of figure 1 
we have numerical and graphical ^lustration, for this favorably explored 
re^n/of the usual deviations from uniformity in the space distribution of 
gBlaxtes. 

(«) In figutes 2 and 3 we luve what is probably the best iitformation yet 
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obtained on the magnitude frequency of galaxies in absorption-free non¬ 
cluster regions. A good determination of the average space-density param¬ 
eter is therefore possible for this section of intergalactic space. The value 
mi » 15.16 =*= 0.02 (m. e.) is derived by a least squares discussion of the 
assemblages of data used for figures 2 and 3, and 15,28 =*=0.11 (m. e.) from 
the twenty-two individual values graphically determined for table 3. 

(/) Evidence is again found of the strong transverse metagalactic density 
gradient, across the south galactic cap; but in the line of sight, when all 
plates are considered together (13,518 objects), the changes of density with 
distance scarcely exceed the error of measurement. The adopted mean 
value of the line-of-sight gradient ish = 0.592 =*= 0.009 (m. e.). 

(g) Taking b = 0.6 (uniform space density), we have in the present result 
an indication of the necessity of the red-shift correction to the photographic 
magnitudes; of more importance, we have an intimation of the relatively 
high accuracy of the stellar and nebular magnitude scales from the fifteenth 
to the eighteenth magnitudes. A systematic error in the scale as large as 
five per cent is not possible in the mean curves (figures 2 and 3), unless it 
chances to be almost exactly balanced by an unrevealed radial density 
gradient. 

1 These Proceedings, 24, 148, 282, 527 (1938). 

* Shapley, Harvard Reprint 68, 112-115 (1931); these Proceedings, 21, 589“-591 
(1936); 23, 450, 452 (1937); and Harv, Ann., 105, No. 8, 146-149 (1937). Seyfert. 
Hart. Ann., lOS, No. 10 (1937). Shapley and Jones, Ibid., 106, No. 1, 6 (1938). 

« Harv. Cite. 423 (1937). 

* These Proceedings, 24, 149 (1938). 

» Harv. Ann., 88, No. 2 (1932). 


STUDIES IN CALCIUM METABOLISM WITH THE AID OF ITS 

INDUCED RADIOACTIVE ISOTOPE. H 

By W. Wesley Campbell and David M. Greenberg 
Division of Biochemistry, University of Cai,ifornia Medical School 

Communicated February 13, 1940 

"Tracer'* studies with induced radioactive isotopes have led to important 
results in the field of mineral metabolism, ‘ Calcium is one of the most 
important of the biological mineral elements. It is one in the study of 
which a radioactive isotope of calcium as a "tracer** would be very desir¬ 
able. 

The metabolism of calcium is a slow process, and a relatively long time is 
required for changes to take place. For this reason, the hi^erto known 
radioactive isotope of calcium,* with a half life of only about 2.4 hours, has 
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not been suitable. Furthermore, Walke* has shown that this isotope, 
(previously believed to be Ca^), disintegrates to form radioactive Sc.^ 
Any studies, then, with Ca*® would be complicated and invalidated by the 
continuously formed radioactive scandium impurity. 

Recently, Walke has reported® that Ca" is radioactive with a half life of 
about 180 days. This isotope disintegrates to an inactive scandium with 
the emission of a very soft ^-radiation. The radiation of Ca" is so soft 
that it cannot be measured satisfactorily in metabolism studies with the 
electroscope, with the FP-54 electrometer,* nor with glass or metal-wall 
C^iger-Muller counter tubes. Highly successful measurements can be 
made with the screen-wall G-M tube described by Libby.** ® 

This communication is a report of a test study on the suitability of the 
new radioactive calcium isotope for biological investigations. It was 
found that, with appropriate care, results of great accuracy can be obtained. 

Experimental Methods .—sample of radioactive calcium was prepared 
in the Radiation Laboratory f by the bombardment of calcium metal with 
8 m. e. V. deutrons in the cyclotron according to the following nuclear reac¬ 
tion: 


aoCa***« + iH* —^ 2oCa****» + iH^ 

After allowing about six weeks to elapse in order that the Ca*® and Sc*® 
might disintegrate to negligible amounts, the metal containing the Ca** was 
dissolved in a dilute HCl solution. Small amounts of inactive NaCl and 
HCl were added to serve as carriers for the separation of traces of radio¬ 
active Na and K. The calcium was precipitated as the oxalate. The 
precipitate was dissolved in dilute HCl and reprecipitated as the oxalate a 
second time. The calcium oxalate was then converted to the calcium 
carbonate by ignition in an electric muffle. This was dissolved in sufficient 
lactic acid to form a 5 per cent calcium lactate solution. About 8 ml. were 
obtained. 

Five ml. of this 5 per cent calcium lactate solution were given by stomach 
tube to a male adult rat, weighing 259 grams, and which had been kept 
without food for 24 hours. Immediately after the administration of the 
calcium lactate solution, the animal was placed in a wire metabolism cage 
over a urine-feces separating device J The feces and urine were collected 
separately at intervris over a period of about 69 hours. A normal diet was 
supplied ad libitum to the animal 18 hours following the administration of 
the calcium lactate. 

At the end of about 69 hours, the rat was anesthetized with chloroform 
and sacrificed by withdrawing blood by cardiac puncture. The blood was 
allowed to clot and the serum was collected. The viscera were removed 
and the animal was skinned. The contents of the large intestine were 
washed out and added to the final fecal collection. The residual carcass, 
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which weighed 166 grams, was boiled in 1:5 NH4OH solution, and allowed 
to stand in the solution for several days to separate the muscles from the 
skeleton. The teeth were separated from the bones. The various tissues 
then were dried and dry ashed at 500®C. The ash in each case was dis¬ 
solved in dilute HCl solution, and the total solution or an appropriate ali¬ 
quot was used for analysis. The calcium was precipitated as the oxalate 
according to the standard analytical procedure. The calcium oxalate 
precipitate was collected on a 4,2%5 cm. No. 1 Whatman filter paper, and 
finally washed with an 0.02-0.03 per cent agar solution to prevent mechani¬ 
cal loss of the precipitate when dry. 

CALCIUM EXCRETION 



FIGURE 1 

Studies in calcium metabolism with the aid of its induced radioactive isotope. I. 


The calcium in 0.0976 ml. of the original calcium lactate solution was 
precipitated and treated in a similar manner to serve as a standard for cam- 
parison of activity. All radioactivity measurements were made on the 
screen-wall counter. The sum of the measured activities of the excteta and 
of all of the tissues showed a recovery of 103 per cent of the Ca" given, so 
that all figures have been corrected by the factor 100/103. 

ResuUs .—Figure 1 shows graphically the excretion of Ca*® during the 
approximately 69 hours following administration. The amount appearing 
ing the feces was 10.8 per cent. This means that at least 89.2 per cent was 
absorbed from the alimentary tract. The apparently increasing rate of 
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excretion in the feces may indicate an excretion of calcium into the intes¬ 
tines. If this were true, the amount absorbed actually would have been a 
little greater than 89.2 per cent. Of the 89.2 per cent absorbed, 57.9 per 
cent appeared in the urine during the first 9 hours after administration. 
The rate of excretion by way of the urine then dropped off rapidly, a total 
of 65.6 per cent appearing in the urine. This is in harmony with the work 
of Greenberg and Gunther^ who showed that certain calcium compounds, 
including the lactate, caused a marked increase in the diffusible calcittm of 
the blood, which reached a peak two hours after ingestion, and returned to 
normal within about 4 hours. 


TABLE 1 

Distribution of Radioactive Calcium 


PBK CBHT TOTAl. DOBB 


CONTBHTS ntX 
OXAM PXXra WT. 


0.007 =*= 0.001 

0.028 * 0.003 
0.004 * 0.002 


COMTBMT. PXK 
OXAM DXy WT. 


2.23 

2.76 

0.004 

0.017 

0.060 

0.016 


0.20 

0.61 

0.000 

0.001 

0.006 

0.008 


TlaSUKB 

Bones 

Teeth 

Blood Serum 
Muscle 
Skin and Hair 
Stomach 
Small Intes¬ 
tine 

Largfc Intes¬ 
tine 
Liver 
Kidney 
Spleen 
Heart 
Lung 
Testes 


WBIOHT, 

OM. 


PKBSH 

DKV 

8.94 

0.410 

5.096 

0.368 

46.08 

61.19 

23.88 

1.86 

0.644 

5.87 

1.65 

1.66 

0.62 

9.62 

3.06 

2.07 

0.63 

0.79 

0.19 

0.84 

0.10 

0.46 

0.27 

6.48 

2.71 


CONTSNT.IN 
WHOLB TISSDB 

10.0 1.76 

1.13 *0.26 

0.76 * 0.066 
1.43 *0.16 
0.008 * 0.004 

0.000 * 0.008 

0.037 * 0.006 
0.040 * 0.006 
0.007 * 0.001 
0.008 * 0.003 
0.017 * 0.004 
0.018 * 0.006 
0.031 * 0.006 


0.017 * 0.0014 

0.022 * 0.004 
0.006 * 0.0001 
0.003 * 0.0004 
0.010 * 0.0037 
0.020 * 0.0047 
0.040 * 0.013 
0.006 * 0.0012 


0.060 * 0.006 

0.060 * 0.010 
0.017 * 0.002 
0.013 * 0.002 
0.042 * 0.016 
0.080 * 0.021 
0.067 * 0.022 
0.012 * 0.002 


The unexcreted Ca", which amounted to 23.6 per cent, was found to be 
distributed as shown in table 1. As eiqiected, the largest amount of the 
retained calcium was found in the bones. However, significant amounts 
were found in the skin and in the t^th. Because of its large mass, the 
total accumulation of Ca" in the ddn is considerable, but the specific 
retention is not so great as in some other tissues. In the case of the teeth, 
the specific retention of Ca* is at least as great as, if not greater than, that 
in the bones. This would indicate that the calcium of certain parts of the 
teeth is W mobile as that of the bones. 

The concentration of Ca* remaining in the serum is small. The specific 
retention in the small intestine, large intestine, heart and lung is about the 
same as that in the skin, and is extremely low in the other tissues examined. 
Uie amnll amounts present perhaps are irignificant, but could be accounted 
for, at least in pnrt, by occluded blood. 
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Summary, —1. Radioactive with a half life of 180 days, is suitable 
for use in "tracer** studies if the radioactivity is measured with a screen- 
wall counter tube. 

2. The radioactivity measurements of a sample of Ca^, administered to 
a rat, showed quantitative recovery in the summation of the measurements 
on excreta, bone, tooth, skin, carcass, blood and viscera. 

t3. In a post absorptive state, the rat absorbed at least 89.2 per cent of 
the calcium given by stomach tube, and excreted 65.6 per cent in the urine. 

4. The specific retention of calcium fell off in the following order: high¬ 
est in bone and teeth, which were about equal; intermediate in small intes- 
tine, large intestine, heart, lung and skin; and least in there maining tis¬ 
sues. 

We are indebted to Professor E. O. Lawrence, Dr. Harold Walke and the 
staff of the Radiation Laboratory of the University of California for the 
radioactive calcium used in this experiment. Otu* thanks are due also to 
Professor W. F. Libby for making many of the radioactivity measurements 
for us with the screen-wall counter, and for allowing us the use of the coun¬ 
ter to make the remainder of the measurements. 

* Aided by a gnrant from the John and Mary R. Markle Foundation. Technical 
assistance was furnished by the personnel of WPA Official Project No, 65-*l“08--62. 

t Kindly prepared by Dr. H. Walke, whose recent untimely death lamentably cut 
short a brilliant scientific career. 

^ Lawrence, J, H., Handbook of Physical Therapy» Am. Med. Assoc., 1938; Hevesy, G,, 
Enzymologiat 5, 138 (1938), Jour. Chem. Soc,, 1213 (1939); Greenberg, D. M., Ann, 
Rev. Biochm.t 8, 269 (1939). 

* Walke, H., Phys. Rev., 51, 439 (1937). 

» Walke, H., Phys, Rev., 57, 177 (1940). 

* Du Bridge, L. A., and Brown, H., Rev. Sci. InsL, 4,532 (1933). 

* Libby, W. F.. Phys. Rev,, 46, 196 (1934). 

* Libby, W. F., and Lee, D. D., Ibid., 55, 246 (1939). 

’ Gross, L., and Connell, S. V. B., Jour. Physiol., 57, p. lx (1923). 

* Greenberg, D. M., and Gunther, L., Arch. Int. Med., 50,856 (1932). 
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SOME BIOLOGICAL EFFECTS OF NUCLEAR DISINTEGRA TION 

PRODUCTS ON NEOPLASTIC TISSUE* 

By P. Gerald Kruger' 

Crockbr Laboratory, University of California, Berkblby, California 

Communicated February 6, 1940 

Experiments of the type described below were initiated in the autumn 
of 1988 by Professors B. V. Hall, M. Goldhaber and the author at the 
Physics Department of the University of Illinois. Since the neutron in¬ 
tensity from the small cyclotron there was insufficient to give any conclusive 
result, the experiments have been continued in the Crocker Radiation 
Laboratory where intense neutron sources are available. 

In the past, neoplastic tissue has been irradiated with x-ray, 7 -rays and 
fast neutrons. In the case of x-ray and 7 -ray irradiation the destructive 
ionization in the tissue is produced by Compton electrons, photoelectrons 
or positive-negative pair electrons which are ejected or created by the 
x-rays and 7 -rays. The physical processes involved here are well known, 
and the resulting ionization per unit distance along the path of the electron 
is small as compared to heavy particle ionization.® 

The process of neutron irradiation is quite different from the above, since 
it involves a collision process between two heavy particles instead of be¬ 
tween a photon and an electron. Here the recoil proton obtains energy 
(varying from zero to the neutron energy) from the neutron and dissipates 
the energy by producing along its path an ionization which is much more 
intense than that produced by electrons.* 

In the experiments discussed below, the ionizing bodies are the dis¬ 
integration products produced when boron is bombarded with slow neu¬ 
trons, In nuclear terms the reaction is represented by gB'® + n*' —> sLi^ + 
2 He*. This reaction is one of the most favorable ones known for use in 
biological experiments of the type here discussed because the capture cross- 
section for slow neutrons (n^') by boron is about 100 times larger than the 
collision cross-section for fast neutrons and hydrogen. Thus one would 
expect this nuclear disintegration process to be more efficient in biology 
than fast neutron irradiation. Moreover, while the incident slow neutrons 
have a very small energy (a fraction of an electron volt up to a few elec¬ 
tron volts), the disintegration products of the boron slow neutron reaction 
(gLi’^ and sHe^ have approximately 0.8 m. e. v. and 1.4 m. e, v. energy.* 
These rather large nuclear energies are dissipated in very short distances 
(approximately 4 and 7 microns) in tissue and so cause an even more in¬ 
tense ionization along their paths than the recoil proton in the fast neutron 
irradiation process. Thus, from the knowledge of nuclear physics alone, 
it is dear that the boron slow neutron reaction should cause cell destmc- 
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tion more efficiently than other types of irradiation, if the disintegration 
can be produced in the environment of neoplastic cells. 

This method has the further potential advantage of localizing the lethal 
ionization in the region where the boron disintegration takes place and 
thus removes (in the case of its application to in vivo work) the danger of 



FIGURE I 

Schematic arranfement of beam* target and irradiation portions In the 
paraffin block. 

skin bums and similar disttirbing factors which are prevalent in x-ray, y- 
ray and fast neutron therapy* This follows from the fact that slow neu¬ 
trons have so little energy that any ionization caused by a recoil proton 
from them is negligible* Also it should be remarked that no element hav¬ 
ing an appreciable concentration in tissue, has a cross-section for slow 
neutron capture comparable to boron, and thus no ill effects due to slow 
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neutron irradiation can occur elsewhere in the body» Consequently one 
can irradiate with large slow neutron doses, provided care is taken to keep 
the background dose of fast neutrons and 7 -ra 3 rs below the lethal amount. 

Figure 1 shows, schematically, the experimental arrangement for pro¬ 
ducing the slow neutrons used for the irradiations and the relative posi¬ 
tions of the irradiated samples in the paraffin block. Fast neutrons are 
produced, by bombarding Be with 16 m. e. v. deuterons in the 60-inch 
cyclotron,* according to the reaction 4 Be® + iD* —♦ »B^® + on‘. These 
fast neutrons are slowed down by many collisions with hydrogen nuclei 
in the paraffin block and arc thus available at positions B and C for ir¬ 
radiating samples placed at ^4, 5 or C. The Pb blocks shown in figure 1 
were placed between the target, cyclotron and the irradiated samples to 
reduce the 7 -ray background from the Be target. A thin sheet of gold 
(Au detector in figure 1 ) was positioned just in front of hole B in the 
paraffin block and the slow neutron induced radioactivity in the gold used 
as a measurement of the slow neutron dose for the various irradiations. 
Measurements of the gold activity were made in the conventional manner 
using an ionization chamber, amplifier and a scale of four counter. The 
fast neutron- 7 -ray background was measured with a victoreen dosemeter. 

The procedure for preparing small pieces of mammary carcinoma, 
lymphoma and an undifferentiated sarcoma for irradiation and implanta¬ 
tion is as follows. A tumor, about ten days old, is taken from the animal 
and chopped into small pieces suitable for implantation with a trocar. 
These are placed in a soft glass test tube about V 4 inch in diameter and 
immersed in a solution made by adding 2 gm. HsBOs to 100 cc, of buffer 
solution. Three such samples are made up. One is kept in the laboratory 
as a control and is not irradiated. This hereafter will be designated as the 
boron control. A second, the boron irradiated, is placed in position A 
in the paraffin block. The third is placed inside of a one-inch diameter 
glass tube and the intervening space filled with BeC. This is placed in 
position C and is designated as a ^ -f j? ^ield. A fourth sample has been 
prepared for some experiments (mammary carcinoma A, B^ E and lym¬ 
phoma C) by omitting the HgBOs from the immersing solution. This is 
placed in hole JB and is called the buffer control. All tumors used were 
known by previous experimentation to give essentially 100 per cent tsikes 
for normal implants. 

During the course of an irradiation the boron irradiated sample (.^) 
receives 7 -rays ( 7 ) and fast neutrons (Uf) as background radiation and 
slow neutrons (n*). Sample C receives mostly background n^ + 7 radia¬ 
tion, the BeC absorbing a large part of the slow neutrons except for heavy 
doses. Thus the resultant differential growth between samples A and C 
represents, in a rough way, the effect of the sbw neutrons. Sample B 
receives Uf + 7 + n« and is simply a control to test im any possible effect 



PATHOLOGY: P. G. KRUGER 


Proc. N. a. S. 





time of irradiation and implantation. 
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of irradiation in buffer solution. None was observed as would be expected 
since none of the elements in the buffer solution have a slow neutron cap* 
ture cross-section comparable with boron. 






O MUON CONTROLS 
A S^S SHKLO 

• MRON INRROMTCO 

• SUrrtR OONTROUI 


FIGURB d 

Survival curves for maxumary carcinoma irradiated, in vitro, with the dismtegration 
products from the reaction |B'* + iLi’^ H- iHe*. Per cent takes are plotted 
against the number of days after implantation. 

After irradiation, two tumor particles are implanted in each mouse (one 
on each side) used. Thereafter for about eight weeks, the number of 
takes, for each experiment, was checked at least once a week by counting 
the number of tumors observable in each mouse and by measuring the 
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size of the tumors* The results of these measurements are shown graphi¬ 
cally in figures 2, 3 and 4. 

Figure 2 shows the effect of the boron disintegration products on an 
undifferentiated sarcoma which occurred spontaneously in a swiss mouse 
four years ago, and since then has been observed and studied by Professor 
B* V. Hall of the University of Illinois. The figure has three sets of 
curves {A, B and C), one for each of three doses given the tumor particles 
prepared and irradiated as described above. The dose, given in the upper 



Comparison survival curves for sarcoma, mammary carcinoma and 
lymphoma. Here the maximum per cent number of takes are plotted against 
the slow neutron dose as measured by gold activity and for reference on another 
scale the associated m -f 7 background dose. 


right-hand corner of parts B and C of the figure, is the result of the 
measurement of the radioactivity induced in the gold foil (see Fig. 1) by 
slow neutrons during the tumor irradiation. For this reason it is a rela¬ 
tive dose measurement and, while comparable for all of the experiments 
described here, has ho direct comparison with other dose measurements 
(i.e,, fast neutron doses as measured by a victoreen dosemeter) or even 
other gold activity dose measurements made under different experimental 
conditions. Associated with each curve are two numbers, the first one of 
ivhich gives the number of mice used, the second the number of tumors 
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implanted (i*e., curve in figure 2A for boron irradiated samples has the 
numbers 9 , 18: this means 9 mice and 18 implants)* 

In a quali^tive way the boron shield acts as would be expected. For 
doses 215, 400 and 650 (Fig. 2A, B, C) the per cent takes are 95, 94 and 40 
per cent, respectively. This indicates that for the first two doses enough 
slow neutrons were absorbed by the BcC shield so that the transmitted 
neutrons had little effect on the tumors. However, at dose 650 enough 
slow neutrons were transmitted to cause 60 per cent deaths. For the 



FIGURE 6 

Comparison survival curves for mammary carcinoma irradiated with x-ray, 
fast neutrons and boron disintegration products. 


above doses the Uf + 7 background was approximately 45 , 80 and 130 “n/’ 
No data concerning the effect of fast neutrons on this sarcoma are avail¬ 
able. 

Figure 3 shows the effect of the boron disintegration products on mam¬ 
mary carcinoma.* The notation here is the same as that for figure 2. 
In three (^4, B and E) oi the five experiments performed on this tumor a 
group of animals were inoculated with implants irradiated in buffer solu¬ 
tion as described above. All three groups show 100 per cent takes as was 
expected from theoretical considerations. The only other similar experi- 
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merit performed was in part C of the l 3 miphoma experiments where 90 per 
cent takes were observed. 

Figure 4 shows the effect of the boron disintegration products on lym¬ 
phoma.® The notation is the same as for figure 2. Here the effect of the 
boron shield is nicely portrayed. For the doses 180, 260, 840, 1075, the 
per cent takes for the boron shield irradiated itnplants are 100, 90, 70 and 
21 per cent. The n( + y background corresponding to the above doses is 
35, 50, 170 and 215 “n." 

The data in figures 2, 3 and 4 are given in tabular form in table 1. 


TABLE 1 

Summary of Data on the in vitro Irradiation of Sarcoma, Mammary Carcinoma 
AND Lymphoma with Disintegration Products from the Reaction 

ihV + aHe* 

Sarcoma 




PBK CBNT rBlt CKNT 

PBR CBNT 

PBR CBNT 


APPROXIMATB 

TAKBS 

takbb 

TAKBS 

TAKBS 

DOftS FROM 

UACKOMUUND 

BORON 

B + B 

BORON 

BUVRBR 

GOLD ACTIVITY 

nf + 7 

tRRADlATBD 

ftniBLo 

CONTROLS 

CONTROLS 

215 

45 

78 

95 

100 


400 

80 

10 

94 

100 


660 

130 

6 

40 

76 


4 


Mammary Carcinoma 



190 

40 

100 

100 

100 

100 

400 

80 

8^^ 

94 

100 

100 

465 

90 

95 

100 

100 


550 

no 

95 

100 

100 


055 

130 

60 

100 

100 

100 



Lymphoma 




180 

35 

80 

100 

100 


260 

50 

60 

90 

100 


840 

170 

0 

70 

100 

90 

1075 

215 

0 

21 

80 



In figure 5 there is plotted the maximum per cent number of takes 
(J3 irradiated sample) taken from the curves in figures 2, 3 and 4, vs. the 
dose for the three tumors used. Here it appears that the sarcoma and 
lymphoma have about the same sensitivity to the radiation used and that 
a dose of 450 (gold activity) will kill both kinds of tumors in vitro. This 
corresponds to a + 7 background of about 90 “n." The mammary 
carcinoma is more resistant to radiation and needs a dose of about 1000 
(gold count) with a background of 200 '*n'’ for 100 per cent lethal effects. 
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Figure 6 shows a comparison between the effects of x-rays, fast neu¬ 
trons and boron disintegration products on mammary carcinoma. The 
x-ray and fast neutron data are taken from curves published by J. H. 
Lawrence^ P. C. Aebersold and E. O, Lawrence.® 

The fast neutron curve shows that below approximately 500 “n,'* no 
failure of takes occurs. Since, for the boron process, the nj background 
accompanying the lethal dose (gold activity 1000) of boron disintegration 
products is only 200 ‘*n,’' that background cannot be responsible for the 
lethal effects observed, and one must conclude that the boron disintegra¬ 
tion products are responsible for the death of the tumor cells. Another 



Comparison survival curves for lymphoma irradiated with x-rays, fast neutrons and 
boron disintegration products. 

interesting comparison is to note that the dose of fast neutrons for 100 
per cent lethal effects is approximately 950 “n,’' which is about five times 
the Uf background in the boron process for the same effect. It must be 
emphasized, however, that the factor five depends on the amount of boron 
which can be gotten into the tumor and that the factor is meaningless ex¬ 
cept for the fact that it shows that a sufficient amount of boron can be dis¬ 
persed throughout the tissue, to accomplish the desired lethal effect. 

Figure 7 draws a similar comparison for lymphoma. Here the fast 
neutron data are taken from preliminary experiments being conducted^ 
in the Crocker Radiation Laboratory at the present time and the x-ray 
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data fmm ocploratory and unconfirmed results. The fast neutron sub- 
lethal dose is approximately 175 ‘*n’* whereas the nj + 7 background 
accompanying 100 per cent lethal effect in the boron process is about 90 
“n'' so that again the lethal effects observed here must be due to the boron 
disintegration products. The fast neutron dose for 100 per cent lethal 
effect is approximately 400 which is about four times the Uf + 7 back¬ 
ground in the boron process for the same effect. 

As shown by the data in table 1 , the average per cent number of takes 
for the boron controls in the three experiments on sarcoma is 92 per cent; 
for the five experiments on mammary carcinoma it is 100 per cent; and 
for the four expeximents on lymphoma it is 97 per cent. This shows that 
the boric acid solution when not irradiated has no effect on the growth of 
these neoplastic tissues. 

In considering the data from these experiments, it must be remembered 
that the tiumber of mice used (see figures 2 , 3 and 4 ) was small so that the 
shape of the survival curves in figure 5 is known only approximately. It 
would be of interest to repeat these experiments with a large number of 
mice to establish the curves more accurately. 

In figure 2A and B there is evidence for some natural regression of the 
undifferentiated sarcoma. In those cases where regression occurred the 
tumors grew to good size (1 cc. to 2 cc. volume approximately), became 
neucrotic and then sloughed off. Eventually some healed completely so 
that it is Unsafe to use this tumor for in vivo work. 

The results of these in vitro experiments also indicate that neoplastic 
cells can be destroyed in vivo, if sufficient boron, in some suitable form, 
can be applied to the tumor in vivo. 
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A DECOMPOSITION OF COMPACT CONTINUA AND RELATED 
THEOREMS ON FIXED SETS UNDER CONTINUOUS 

TRANS FORMA TIONS^ 

By J. L. Kelley 

Department op Mathematics, University op Virginia 
Communicated January 30, 1940 

i. Definitions and Theorems on F-seis ,— We suppose throughout that M 
is a compact metric continuiun. 

Definitions:® A point peM is conjugate to qeM provided no point 
separates p and g m M. Up is a non-cut point, Mp is defined to be the set 
of all points conjugate to p, peM is an end-point of M provided there 
exists an arbitrarily small neighborhood of p having as its boundary a 
single point. A set is said to be an F-set provided it is (1) an end-point of 
(2) a cut point of M or (3) a non-degenerate Mp, 

Theorem 1.1 : Any set Mp may be written as a monotone product Mp « 

rCif where each Ci is a continuum^ the closure of the complement of which 

i 

consists of a finite number of continua, each intersecting C< in a single point. 
This theorem is proved by a direct construction, making use of the lemma 
to the effect that there exists a countable basis for the cut points of M, i.e., 
a countable set of points [/>J such that if any two points of M are not 
conjugate, some point of separates them in M, This fundamental 
theorem implies 

Theorem 1.2: An F-set is a continuum: the product of an F-set and a 
continuum is a continuum or vacuous. 

Theorem 1,3: Mis the sum of its F-sets, 

This theorem is proved by showing that if peM is not an end-point and 
has no conjugate point, it is a cut point. This gives an independent proof 
of the known result when M is locally connected. For non-locally con¬ 
nected continua the result is new. From this theorem we obtain 
Theorem 1,4: Each non-cut point of M belongs to one and only one F-set, 
Theorem 1 .5: In order that two points p and q belong to the same F^-set it 
is necessary and sufficient that p and q be conjugate. 
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If p and g are conjugate we obtain a non-cut point conjugate to both^ 
and from this an jF-set, by use of the known result that there exists no un¬ 
countable collection of mutually conjugate cut points. 

As a consequence of LI and the preceding we get 

Theorem 1.6: If a point p does not belong to a true F*$et (i.c., an F-set 
containing more than one point), it is a regular point in the sense of Menger- 
Urysohn.^ 

Also from 1.5 we obtain 

Theorem 1.7: The product of two F-set$ is either a cut point or vacuous. 
Also, there are in M only a countable number of cut points belonging to true F- 
sets. 

The proof of the second of these statements requires also the cut point 
order theorem.^ 

Theorem 1.8: In order that a non-degenerate subset of M be a true F-set 

* 

it is necessary and sufficient that it be separated in M by no point of M, and 
that it be saturated in M relative to this property. 

This theorem is established on the basis of 1.5. 

2, J-sets: F-set reducible and extensible properties. 

Definition : A subcontinuum of M is a J-set if it is the sum of F-sets. 

This is the precise analogue of the A-sets in the cyclic element theory for 
locally connected continua. We show from 1.2 and 1.5 

Theorem 2.1: The product of any continuum D with a J-set J is connected. 

From 2.L we obtain 

Theori^ 2 .2: The product of any number of J-sets is either a J-set or 
vacuous. A J-set J contains all the irreducible continua about any two of its 
points. 

Analogous to cyclicly extensible and reducible properties we make the 
following 

Definition: A property is F-set reducible provided that when M has 
the property, so also has every F-set in M. A property is F-set extensible 
provided that when every F-set in M has the property, so also has M. 

Theorem 2.3: Unicoherence is F-sc/ extensible (f>iU not in general F-set 
reducible). 

If M is locally connected it is known that unicoherence is both cyclicly 
extensible and reducible. 

An example is given showing that the fixed point property is not in 
general F-aet reducible, and that an F-set is not necessarily a retract of the 
space M, 

3, Transformations of a compact continuum into itself. 

Theorem 3.1: If T(M) dM is a continuous tranrformdtion of a compact 
continuum M there exists a continuum tr C ilf, which is a subset of some F-set 
of Mt such that T(r) ID x. 

Given r(Jlf), it is shown that there exists a continuum iV, irreducible 
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with respect to the property of being the product of continua of type P, 
where a continuum C is said to be of type P provided the closure of the 
complement of C consists of a finite number of components D,, each Z), 
intersecting C in a single point and where T(pi) e •“ pf). It is then 
shown that JV is a subset of an F-set, and finally that N contains a con¬ 
tinuum T such that r(7r) ID tr. 

As results of 3.1 we obtain 

Theorem 3 .2: If T{M) dM is a continuous transformation of a compact 
continuum ilf, there exists either a fixed point in M or an F'Set F such that 
F* T{F) contains a non-degenerate continuum. 

Theorem 3.3: If T{M) dM is a continuous transformation of a compact 
continuum Af» there exists a compact subset R of an F-set F of M such that 
TiR) = R. 

Theorem 3.4: If T{M) dM is a continuous transformation of a compact 
continuum M which carries each F-set into a subset of an F-set —tf, for ex¬ 
ample, the inverse of no point separates an F-set in M,—then there exists an F- 
setF such that T(F)dF. 

In case every F-set is degenerate, we have from 3.4 the Scherrer fixed 
point theorem for dendrites.® If F is a homeomorphism and M is locally 
connected, 3.4 is A 3 Tes' theorem.^ 

* Presented to the Amer. Math. Soc., Dec., 1938. The paper in full was offered to 
Fundamenta MathemaHcae for publication in June, 1939. 

* Compare with Kuratowski and Whyburn, Fund. Math., 16, SOMSl (1930), and 
Moore, R. L., Foundations of Point Set Theory, p. 72. 

’ is regular if there exists an arbitrarily small neighborhood of p with a finite 
boundary. See Menger, Kurventheorie, p. 96. 

* Whyburn, G. T., Trans. Amer. Math. Soc., 30, 697-609 (1926). 

* A set iV C AT is a retract of M if there exists a continuous transformation 7XM) <» N 
such that T is the identity transformation on N. See Borsuk, K., Fund. Math., 17,166 
(1931). 

« Math. Zoit., 25,129 (1926). 

^ Fund. Math., 16,333-336 (1930). 


MINIMAL SURFACES SPANNING CLOSED MANIFOLDS 

By R. Courant and N. Davids 
Nbw York UmvERStTV 
Communicated January 26,1040 

The great variety of phenomena presented by the Plateau-Douglas 
problem is surpassed by. the possibilities in the corresponding (n-oblems with 
"free boundaries." In a previous note* a simply connected tninimnt sur¬ 
face of least area was constructed whose boundary consisted partly of a 
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given Jordan arc and partly of a point-set free on a given manifold, M. In 
a more detailed paper^ a doubly connected minimal surface of least area 
is constructed one of whose boundaries is a prescribed Jordan curve, the 
other free on a given manifold. The solution of these variational problems 
is based on a general convergence theorem concerning boundary values of 
harmonic vectors. (See I or II.) 

The present note is concerned with minimal surfaces no part of whose 
boundary is required to be a monotonically described Jordan curve. Here, 
as already pointed out in II, an entirely new element enters into the problem 
and into the existence proof: namely, it becomes necessary to specify 
the topological position of the required solution relative to the prescribed 
boundary manifold. This is done by considering linking numbers between 
the boundary components of the surfaces under consideration and pre* 
assigned cycles in the space complementary to the given manifold. Natu¬ 
rally, this viewpoint pertains in a general way to the theory of the 
Calculus of Variations in the Large for several independent variables and 
is by no means restricted to the problem of minimal surfaces alone. 

In the present note we shall solve the following t3rpical problem for the 
three-dimensional euclidean space with the position vector j; given a 
closed surface M of genus p > 0, e.g., a torus; given, furthermore, a closed 
simple polygon H which has no points in common with M and which is 
linked with M, i.e., which is linked* with all individuals of a class of equiva¬ 
lent non-bounding cycles on M. We seek a simple coimected minimal 
Surface of least area whose boundary lies on M* and is linked with H, in 
a sense made precise immediately below. Without a topological condition 
such as this one the problem would become meaningless, since its solution 
would then be the degenerate surface | » const. According to the choice 
of H we can, for instance, characterize surfaces filling out the hole in a 
torus, or spanning the inside of the torus. 

Accordingly, we suppose our admissible surfaces to be represented para¬ 
metrically by f (m, v) or j (r, in the unit circle B of the v-plane with 
polar codrdinates r, Since the boundary of ; need not be a continuous 
curve on M we impose our linking condition in the following manner: we 
require that all images under ( (m, v) of simple closed ciurves in B suflSiciently 
near to the circumference C of 3 shall be curves arbitrarily near to M and 
linked with H, Furthermore, we suppose that the first derivatives fu and 
fv are piecewise continuous in B and that the Dirichlet integral 

i?(f] - Dsit] - V.y *£(xl + ig)dudv 
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exists. We then establish the variational problem: to find an admissible 
vector y for which 

z)[r] - d 

is the smallest possible value. That a solution of this problem yields a 
minimal surface follows exactly as in the case of the Plateau problem, 
either with or without the use of conformal mapping. It is the existence 
proof which requires an essentially new reasoning. 

7. Existmce Proof--Denoting by d the greatest lower bound of 7?(y] 
for admissible vectors we define an ''admissible sequence'* f„ as a sequence 
all of whose members satisfy the admissibility conditions except that the 
boundary of the surface need not be on Jlf, but only on a manifold M„ 
which, for n «>, tends to M in the sense that the greatest distance from 
points of to M tends to zero. Let 6 denote the greatest lower bound of 
i)[f] for all such admissible sequences. Then an admissible sequence 
for which 

piij « 

is called a generalized minimizing sequence. We obviously have 5 < d, and 
we shall see that 5 = d. 

For the existence proof we start with such a sequence ti„ and replace 
it by a generalized minimizing sequence of harmonic vectors as follows: 
We choose so close to 1 that the piecewise smooth curve 0) de¬ 

fined by the parameter 6 and called Jkf, lies within the distance « » '/n 
of M and is linked with H. We then form the harmonic surface v) 
which is defined on the boundary C of S by |*(1, 6) — 6). This 

surface spans Since < life,], the f* are again a generalized 

minimizing sequence. Now, since M„ and H are linked, there must exist 
at least one point in B such that to) is on H. By a complex 
linear transformation of B into itself we can throw Uq, »o into the origin and 
obtain a harmonic vector with and with the boundary 

Af,. We operate now with the new sequence P[f,] is uniformly 
bounded. Hence we can, according to an elementary lemma of potential 
theory, choose a subsequence for which 5 , —> { uniformly in each con¬ 
centric circle. The harmonic vector jr has the point f(0, 0) on JI. Ac¬ 
cording to the usual reasoning we have 

< liin2>[f,] * «, (1) 

and likewise, for any subdomain of B, e,g., for the circle B'.: f < '/»• we have 

2 a «=■ < lim inf 


( 2 ) 
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By the fundamental convergence theorem on boundary values in I or II 
the boundary of y is on M. Since 5(0, 0) is at a positive distance from Af, 
it follows that x is not constant in B or B'. Hence « > 0. We therefore 
have, for sufficiently large n, 

> a > 0, (3) 

with a fixed. 

If we show that ^ is admissible, then y is immediately recognized as the 
solution, and in addition, since D[x\ < 6 < d and />(y) > d, the relation 
5 = d is established. 

All that remains to be proved -and this is the crucial point in the 
whole reasoning—is that the boundary of y is linked with II. To this end 
we first mark off the points in B for which y(w, r) is on II. Since, according 
to the convergence theorem in I or II, the boundary of y is on Jlf, and 
hence bounded away from i/, there are only a finite number of such “in¬ 
tersections,’' while the number of these points for Xm on the other 
hand need not be bounded. For a given small e we choose a circle p = r, 
which encloses all the intersection points of y, and such that y(p, 6 ) defines 
a curve M, everywhere nearer to M than t/i. We then choose n so large 
that ly«(p, B) — y(p, [ < e/4 and that y„ have the same number of inter¬ 
sections for r<p as y. Suppose that the curve y(p, B) is not linked with 
H. y„(p, B) would then also not be linked with H. But, since the curve 
y„(l, d) is linked with H, tlie algebraic sum of the intersection numbers 
of Xh corresponding to the ring i?* . p < r < 1 would therefore not vanish. 

Now the values D [y«] are equally bounded by a bound Hence there 
exists, for each y„, a value B ^ such that 



rdr < 

2 ir 


and hence, by Schwarz’s inequality, 

I f«(n /S) - f«(l. I ’ < (1 - r) —. 

V 

Hence the oscillation of |«(r, /S) in the segment 5: ® = /} for p < r < 1 is 
less than c/, if p is chosen near enough to 1; consequently the values of 
{h on the segment 5 are at a distance less than c/. from M, since ;,(1, ff) 
is on M. We cut the ring R along 5 and thus obtain a simply connected 
domain R* whose boundary is mapped by on a continuous curve 
nearer to M than c and linked with H. (No intersection points of can 
correspond to points on S, since such points are farther away from M than 
I.) We have 
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and 

because of (3), hence 

DH*[Xn] < ^[u\ ““ « 

If we let t tend to zero and, accordingly, n to infinity and p to 1, we have 

lim inf < 5 — a. [4] 

But, by a conformal mapping R* can be transformed into the unit circle B 
and in R* into a vector in B with = «OR*fe«l- The sequence 

is certainly an admissible sequence. Hence 

lim inf « lim inf Dr^Iu] ^ 

which contradicts (4). Therefore our assumption that | is not admissible 
is refuted and the existence proof completed. 

JI. Remarks, —(1) If we consider the special case where Af degenerates 
into a Jordan curve, we obtain by our method the solution of a problem 
similar to the Plateau problem, but different in so far as a much wider 
class of surfaces is admitted to competition. But, as stated before in II, 
this more general. problem leads to the same solution as the Plateau 
problem.® 

(2) The solution of the variational problem satisfies a natural boundary 
condition expressing orthogonality in a certain average sense.® 

(3) The problem and method of this paper lead to a variety of gen¬ 
eralizations. We can consider minimal sturfaces not only having pre* 
scribed topological structure, but also having prescribed linking proper¬ 
ties, e.g., prescribed linking numbers of boundary elements with different 
preassigned cycles linked with homology classes on M, The solution of 
problems thus specified depends on sufficient conditions in the form of 
inequalities similar to those known from the Plateau-Douglas problem; 
and, in addition, inequalities referring to the topological structure of the 
minimal surface relative to the manifold M, The result in all cases is as 
follows: A solution of a prescribed topological type with prescribed Unk¬ 
ing numbers exists if the lower bound for the areas under these condi¬ 
tions is strictly smaller than for other (not necessarily lower) linking num¬ 
bers and for lower topological type of surfaces.^ 

' Courant, "The Existence of a Minimal Surfi^e of least Aren Bounded by Pre¬ 
scribed Jordan Arcs and Prescribed Surfaces,” these PaocBBomos, 24* 07 (1038)— 
hereafter referred to as I. 

* Courant, "The Existence of Minimal Surfaces of Given TopcdOfical Structure under 
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Prescribed Boundary Conditions/’ printed in Acta Math, and soon to appear. This 
paper will be referred to as II. 

* Two simple closed curves C\, Cn in the three-dimensional space are said to be “linked” 
if the algebraic sum of the intersections of Cs with an orientable surface spanning Ci 
(or, vice versa, Ci with a surface spanning G) is different from zero. (See Alexandroff- 
Hopf, Topologie, pp. 413--426.) 

^ This is defined as follows: If X(u, r) is represented parametrically in a domain D 
of the tt, t>-plane having the boundary C then the boundary values of | are said to be on 
M if, for every sequence which tends to C, the distance of v«) from M 

tends to zero. 

* The proof will be given elsewhere. 

•Seen. 

^ A detailed paper by N. Davids on these questions will be published later. 


ON CAUCHTS INTEGRAL THEOREM AND ON THE LAW OF THE 
MEAN FOR NON^DERIVABLE FUNCTIONS 

By Guido Fubini 

Institute for Advanced Study 
Communicated February 10, 1940 

In a recent very interesting paper, printed in these ProcebdingSi 25| 621 
(1939), Professor Menger studies a fundamental question. In a rectangle 
R let p{Xt y) and qix^ y) be two continuous functions; we associate with 

each rectifiable curve C the number J(C) « J' {pdx + qdy). Under 

which condition is J the same for any coterminal curves in Rt (In other 
words, under which condition is pdx + qdy an exact differential?) It is 
sufficient to study here the broken lines C, the sides of which are parallel to 
the xi-axis or to the y-axis. Therefore we will only study under which con¬ 
dition the preceding integral is equal to zero, when the path of integration 
is a rectangle, whose sides are parallel to the axes, for instance, when the 
path of integration is the boundary of R. 

I find here a new simple condition, which is both necessary and sufficient, 
and add some other simple remarks. 

1. With Menger*s notations we suppose that R is the rectangle a ^ x ^ 
bi c ^ y ^ d* If we arbitrarily choose some numbers yj such that 

a Xq Xi • • *». Xfn ^fn 4* I ** bf 

c yo < yi < .< +1 ’=• d, 

we will say that the points (x,-, yj) define a rectangular net in R. The 
rectangle R will be divided into partial rectangles whose vertices are 
the points 
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{Xi, yj), (Xi 4. 1, Xi), (Xi + u yj + 1), (at,-, yj + i). (i ^ m), (j ^ n). 

The sides of this net are the segments joining two points 

{Xi, yj) and {x{ + 1 , yj) or two points (at,, yj), (af<, yj + 1 ). 

By changing Menger's definiticni, we will say that wc have dotted the net, 
if we have chosen a point on every side: a point yj) on the side joining 
{xu yj) and (Xj + yj) and a point (jc„ on the side joining the points 
Jj) and {Xi, yj + \). Consequently 

^ ^ yj ^ vij ^ yj-\- f 0) 

We will consider the ratios 


yj +1 yj 

and 

^ g(^.- + 1 . Vi + I.j) - 9(xi, yiij ) 

Aa: Xi^x ~~ 

and their difference 

_ Ag 

Ay Aat 

For the sake of simplicity, we will also write 

Piiijt yj) " Pij\ nij) « qij 


( 2 ) 

(3) 


^P _ PiJ^i ” Pij ^3 ^ g* + i.i ~ 3iV (4) 

^ yj^i- yj' Ay Xi^x- Xi' 

If we consider other points 17 ,y (where Xi ^ (ij ^ Xi f 1 , and yy ^ ^^y ^ 

y,- 4. 1 ), we will write 

h ^ P(iijyj)\ iij ® (4)bis 


We can now state the condition, which is both necessary and sufficieni: 
If « > 0 , <r > 0 are two positive numbers, arbitrarily small, we can find a 
dotted net, such that the lengths of all its sides are less than €, and all the 
differences B are less than o*. 

From the following proof it will appear evident that, in the preceding 
condition, we might disregard the number <r and say that aU the differences 8 
are equal to zero. 

7 he condition is necessary; Let us suppose that p, j are arbitrary con¬ 
tinuous functions* According to the law of the mean, wc can choose the 
numbers fey, in such a way that 
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Hi + 1 - yy 

f p{x, y)dx = (*< +1 - xt)p{iijyj) » (*< +1 - *<)/>y 

yj 

/’*<- yj +1 

/ g(*. y)dy = +, - yMixi, ny) = (% +1 - 3v)gy 

yj 


< ?y + ,). (yy < < yj + ,). 

Wc‘ itidicate now by J or J the values of the integral of pdx + qdy, 

when the path of integration is the positive boundary of JR or of r — 
And we find immediately that 



-(a-. + i - x,){pij + i - Pi,) + {yj + i - y,)(g< + i. 


gy). (5) 


If pdx + qdy is an exact differential, this integral is equal to zero; and 
therefore (5) proves that 6 = 0, if we choose the dotting points f, r;, by 
supposing that iij — (p p, q — q). (Obviously 6 < <r, 

since 6 — 0.) Before we prove that the condition is also sufl&cient, it may 
be useful perhaps to study the differential meaning of the ratios (2) and (3). 
Let us, for instance, study the former, and let Xi be a constant, while y and 
Xi ^ — Xi ^ h are variable. The point ( such that 

p(x, y)dx ^ hpiiij, y) == hpij ( 6 ) 



(xi ^ h < «, +1 = Xi + h) 


is a function J(y, h) of y and A. We can completely determine it, even if 
there are many points { satisfying (6); it is sufficient to choose the least; 
which is possible, because p is continuous. If we suppose that jc ~ f, the 
function p(Xt y) becomes a function P(h, y) of A, y. When vy ^ i approaches 
yjt the ratio (3) approaches the limit 


q(x + A, y) - q{x, y ), 

IP ■■ ■■UMi n . . I^p^MMP . n ih^i I ^*I| U 

h 


{x = y - yj) 


(* + A-x. + ,) (7) 


and consequently also the ratio (2), which is equal to (3), approaches the 

dP - _ 

same limit, which is therefore equal to —. (Here { = f. »j = ij.) 

Prom what we have already proved we deduce consequently: It may 
happen that p{x, y) is a non>derivable function of y, when we suppose that 
X n const. But the derivative cif p with respect to y exists if [instead cKf sup¬ 
posing that X « const.] we suppose that x » |(y, h). And this derivative 
is equal to (7). 
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The condition is sufficient. Let us suppose that B < er (for every one of 
the rectangles r *= fy). From (6) we infer that 


^ ^ A^ij "*■ 1 I [Pi^j 4-1 P»il iPitJ + 1 Pi^ I 

+ (Vj + i - yj) { {qij +> ~ 2yl “ l2(.> +1 ~ 2yl} > (®) 

where 

Aij = -(jCf + i - K,)(p,, , + i - Pa) + (%+i - y>)(g, + i,i - gy) 


is deduced from the second member of ( 5 ), by writing n instead of if, jy. 
Since 6 < (t, we get 

\A\ < (r(ac, + i - Xi){yj + i - y^). (9) 

We remark, moreover, that, for instance: 

iPij n + 1» ’ (f^) 

For the solce of brevity, we do not write the analogous equations for 
iij* fiy* From ( 9 ) and (10) we can now immediately deduce that 

J* ** S (^f + 1 "** [(^^<0 » 4 i) Y 

- A. « 4 l)] +D(%4l”3!/)[(gm4l. -g(b) - (ffm 4 1, i ^0;)] . (H) 

From ( 9 ) we deduce that 

I ZAij I < (r(6 — a)(d — c). 

Since Pipe, c) is continuous and therefore integrable, the sum 
S(*< + j - *<) - />«] * + >-*■<) c) - pijin, c)] 

(*• ^ ^ *< + l) ^ {<0 ^ *< + l) 


becomes infinitesimal, when the. greatest side of our net approaches zero. 
In the same way we can study the other terms of the second member of (11), 

And we prove by this method that f is arbitrarily small, by choo^g « 
and V sufficiently small. Therefore / « 0; which we had to demonstrate. 
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2 . The Law of the Mean .—Let us write . 



\p^j +1. *) - Piy,, x)]dx + 



- q(xi, y) Vy 


X = Xi, yj y,Xi +I - Xi = h, yj + x yj « k. 

From the equation J » 0 we deduce, by using the usual law of the mean 

for the integrals of the continuous functions 

P(yj +1. *) - P(yj> x) and q{xi +1, y) - y) 

that, for every rectangle r, we can find two numbers 6 , V satisfying the 
inequalities 0<^< 1 such that 

p{y ^ k,x + Oh) — p(y, X + Bh) _ q{x + *, y + B*k) — q{x, y + e*k) 

k J * 


The question as to whether this condition is also sufficient is still mi- 
answered. 

This condition is equivalent to the law of the mean; by remarking that 
ip{x + y){dx + dy) is an exact differential, if ^ is a continuous function, 
even if it is not derivable, we deduce a law of the mean for the continuous 
functions ^(s), even if they are not derivable. The proof is quite elemen¬ 
tary and will be printed in another periodical. I will be contented to state 
here the final result without demonstration. 

If ^(s) is continuous in the closed interval a a + H, we get: 


<p(a "1“ H) ^(n) 


ipia + eH + h)- ip{a + BH) 

h 


where A is an arbitrary sufficiently small number, and (if a, H are given) 
0 is a function of h with following properties; 

a) 0 < 0 < 1. ^ 

0 ) The point a ^ Bh approaches a limits if h becomes infinitesimal. 

This law becomes equivalent to the usual law of the mean, if <p{x) is a 
derivable function. 

3 . Fourier^s Coefficients .—But we can also consider our question from 
another point of view. If 2 are continuous functions, and pdx + qiy is 
an exact differential, for instance the function p is not an arUtrary continu¬ 
ous function. This is obvious, because in this case 



(a, b » const.) 
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must be a function, which possesses a derivative g(&, y) — 2(0, y) with 
respect to y. And when ip{x) is a function of *, with a continuous deriva¬ 
tive also 



p{x, y)tp{x)dx 


rx 1 * - » 

(p{x) I P{x, y)dx - 
Ja J* * a 


r\ rp{x,y)dx 

fa - 


(ff*{x)dx 


is a function of y with a bounded derivative 

<f>(P)\qib, y) - 2(0, y)] - f [gC*, y) - q{a, y)]<(>'{x)dx = 

<p{b)q(b, y) - <(>(a)q{a, y) - f <p'{x)q{x, y)dx. 

Ja 

We deduce, for instance, that, if we consider ^ as a function of the only 
variable jc, by supposing y = const., and develop /> in a Fourier’s series, Us 
Fourier*$ coefficient must be derivable functions of y. The class of functions, 
which have this property, may perhaps be interesting, but I did not succeed 
in proving that we can choose p{x, y) arbitrarily in this class of functions. 

Let us suppose, for the sake of simplicity, that the length of every side of 
R is 2 ir, and that inside R 

^o(y) + 53 [^«Cy) cos nx + bniy) sin nx\ 

is Fourier’s development of p{x^ y). According to the preceding remark, 
the coefficients a, b are derivable functions of y. I believe^ but I could not 
demonstrate, that (if pdx + qdy is an exact differential) q{x, y) may be de¬ 
fined by the development 

♦Cy) + + E r=;M 

L n « J 

where <^(y) is an arbitrary integrable function of y. If *, y were polar co¬ 
ordinates, and y were the radius vector, the formulas become simpler, be¬ 
cause necessarily ao is equal to zero (at least if pdx -h qdy is the.differential 
of an one-valued function and the origin belongs to the considered region). 
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RECALCULATION AND EXTENSION OF THE MODULUS AND 
OF THE LOGARITHMS OF 2, 3. 5, 7 AND 17 

By Horace S. Uhler 

Sloank Physics Laboratory, Yale University 
Communicated February 1, 1940 

A year or more ago while the author was engaged in extending the work 
of J. C, Adams^ by computing the Napierian logarithms of 11,13, 17, 19, 23, 
29 and 31 to a fairly large number of decimal places, but before the calcula¬ 
tions had been completed, he became convinced that it would not be justi¬ 
fiable to claim for the new values complete absence of error unless the basic 
data, namely, the logarithms of 2, 3, 5 and 7, were proved to be correct as 
printed. This conclusion was reached after a careful search through the 
available liter||.ure failed to show that in the interim any other mathema¬ 
tician had repeated or independently verified the values found by Adams. 
In order to contribute more than the mere checking of the classical data 
the goal of nearly 330 decimal places was set for the present investigation. 
Since Adams' approximations were claimed by him to be valid to about 273 
decimal places the gain proposed would be 55 figures. 

The notation used here is the same as that employed by me in an earlier 
paper.- Xhc actual work involved the following steps in the order stated: 
(a) tlie selection of suitable pairs of numbers (/>, q) which satisfy the condi¬ 
tion p — q — 1; {b) the calculation of terms of the simple geometrical series 
2(2/> — "'(8w + ^ 2^3^ ...; (c) copying from the Monroe com¬ 

puting machine (in black ink) the numerical values of these terms on alter¬ 
nate horizontal lines of rectangularly ruled paper; (d) forming the sum of 
these data and comparing it with the previously computed value of 
that is, the limit (2p — ])/4p{p — 1); (e) dividing each value of (2p — 
by 2m + 1 and entering tlie quotients {in red ink) in the blank 
lines directly below the corresponding terms of the geometrical series; 
(/) summing separately the lines which represent the even and odd terms 
of the final series, s{+) S(2/> — ^^/(4m + 1) and —) == 

Z(2p — 1)"^^” "’^)/(4m — 1): and (g) evaluation of log (p/q) and taii”^ 

3 - 

[l/(2p “ 1)], respectively, as 2 [s(+) + —)] aud5(+) — All quo¬ 

tients were checked by multiplication, the results of addition were tested 
by repetition with the successive groups of ten figures staggered five deci¬ 
mal places, and throughout all stages of the work every precaution known 
to me was taken to eliminate errors. 

The pairs of numbers chosen for the calculation of the logarithms h$ /», 
/i, h and h are given in table 1. 
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TABLE 1 


2p - 1 

P 

9 

6 

3 

2 

239 

120 2‘*3-6 

119 = 7-17 

577 

289 «« 17* 

288 - 2*-3« 

2449 

1225 - 6«-7* 

1224 - 2»-3*17 

4999 

2600 - 2?*5* 

2499 - 3-7* 17 

8749 

4375 6*’7 

4374 - 2-S’ 


The selection of these particular numbers was based not only upon the 
essential condition that they should have the prime factors 2, 3, 5 and 7 but 
also upon other considerations. For example, 5 and 239 lead to tan “^(1/5) 
and tan*^(1/239), that is, to numbers which can be checked either directly 
and separately by comparison with the values calculated by Rutherford* 
and Shanks^ or indirectly and collectively with the standard value of ir 
through Machin's formula. The choice of 2/> — 1 — 239 ox q — 7-17 
obviously introduced the number 17 into the work. Since (2449)* = 
6997601 = 6 X 10* “ 2 X 10* - 4 X 10* + 1 X 10® the quotients con¬ 
stituting the terms of the geometrical series of which 1/(2449)* is the com¬ 
mon ratio can be checked rapidly by multiplication. In fact the number of 
unit strokes of the computing machine in this case is only 13 («= 6 + 2 + 
4 + 1). Similarly (4999)* « 24990001 «« 2 X 10* + 5 X 10* - 1 X 10* + 
1 X 10^ which requires only 9 strokes for every ten consecutive digits in 
the quotient. 

For brevity let ai — 5(1/5), a% » 5(1/239), = 5(1/2449), 04 = 5(1/ 

4999) and = 5(1/8749). Then the required logarithms are given by the 
following set of independent linear equations: 

-Ik+lk ^ 2ai\ 

3/2 1/s 4* 1/5 lA lfl7 2U2f 

— 3/2 — 2/3 *4" 2/5 4* 2^ — l/i7 2 ug /. ( 1 ) 

2 /s — 1/3 4* 4/5 — 2/7 — 1 /i 7 » 2 ( 14 ^ 

“ 1/* — 7/3 4“ 4/5 4" 1/7 *** 2a6y 

These equations are satisfied identically by the expressions: 

h « ( 27ai 4- 18aa - 7as - lla 4 + lOaO/S') • 

h « ( 43ai + 18a2 - 7a, lla 4 + 10a»)/8/ 

/ft ** ( 63aj 4" 26aa — lla, — 15a4 4* 18aft)/8V (2) 

/y s ( 76ai 4" 4002 — 12aft —*• 28a4 4" 24aft)/8i 

In « (lllfli 4" 42aa — 27aft — 31a4 4^ 34aB)/8/ 

In each of the preceding parentheses the coeflScients of ax and 0 $ are 
larger than those of a,, a, and wherefore a, and 0 % were calculated to 336 
and 335 decimal places, respectively, while the three remaining a’s were 
rounded off at the 330th place. 
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After the V% had been computed from formulas (2) the values obtained 
were found by substitution to satisfy equations (1) as far as and beyond the 
333d decimal place. This agreement merely means that no mistake was 
made while substituting the numbers in formulas (2) and it would have 
been obtained even if one or more of the a's and the dependent f s were 
vitiated by errors. Hence the necessity for discovering if possible an 
identity which could only be fulfilled by a set of perfect a's became impera¬ 
tive. 

An exhaustive inspection of the British Association Factor Table* from 1 
to 50,000 (that is, throughout the range of numbers whose squares did not 
exceed the capacity of the computing machines employed) showed that 
(289, 288) is the largest pair of consecutive integers which fulfil the follow¬ 
ing conditions: (i) one member of the pair shall be a multiple of 17; (ii) 
all the remaining prime factors of the pair shall be comprised in the group 
1, 2, 3, 5 and 7; (iii) the pair must lead to an equation which, when com¬ 
bined with equations (1) will give an identity connecting aU of ai, a*, as, as 
and as. Since 289 = 17® and 288 = 2* • 3® the equation in question is 

— 5^2 — 2/j “f* 2 /i 7 = 2ae (3) 

where a® = 5(1/577), and the analytical condition for the compatibility of 
the six equations is the required identity, namely 

, Ui — 42^X2 — 5a* + 150* — 2a* — 16a* » 0. (4) 

This formula can also be obtained by equating the logarithms of both sides 
of the following identity the truth of which can be tested at once by replac¬ 
ing the composite numbers by their prime factors as given in table 1. 

/120Y^ /1225Y /'2500\“'“/4375Y /289\^® _ , 

V2/ \119/ Vi224/ V2499/ 1,4374/ \288/ 

Incidentally the smaller pair of numbers (p =* 256 =* 2*, g = 255 *» 3*6 17) 
leads to the alternative identity 

ai “ 58a* •+• lla* + Sla* — 18a* + 16a7 *= 0 (6) 

in which ar » 5(1/511) converges even more slowly than 5(1/577). With 
reference to rate of convergence the fact may merit recording that in order 
to increase the number of decimal places for 5(1/577) from 273 to 328—a 
gain of about 20 per cent—it was necessary to augment by over 61 per cent 
the number of figures actually written in the terms of the series. 

Attention will now be turned to the quantitative evidence for the degree 
of accuracy both of the final data published by J. C. Adams and of the 
numbers involved at various stages in the present work. The '*errors*’ in 
Adams' constants are entirely terminal and they are given in table 2. 
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TABLK 2 


Constant 

Krkok 

log 2 

+ 4.43 X 10 - 

log 3 

-f-6.95 X 10-*« 

log 6 

4-1.01 X 10-«‘ 

log 7 

-f-1.44 X 10-"‘ 

log 10 

4-1.45 X 10-”‘ 

M 

-9.40 X 10 -«» 


It is interesting to note that all of his logarithms have errors of the same 
sign. With characteristic perspicacity Adams^ wrote “And finally the 
corrected value of the Modulus is -M = 0.43429 . . . 21868 25 which is 
true, certainly to 272 and probably to 273 places of decimals.” 

The geometrical series test yielded the first six of the equations tran¬ 
scribed below. It was not applied to the functions of 1/5 (= 2 X 10’ 
since their evaluation depended explicitly upoti positive integral powers 
of 2. These involutions had been thoroughly verified by the writer in the 
year 1900. 

+5,(1/239) - £(239)“'''" + ’' = 1.6 X I 0 ~”‘ 5.(1/2449) - 

0 48 

X)(244:9) - <»'" + « = 3.6 X 10“**" 
0 
35 

_5,(1/239) - S(239) ~~ " = 1.2 X 10~’“ 5.(1/4999) - 

£(4999) -<*'" + ’> = 1.3 X 10“**“ 
0 

6U 

5.(1/577) - E(-'’"7) ” = 2.0 X 10““‘ 5.(1/8749) - 

£(8749) + » = 3.0 X 10"“*“ 

0 

(tan--‘(l/5)l.s - ttan-‘(l/5)Jt; = 4.0 X lO"’*'. 

[tan"»(l/239)],9 - |tan-‘(1/239)]^ * -1.6 X 10"*“ 

ITS - iru » 1.3 X 10~**\ 

The subscripts 5 and U refer to Shanks and Uhler, respectively, 
&ib 8 titution of the newly extended values of k. k and hi in equation (3), 
a relation which was not used in the calculation of these logarithms, led 
to the following significant result: 

21,T - 51, - 21, - 2a« - 4.05 X lO"***. 

The left-hand member of the important identity (4) was evaluated to be 
3.2 X 10~““. This admissible error is ascribable solely to the trinomial 
I 604 — 5 a» — 2 «» since each of o,, «, and a« was carried as far as the 3 . 35 th 
decimal place while a,, a, and a, were rounded off at the 3.30th place. Pi- 
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nally in checking the value of the modulus by forming the product JIf */io 
a continuous succession of 336 nines was obtained. 

The newly extended values of the natural logarithms of 2, 3, 5, 7 and 17, 
and of the common modulus are collected in table 3. These approxima¬ 
tions are certainly correct to 328 decimal places and their unreliability 
probably does not exceed one or two units in the 329th place. If at any 
future time the values of the discrete sums of the positive and negative 
terms of the infinite series involved in the present work should be desired 
they may be obtained directly by first calculating the a’s through substitu¬ 
tion of the tabulated /'s in equations (1) and then employing the following 
formulas: 


+ tan-^ ej)/2 
sj{- ) = {aj - tan““^ dj)/2 


In addition to the arc tangents of the reciprocals of the integers 577, 
2449, 4999 and 8749 table 3 gives the values of tan" \ 1/451) and tan"^ 
(1/10081), and also the extensions of certain other constants which were 
published by me in an earlier paper. ^ These two arc tangents have just 
been computed from the series underlying, respectively, the values of log 
113 and log 71 which were used in calculating log ir from Ramanujan’s 
expression.* The extensions were finished on May 18, 1937, while retesting 
a table of reciprocals of factorials. They are printed in table 3 in such a 
manner as to fit and continue the corresponding numbers as printed on 
pages 433 and 434 of the monograph^ in question. The accuracy of the 
extended numbers is measured by the right-hand members of the following 
test equations: 


1 - X = 5.0 X 10~***, 


cos* 10 + sin* 10 - 1 = 4.3 X 10~”*. 


TABLE 3 

log, 2 - 


0.69314 

71806 

52541 

20680 

42001 

48102 

07696 

19307 

01163 

04497 

25882 

95045 

43038 

55008 


5994S 30041 
00949 3.3936 
06706 8.6733 
27670 82837 
96523 91204 
30070 95326 
01944 17064 


72321 21458 
21969 69471 
68662 02367 
14351 90307 
75172 68167 
36664 26641 
16715 18644 


17656 

80765 

56068 

63326 

68130 

55703 

03862 

38916 

49320 

65155 

04239 

15781 


00134 

36026 

99641 

86875 

26707 

51636 

73471 

12335 

52473 

41396 

49520 

43740 
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TABLE 3 (Con/iiutnf) 


log, 3 - 


1.00861 

22886 

68109 

69139 

62462 

36922 

62670 

46474 

90667 

82274 

94517 

34694 

33363 

74942 

93218 

60896 

68736 

15764 

81373 

20887 

87070 

02906 

59678 

65742 

36800 

42259 

30619 

82105 

28018 

70767 

27741 

06031 

62769 

18338 

13671 

79373 

69884 

43609 

59903 

74257 

03167 

96911 

52114 

65919 

17760 

67134 

70549 

40166 

77658 

02222 

03170 

26294 

68975 

60690 

10662 

16056 

42868 

13803 

63173 

73298 

67778 

23669 

91654 

79213 

18181 

49019 

6 





log, 5 = 


1.60943 

79124 

34100 

37460 

07603 

33226 

18763 

05266 

01354 

26861 

77219 

12647 

89147 

41789 

87707 

65776 

46301 

33878 

06317 

96107 

90060 

30302 

17155 

62899 

72400 

52293 

24676 

19063 

36166 

17463 

70672 

75521 

79637 

49718 

32456 

53492 

86620 

23415 

26057 

27016 

61936 

00879 

77738 

97266 

88193 

54071 

27661 

54731 

22180 

96279 

48521 

29282 

13580 

59722 

66767 

22852 

87240 

46158 

94481 

78364 

67132 

86739 

98424 

63776 

95931 

89422 






log, 7 - 


1.94591 

01400 

56313 

30610 

53627 

43443 

17972 

96370 

84720 

58186 

11884 

60300 

14093 

76798 

62762 

06926 

77876 

68468 

68787 

16260 

03061 

69420 

68511 

40011 

72376 

22576 

77786 

84314 

80680 

96163 

90077 

59078 

24468 

10427 

47883 

82259 

34900 

84673 

74412 

60497 

37048 

63561 

76783 

66774 

86240 

16102 

77418 

08868 

67107 

61412 

13480 

03879 

74183 

10810 

26182 

31684 

93014 

07330 

63932 

87711 

93411 

21406 

87662 

40026 

06769 

35850 






log, 10 — 


2.30258 

60020 

04046 

68401 

79914 

54684 

36420 

76011 

01488 

62877 

29760 

33327 

60006 

76726 

09677 

35248 

02359 

97206 

08060 

82983 

41967 

78404 

22862 

48633 

40062 

54650 

82806 

76666 

62873 

69098 

78168 

94829 

07208 

32566 

46808 

43709 

89482 

62331 

08628 

39360 

63080 

66377 

73262 

88461 

63366 

22228 

76982 

10886 

74664 

36674 

74404 

24327 

43661 

66048 

93431 

49393 

91479 

61040 

44002 

22106 

10171 

41748 

00368 

80840 

12647 

08066 



* 



log, 17 - 


2.83321 

33440 

66216 

08024 

06346 

17873 

12663 

66882 

03012 

68674 

47872 

97237 

73788 

22025 

75800 

93128 

00120 

94868 

03760 

29476 

18348 

26204 

71870 

67291 

39750 

28410 

46738 

86429 

07645 

66742 

02127 

12590 

13208 

07200 

04790 

76471 

68172 

61666 

60206 

60860 

60001 

06813 

96134 

61402 

06164 

19200 

44718 

60893 

26481 

33184 

68044 

46037 

68003 

16646 

02993 

06806 

87270 

00327 

36297 

80273 

00414 

82424 

46084 

21666 

64224 

34303 

6 
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TABLE 3 (Continu€d) 


0.43429 

44819 

03251 

82766 

11289 

18916 

60608 

22943 

97005 

80S66 

66661 

14463 

78316 

58646 

40208 

87077 

47292 

24949 

33843 

17483 

18706 

10674 

47663 

03733 

64167 

92871 

68963 

90666 

92210 

64662 

81226 

58621 

27086 

66867 

03295 

93370 

86966 

88266 

88331 

16360 

77384 

00514 

28443 

48666 

76864 

65860 

86136 

56148 

21234 

87663 

43643 

43573 

17263 

83662 

22813 

96603 

04864 

66523 

66096 

53037 

73661 

76323 

43191 

67109 

91411 

50790 










tan-* (1/451) - 





0.00221 

72012 

66632 

02363 

15882 

66080 

23026 

31380 

14602 

60609 

17643 

09214 

52019 

13338 

55404 

43676 

39034 

82558 

58643 

44395 

87108 

04996 

88910 

09632 

24025 

89247 

92233 

60230 

24247 

94571 

84451 

64780 

16722 

05094 

83161 

35952 

33503 

30386 

64494 

07932 

77708 

39014 

76316 






tan-* (1/677) - 





0.00173 

31006 

17828 

99690 

63239 

26177 

82620 

68611 

14980 

78800 

69327 

89382 

35699 

57691 

52385 

74936 

80734 

22847 

93358 

70508 

96356 

61775 

68614 

26967 

66613 

21830 

35078 

77394 

63724 

71418 

36672 

62796 

24166 

64413 

86399 

69167 

26081 

27692 

30196 

50860 

64008 

11494 

99282 

64002 

61438 

31410 

33135 

35109 

63461 

67606 

18848 

66578 

01725 

67976 

90962 

00362 

69313 

12814 

02028 

71690 

62013 

81132 

13787 

97716 

84343 

00302 

82074 









tan-* (1/2449) - 





0.00040 

83299 

07889 

84408 

18481 

31902 

90044 

00572 

06737 

74283 

70063 

38677 

46144 

46042 

13461 

35015 

77406 

60932 

70932 

46713 

04306 

00049 

62406 

66320 

25430 

93760 

94645 

22510 

84677 

64435 

46704 

46028 

26736 

37876 

66360 

61246 

63820 

16585 

22183 

67056 

63190 

96352 

77188 

36207 

08027 

61056 

13026 

78570 

20865 

44049 

90326 

26335 

10182 

62182 

64166 

03332 

27936 

85681 

33796 

89799 

93570 

'54457 

16861 

92622 

49627 

6()087 






0.00020 

00400 

05333 

83307 

ten-* (1/4999) - 

72479 85371 

42948 

19785 

33228 

97143 

44926 

08256 

32095 

52603 

39634 

32975 

44539 

51845 

47049 

06238 

12923 

63094 

42014 

32160 

25583 

78435 

98399 

16704 

85072 

75018 

36338 

02163 

03169 

96623 

07518 

40270 

67119 

84057 

80148 

26486 

IWIO 

47785 

14108 

65609 

41020 

87318 

86948 

59472 

63931 

90140 

76445 

02147 

90530 

51061 

43414 

50219 

10796 

83471 

52086 

58089 

28900 

19074 

14132 

95931 

36220 

37343 
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TABLK 3 {Continued) 

tan”i (J/8749) - 


0.0(K)11 

42987 

76606 

34497 

9.5400 

31656 

.54433 

41572 

51039 

85186 

41170 

24888 

58112 

13(M7 

19377 

00909 

98474 

56827 

20239 

77036 

33«65 

59321 

49574 

74286 

74070 

56118 

40358 

72195 

87487 

08290 

49969 

68785 

16908 

88300 

69720 

37796 

09205 

49810 

96750 

43861 

88077 

18495 

77313 

59992 

87031 

98770 

47933 

64694 

09620 

68560 

46114 

28999 

91470 

93199 

28975 

69236 

.59878 

3(K)49 

05572 

24245 

82449 

35001 

00294 

79098 

27092 

87283 









tan"* (1/10081) - 





0,00(X><) 

91966 

07967 

54564 

08985 

58797 

77424 

49951 

00255 

89946 

71090 

71455 

59079 

31811 

07097 

06143 

17935 

78474 

20733 

28187 

84792 

26162 

70152 

5,5449 

53213 

.52040 

37402 

68198 

00929 

64613 

84062 

28071 

43787 

07858 

98497 

65534 

94325 

10747 

.50921 

23303 

62373 

50664 

62704 

6 








...07 

54881 

79319 

608,84 

04440 

49342 

3668(2) 




.. .30 

56049 

41.570 

e~ 

10772 

997.53 

.54408 

07940 

399(4) 






sin 1( 

) « 





*44** 

* 4 4.1 

, .290 

01127 

07004 

51(H8 

48711 

(M.57] 

20379 

41468 

21302 

89420 

87572 

084.58 

36001 

96715 

0157( 

90) 







COS 10 s* 





* , * , , 


. .471 

09711 

71010 

52082 

09213 

07324 

18341 

26670 

72265 

01830 

11(K)9 

313.50 

14920 

90281 

4223( 

32) 







cos 20 - 






. IF.* 

. , 197 

39399 

70488 

94194 

84010 

91837 

43935 

51103 

56225 

20590 

81042 

71093 

29701 

02133 

9039( 

40) 



' J- c. 

Adams, 

proc. Roy. Soc. 

London, 42 

, 22-25 (1887). 




» H, S. 

Uhler, . 

Proc. Nat 

. Acad. 

Set., 24, 23 -30 (1938). 





3 Wm. Rutherford, Proc. Roy. Soc. London, <5, 274, 275 (1«5;U. 

^ Wni. Shanks, Proc. Roy. Soc. London, 21, 819 (1878). 

* Brit. Assoc. Adv. Set., Math. Tables, 5 (1985). 

• Scientific Papers of John Couch Adams, 1, 470 (1890). 

^ H. S. Uhler, Trans. Conn, Acad. Arts Set., 32, 381-484 (1937). 
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THE GREEN’S FUNCTION FOR A DIFFERENTIAL SYSTEM OF 

INFINITE ORDER 


Bv D. V. WinDER 

Department of Mathematics, Harvard University 
Communicated I''ebritary 1, 1940 


In the study of the Stieltjes transform' 



X + t 


(it 



the author was led to consider a certain linear dilTerential operator of infi¬ 
nite order 


Llfix)] 


lim —- 

- 2 )! 



It was found that when this operator is applied to the function f{x), de¬ 
fined by (1), it yields and thus inverts the intc|^al (1). It is easily 
vSeen that (2) is formally equivalent to*-^ 

Ll/(x)| = xD iV (l - ■''^V(x), (3) 

where D indicates difTerentiation with respect to x atid the prime indicates 
that the factor corresponding to n «= 0 is omitted. 

Consider now the following differential system 

Llfix)] = <pix) 

lim xfix) = 0 (,4) 

lim fix) = 0 

and the corresponding homogeneous system (i^) in which ^(a') is replaced 
by zero. A fundamental system of solutions of the equation 

is 

f{x) = jc" (w — 0, 5^1, =^2, ...). 

No linear combination of these solutions satisfies the boundary conditions 
of (J5), Hence (J3) is incompatible. That is, (.4) has a unique solution. 
Following the analogy with systems of finite order we should be able to 
find the solution by use of a Green's function. 
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Consider now the “truncated” systems (A ') and (S') which are the same 
as (A) and (S), respectively, except that Z,l/(*)] has been replaced by 

Z,[f(x)} = -xS V (l - —)/(x). 

We recall that the Green's function* /) for the system (-4 0 is for each 
positive / a function of x which satisfies (5') for every positive x except 
X ^ I, which is continuous with its first (2* — 3) derivatives for (0 < x < 
w), and whose (2k — 2)th derivative is continuous there except at x » 
where it has a finite jump defined by the equation 

^ rSk=2Gk(x, t) - Um ^^,Gu(x, 0 = - 2)!r**+'. 

***■/+ UXT at—O* 


It may be shown that these properties serve to characterize G*(x, /) and 
that the solution/^(x) of (40 is 

/ oo 

Gk(x, t)<p(t)di. 


It is natural to define the Green’s function G(x, t) of the system (A) as 
the limit as k becomes infinite of Gi,(x, t) and to expect that the solution of 
(A) will be 


/(*) * 



We show that this conjecture is correct. 

We can in fact obtain an explicit formula for t). 


Gkix. t) 


‘X 

'X' 


1^ '*** Ijk.A ^ 2 


(y + X — ty y 


2 fc-l 


(y + *) 

(y + < - *)*■■*/■* 




(y + 0 


2k-’l 


It is found to be 


(/ < x) 


dy (/ > x). 


The details of computation will be given in a later paper. Now by the 
Laplace method for the as3miptotic evaluation of an integral, or otherwise, 
it may be shown that 

lim Ga(x, 0 « (x + 

ft — 

so that the solution of (A) in the form (4) is precisely (1). That (1) actu¬ 
ally satisfies the system (A) was proved in an eaiiier paper, as we observed 
at the beginning of this note. Thus the Stfeltjes kernel may be rqiarded 
as the Green’s function for a certain difiPerential system of infinite order. 
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The importance of the present procedure is that it provides a straight¬ 
forward method of finding the kernel that corresponds to a given differ¬ 
ential operator. As other examples we note that if (A) is altered by 
omitting^ the factor (1 -f %B) in (3) the kernel becomes i{x + 0”*; if i® 
addition the factor 1 + 2 " * jcD is omitted the kernel becomes (x + /) etc. 
If the system (A) is altered byreplacing L[/(x)] by its iterate IJ[f{x)] we 
find that the Green's function for the corresponding truncated system is 

[g,{x, y)G,(y, t)dy 

and that the Green's function for the system of infinite order is [log(x//)] 
[x — /] as one would expect from earlier consideration of R. P* Boas^ 
and the author. 

1 D. V. Widder, *'The Stieltjes Transform/* Trans, Am. Math. Soc., 43,7-fiO (1938). 

* If an exponential change of variable is made (3) is related to a differential operator of 
the type discussed by J. F. Ritt, **On a General Class of Linear Homogeneous Equations 
of Infinite Order with Constant Coefficients/* Trans. Am. Math. Soc., 18,27-49 (1917). 

* See, for example, M. B6cher, Lemons sur les mlthodes de Sturm, Paris (1917), Chap. V. 
^ This leads to the operator (/(x)] defined on p. 66 of the author*s paper dted 

above. The operator was there seen to correspond with the kernel t/{x -h f)** 

* R, P. Boas, Jr., and D, V. Widder, ‘‘The Iterated Stieltjes Transform,** Trans. Am. 
Math. Soc., 45,1-72 (1939). 


THEOREMS IN THE INVERSE PROBLEM IN THE CALCULUS 

OF VARIATIONS 

By Jesse Douglas 
Brooklyn, N. Y. 

Communicated January 15, 1940 

1. Introduction. —In a recent issue of these Procebdinos the author 
has announced and presented the essential features of a solution of the 
inverse problem of the calculus of variations recently found by him.' 
This problem is: Gtt^en a curve family, yi^ » Fiix, y^, y/), {i,j^ 1, ..., n), 
in (n + \)-dimensional space; to find, if eodsient, a variation problem, 
fvix, yj> " wtM., having this curve family as the totality of its ex- 

tremals. 

A fully detailed account of our solution will appear in one of the mathe- 
oatical journals. The present note summarizes the results of this detailed 
pi^er, which it is here our purpose to state. 

We have given in our for^coming paper a general method applying 
to an (n + 1) .dimensional space, and then carried out this plan cmnpletely 
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for the most important and interesting case of 3 dimensions. This results 
in a classification of all families g of curves in jc^^g-space: 


== y, s, 3?', s'), 



(i.l) 


into extremal and non-extremal, together with a determination in the 
former case of the degree of generality, i.e., the number of arbitrary func- 
tions and constants, involved in the corresponding variation problem 

/‘<p(x, y, z, y\ z')dx = min. U .2) 


Illustrative examples for all the more important cases are given at the 
end of this note. These are more completely described in our detailed 
paper. 

In stating our results, the following notation introduced by E. Kasner 
in his review of Riquier's treatise on differential systems'^ is found useful: 


denotes an infinitude involving mj arbitrary functions of «j arguments, ..., 
ntif arbitrary functions of Uk arguments. This extends the classic notation 
co"* for an infinitude involving rn arbitrary constants. 

All functions occurring in our work are .supposed to be analytic. 

2. The Matrix A.—We define the following symbols, functions of x, y, 
s, y', z', whose values are known when the curve family 5’ or (1,1) is given. 


A = 


B 


C 


i-F, - 2F. - \FAFy' + G.O. 

dx 2 

- + 2(F„ - G.) + Uf,. 

dx dx ■ 2 

“ y- Gv' + 2Gv + ^ Gv'(/^v' + Gj,')* 
dx ' ■ 2 ' 




( 2 . 1 ) . 


d/dx denotes the operator 


d 

dx 



+ F— + 
dy' 



( 2 . 2 ) 


representing total differentiation as to x along an arbitrary curve of the 
given family (1.1). 

From At C we derive .4 1 , Bj, Ci by the following formulas; 
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- F,.A - 
ax 2 

B, = _ Cy'A - \{Fy + G.-)B - F, C, 

ax 2 

c, = - ^GyS - G,’C-, 

dx 2 ' 



while ^ 3 , Oz are derived from Ai, C\ by the same formulas. 
Our results depend to a large extent on the rank of the matrix 



A 

B C 

■ 

Ai 

B, 6V 


[A^ 

B^ a| 


P'or instance, it is at least a necessary condition for an extremal family that 
the determinant of this tnatrix be equal to zero. By non-satisfaction of 
this condition, therefore, examples of non-extremal families can he con¬ 
structed at pleasure. 

We begin, consequently, with a classification into cases according to the 
rank of A, which will be followed by the appropriate sub-classification>s in 
the statement of our theorems. 


Case I: 

\A 

B 

C'\ 

= 0 

* 

Case. II; 

\A 

B 

c\ 

= 0. 

Ai 

B, 

/-* 1 
Oli 

Case III: 

A 

B 

c 



Ai 

B, 

Cl 

= 0, 


Ai 

B, 

Ci\ 

1 

1 

Case IV: 

A 

B 

c 



Ai 

Bi 

Cl 

7^ 0. 

« 

A, 

Bi 

a 



i.e., A 

= 0,B = 

A 

B 

C 

^ 0. 

\A 

B 

c\ 

^ 0. 

lUi 

Bi 

cj 


0 . 


Here, in writing a matrix = 0 we mean that each determinant resulting 
from it by the suppression of columns only is equal to zero, and 0 means 
that at least one such determinant is not equal to zero. 

By the recursion formulas (2.3) it is seen that the cases thus described 
are precisely those of rank 0, 1,2, 3 of the matrix A, respectively. 

3. The Fundamental Differential System 5. ’ - As we prove in our main 
paper, the solution of the inverse problem of the calculus of variations for 
the given curve family (1.1) is equivalent exactly to the solution of the 
following linear differential system, 5, for the unknbwn functions £, M, N 
of X, y, s, y\ z': 
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+ Fy'L + Gy'M = 0, 
dx 

— + h,>L + -(Fy + G,')M + V-iV = 0, 

dx 2 2 2 

— -t- F,.M + G.'iV = 0; 
dx 

AL + + CiV - 0; 

L,' - My, Ny = 

LN - ^ 0. (3.1) 

4 . The ''Critical C^?wfi/’~”The inegtiation (3.1 7 ), last relation of the 
system 5, is very important. Its negation, 


LN - == 0, (4.1) 

defines a quadric cone in an auxiliary 2..iV/A^-space, whose significance 
first appears in our work on the inverse problem, and which we call the 
"crUical cone/' denoting it by 

The purely algebraic equation (3. 14 ) of the differential system, S: 

AL + BM + CN 0, (4.2) 

defines a plane *^3 in the LA/iV-space passing through the vertex of the 
critical cone, located at the origin. In the discussion of Case II—which is 
the most interesting and varied in its results --*much depends on whether 
the plane $ intersects the critical cone ^ in two distinct generators (real or 
conjugate imaginary) or, on the other hand, is tangent to this cone. 

The intersection of ^ with fi) is determined by the quadratic equation 

Ae + Bi + C ^ 0, (4.3) 

whose roots, known functions of x, y, z, y\ z\ will be denoted by X, m- Ac¬ 
cordingly, we make the following subdivivsion of Case II: 

Case Ila: jB* — 44C 0 , or X 5 *^ 

Case 116: 5® — 4AC 0, or X « m* 

In Case Ha the following symbols intervene in the statement of our 
results, where the impoVtance of the hypothesis X ^ ju is seen in the presence 
of X -- M in various denominators. 
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X - M X - M ’ 

H 1 -G.OX-^y. 

/ = X, + H,> - R, 

, _ (if - P)/S + X 

j ^ 

\ ~ fi 

K •“ /i/Xj H** "**" H” ^y*y 

P = - liFy - 6V) M - .-Gy. 

Q ==> n, + P,> - J, 

J? — _ ~ 

X “ /X 

S »= XX, “— Xy H“ 7/Xj^ X//,^ H“ Hyf* (4.4) 

In Case II6 the following symbols are important:* 

(I) - - -Vy - Gy) X - iCy, 

4nrJ dW 

0 

(II) = FA - IxFy - Gy), 

(III) - X. + (I)y, 

(IV) - (II)y, 

(V) = XX.. - Xy, 

(VI) = XX. - X, + (I)Xy - X(I)y + (I)y + (II)(V). 

(VII) = 2X. + 2V(II) - X(n)y + (II)y. 

(VIII) = X(Vl)y - (VI)y + (V), - X(V), + Xy(VI) - (I)(V)y + 

(iii)(v) - (V)(vn), 

(IX) - X(VII),- - (Vll)y - 2Xyy(I) -f 2X,y - 2XX... + 

(IV) (V). (4.5) 

Also, we denote by (VI'). (IX') the expressions (VI), (IX) without their 
respective last terms. 

5. Statement of Results.—T hbokem I. Every curve family which obeys 
the conditions A ■■ 0, J3 « 0, G « 0 a/ Case I is an extremal famUy, and the 
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generality of the corresponding variation problem is expressed by the symbol 

It should be stated here that, in counting the arbitrary functions in¬ 
volved in the determination of ^ when F, O are given, we omit the function 
p(jc, y, z) in the arbitrary exact differential dt^{x, y, z) that may always be 
added to ipdx without changing the extremals. 

Theorem 11 . In Case lla, if the conditions 

a c.. 0, /s - 0, 5 = 0, K - 0 (5.1) 

are verified, then the curve family J? is one of extremals, and the generality of 
the corresponding variation problem is . 

Theorem III. In Case Ila, if the conditions (5.1) are not verified, but 
certain other conditions (stated in our forthcoming complete paper) are, then 
the given curve family 5 of extremal nature and belongs to oo 
different variation problems. 

Theorem IV. In Case Ilb, if the conditions 

(V) 0, (Vr) ^ 0, (IXO - 0 (5.2) 

are satisfied, then the given curve family 5 oan he identified with the extremals 
of a class of variation problems whose generality is . 

As a preliminary to the statement of our next theorems, we introduce 
symbols to represent the second order determinants contained in the two 
by-three matrix whose non-vanishing figures in Case III, namely: 

Ai ~ FC\ J5iC, A 2 — CAi — C\A, Ah = ASi — Ail^. (5.11) 
Also, we let 

D « AiAs - Aa^. (5.4) 

Making then in the differential system, 5, or (3.1), the substitutions 

L pAj, M = pA2 , jV pAa, (5.5) 

we obtain a differential system of the following simple form for p(jc, y, s, 
y\ z*) as unknown function: 

p;( £iP, py E 2 P, ps ™ Enp, py = iiip, p,' — EhP, p 5 ^ 0; (5.fi) 

t 

where the Fli are rational expressions in the partial derivatives of F, G 
involving only D as denominator, and therefore existing as calculable 
known functions if D 5 *^ 0 . 

Theorem V, In Case III, if D ^ 0, then the given curve family is non¬ 
extremal. 

Theorem VT . In Case Ill, if D ^ 0, then a necessary and sufficient condi¬ 
tion for the given curve family to he one of extremals is that the differential 

Eidx E^y + Eglz + E 4 iiy' + E^z^ (5.7) 
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be exact. The corresponding variation problem is essentially uniquely deter¬ 
mined^ i.e.f up to a constant multiplier and an arbitrary additive exact differ¬ 
ential, dv{x, y, z). 

Theorem VII. All curve families 0 in Case IV are non-extremal. 

The preceding theorems cover all the more interesting and important 
cases. Certain additional minor cases are discussed in our detailed paper. 

6. Examples ,— Theorem I: y' « /(«0» where / denotes an 

arbitrary function. This includes the case of the straight lines: y^ »= 0, 
« 0 treated by G. Hamel in a well-known paper/ 

Theorem II: The ^‘separated case:** y"* =« F{x, y, y')» z'), 

B jA 0, 

Theorem III: The co^ catenaries which lie in planes perpendicular to 
the :t 2 -plane and the directrix of each of which coincides with the trace of its 
plane upon the xs-plane: 


y 




1 + y'* + s'* 

f 



Theorem IV: y** »: z , »= 0. 

Theorem V: y** « y» -f = 0. 

Theorem VI: y^ = s*, »** » y^. The corresponding variation problem 

z^dx min., up to the slight possibility of modi- 


ts: 




fication expressed in Theorem VI. 
Theorem VII: y** « y® + z\ » y. 


^ J. Douglas, ^'Solution of the Inverse Problem of the Calculus of Variations,’* these 
pROCBBomos, 25, 631-627 (Dec., 1939). 

® Bud, Amer, Math. Sac., 19,14 (1913). 

* Subscripts attached to the roman numerals in parentheses denote partial differ¬ 
entiation. 

* ’’Ober die Geometrieen in denen die Geraden die Klirzesten sind,” Matk, Annaten, 
57, 231-264 (1903). 
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CYTOPLASMIC BEHA VIOR DURING DIVISION OF VACUOLATE 

PLANT CELLS 

By Edmund W» Sinnott and Robert Bloch 
Department op Botany, CoAtmbia University 
Communicated March 11, 1940 

The factors which determine the plane in which a meristematic cell 
divides must evidently be very important in controlling direction of 
growth and thus the development of form. In plant cells the orientation 
of the chromatic material, and particularly the distribution of the chromo¬ 
somes at metaphase, give an indication as to where the plane of nuclear 
division is to be. Little evidence has been obtained, however, from the 
structure of either nucleus or cytoplasm in early mitosis which indicates 
where the Qell itself is to divide, although Bowen^ and others have shown 
that in certain cells the chondriosomes assume a characteristic position 
with reference to the future axis of the mitotic figure. Most of the plant 
cells in which mitosis has been studied are relatively small ones, wlii<± are ^ 
rich in cytoplasm, and in which large vacuoles are absent. Cells which are 
larger and strongly vacuolate and yet are still dividing, and which in the 
aggregate are perhaps even more numerous than the more “typically*' 
meristematic cells, have been largely neglected by cytologists. A study of 
cytokinesis in such cells makes it clear that the plane of the next division, 
and indeed the exact location of the future cell wall, are indicated by the 
distribution of the cytoplasm at a stage much earlier than one where these 
facts can be determined from nuclear orientation. 

In such studies it is evidently necessary to observe cells in which the 
divisions are all in the same plane and in which the position of each new 
wall can therefore be inedkted with some certainty. Such cdls may be 
found in various parts of the plant, notably in the “rib** meristema of the 
yoimg pith and cortex of the stem, where the divisions are all transverse 
to tbe axis. Even more favorable material is provided by the secondary 
meristems which are induced in fundamental tissue as a result of wounding. 
Here the new waUs are all essentially^ paralld to the wound surface, and 
there is the added advantage that in the early diviskms, at least, these new 
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division walls in adjacent cells are usually directly opposite each other, 
so that the future position of the wall in a dividing cell may often be pre¬ 
dicted very definitely. The cells are also relatively much larger than in 







FioimB 1 

Semi-diagranimatic drawings of cell dividon in pith cells of ftietniM,. which has been 
induced by wounding. The wound surface is parallel to the bottom of the page. A, 
resting stage; B, early prophase, enlarged nucleus migrating toward center of cell; 
C, prophase, showing beginning of formation of equatorial plasma strands; D, late 
prophase, with well developed phragmosome; E, metaphase; F, anaphase; G and 
H, telophases, showing development of young wall which follows the course of the 
phragmosome; /, two complete daughter cells. 

ordinary meristematic tissue, since fully grown cells become dedifferen¬ 
tiated and meristematic, and the processes of cell division, particularly cyto¬ 
kinesis, may thus be seen in them very clearly. 


VoL* 26. 1940 


BOTANY: SINNOTT AND BLOCH 


226 


Transverse, radial and tangential sections through wound tissues in a 
number of plants were studied. In figure 1, A-I, are shown semi-diagram¬ 
matic drawings of nine stages in the division of large pith cells in Ricinus 
which had been induced to divide by wound stimulus. In every case the 
wound face, and thus the futme direction of the wall, is parallel to the 
bottom of the page. 

In A is shown a typical differentiated cell, with the nucleus greatly flat¬ 
tened against the wall, cytoplasm small in amount and the bulk of the 
cell consisting of a large vacuole. The first effect of the wound stimulus, 
shown in J?, is an increase in amount of cytoplasm, a rounding up and en¬ 
largement of the nucleus, and its ascent, on a column of cytoplasm, toward 
the center of the vacuole. Strands of cytoplasm begin to be thrown out to 
the wall. In C, the nucleus is now suspended in the vacuole by strands of 
cytoplasm. These are for the most part random in direction, but, from the 
very beginning of this stage, some are always present in the plane of the 
future wall. In D, a later prophase, these equatorial strands have be¬ 
come much heavier than the others and are now fusing at their bases. 
The nucleus is no longer spherical but is somewhat extended in the plane 
of its future division. Often at this stage there is one cytoplasmic strand 
passing upward and another downward at right angles to the plane of fu¬ 
ture division. E is the metaphase and F the anaphase of division, the 
nucleus now being suspended chiefly by the rather heavy cytoplasmic dia¬ 
phragm which marks the position of the future wall. Other strands have 
often entirely disappeared at this stage. In G, the phragmoplast at telo¬ 
phase is extending laterally, the cell plate being carried far beyond the 
limits of the original nucleus by kinoplasmic fibrils, in the manner described 
by Strasburger, Treub, Bailey and others,* the system in face view giving 
the appearance of a circle or *'halo.'' It is signficant that the course of the 
kinoplasmosome follows the equatorial diaphragm of cytoplasm established 
from early prophase, and that the developing cell wall which is being laid 
down in this way, and which finally reaches the wall of the mother cell, 
thus coincides in its position with the cytoplasmic plate. Before this 
process is completed the daughter nuclei (H) have usually returned to 
the resting condition. In I are shown the two daughter cells with the 
new wall between them, which occupies the position determined by the 
strands of cytoplasm very early in division. All the cells figured show an 
early division after wounding, and later cells are necessarily smaller, but 
they divide in the same way. 

An essentially similar cycle of mitotic changes was observed in wounded 
tissues of Tfadescaniia, Kalanchoe, Bryophyllum, Coleus, Phaseolus, Pe¬ 
tunia and Cucurb^, The results were entirely confirmed by direct 
observation of living dividing cells in hand sections from wounded regions. 

The distinctive feature of the mitotic process in vacuolate cells, where 
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the amotxiat of cytoplasm is necessarily small in proportion to the me of the 
cell, is that this cytoplasm, from a veiy early sta|^e in division, tends to 
become aggregated into a series of strands, sometimes anastomosing into a 
diaphragm, which occupies the position of the future wall and which thus 
indicates, considerably before the nucleus has done so, where the plane of 
division is to be» For this plate of cytoplasm the writers propose the term 
phragmosame. 

That the phragmosome maintains its original position from the earliest 
stages to final wall formation is indicated by the fact that in early divi<* 
sions of wounded tissue, where the new walls form a continuous series 
so that the wall of one cell is exactly opposite that of the next, the phragmo¬ 
some is formed in the plane where the wall must ultimately be laid down. 
Evidence from plasmolyzed cells also shows that the phragmosome is 
firmly attached to the wall 

A number of minor differences from the method here described may some¬ 
times be observed. Thus in many cases the nucleus remains at or near one 
wall during division, and then the phragmosome and the wall which fol¬ 
lows it are formed on only one side of the nucleus. Division is usually 
approximately equal, but it frequently happens that the nucleus and 
phragmosome take up a position nearer one end of the cell than the other, 
so that the two daughter cells are markedly unequal. The phragmosome 
and wall commonly lie straight across the cell but occasionally, especially 
when division is unequal or the nucleus lies near one comer, the partition 
may be curved from the start. 

l^ormal meristematic tissues, especially at the tip of stem and root, in 
which mitosis has chiefiy been studied, are not favorable material for ob¬ 
servation of the phragmosome, since the cells and vacuoles are small. In 
tissues where the cells are still dividing but where rather large vacuoles have 
already appeared, as in regions some distance back from the growing point 
in the developing pith and cortex, or in the fundamental tissue of massive 
organs like the fruit, the plate of cytoplasm may readily be seen, and such 
cells divide in essentially the same manner as has been described for wound 
meristems. The phragmosome thus seems to be a characteristic feature 
of the division of cells which have rather large vacuoles, and a visible ex¬ 
pression of the polarity of such cells. 

The significance of the phragmosome lies chiefly in its indication that 
the factors which determine the plane of division of the cell act upon the 
cell as a whole and not upon the nucleus alone. From very early prophase 
the position of the new wall is visibly determined in the cytopliUm. Nu¬ 
clear orientation may not at first agree with this cytoplasmic orientation, 
for the equatorial plane of the figure often fails to lie parallel with the 
phragmosome; and it is thus evident, as has frequently been observed, that 
the figure is moving or rolling about in the cytoi^Mmi. At tek^diase, 
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however, it always comes back to a position where the cell plate is parallel 
to the phragmosome. All this suggests that the establishment of the 
division plane may be effected first in the c3rtoplasm rather than in the 
nucleus. The phragmosome is also of significance in those problems which 
deal with the factors determining the relative position of cell walls in 
multicellular tissues. The question, for example, as to whether the new 
walls are oriented as liquid films would be, in response to surface tension, or 
whether quite different factors are here involved, will require a study of the 
forces acting upon the phragmosome from the beginning and not alone 
upon the growing wall which follows it. A function of the phragmosome is 
presumably that of providing the material from which the new wall is 
built, and it is therefore easy to understand why the developing wall should 
follow it so closely. 

The failure of cytologists to recognize such a conspicuous structure as the 
phragmosome is probably due to the fact that students of cell division have 
concerned themselves almost entirely with small cells having few or very 
small vacuoles. A recognition of the presence of such a structure occurs 
in two papers by Hanstein*^^ in 1870 and 1880 which have been generally 
overlooked by later workers. Hanstein studied cell division in vacuolate 
dividing cells of the pith of various plants, and he figured and briefly men¬ 
tioned a plate of cytoplasm in the plane of cell division, but failed to realize 
its significance for cytology and development. 

Summary ,—A study of cell division in vacuolate plant cells shows that 
from very early prophase the cytoplasm tends to become aggregated into 
a plate of more or less fused strands, the phragmosome, which occupies 
the position where the future cell wall will be formed. The fact that 
the entire cell body rather than the nucleus alone appears to be concerned 
in establishing the plane of division and the location of the new wall in 
plant cells is of general importance in problems of development. 

^ R. H. Bowen, La CdluU, 123-156 (1929). 

* Described and literature cited in G. Tischler, Allgemeine Pflanzenkaryologie, Berlin 
(1021-1922). 

* J. Hanstein, Sitgungsber. Nigderrhein. Ces.^ Natur- und Heilkunde Bonnt Sitz., 19 
Dec. Ig70. (Reprinted in Boi, 30,22-28,41-46 (1872). 

* J. Hanstein, Bot. Abhan^ungtn, 4 (2), 1-56 (1880). 
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FURTHER OBSERVATIONS ON THE MECHANISM OF INDUCED 
CHROMOSOME REARRANGEMENT IN SCIARA 

By C. W. Metz and Martha Lek Bozeman 
Department op Embryology, Carnegie Institution op Washington 

Communicated March II, 1940 

It has been shown in an earlier paper (by Metz and Boche)^ that in 
obcytes of adult females of Sciara the chromosomes appear to be very 
“resistant^^ to irradiation, as judged by the difficulty of inducing chromo¬ 
some rearrangements. Whereas, in sperms rearrangements were readily 
obtained through irradiation, few if any rearrangements were secured by 
treating eggs. Sihce this result contrasted with those recorded from work 
on Drosophila it was suggested that the difference may be due to differences 
in mode of development of the obcytes in the two genera. In Drosophila 
all stages from obgonia to mature eggs may be found in one ovary, while in 
Sciara the odcytes develop synchronously and only relatively old oocytes 
are present in adult females. Preliminary observations on the chromo¬ 
somes of the latter suggested that at the time of treatment the chromo¬ 
somes were in a condensed condition ready or nearly ready for mitosis and 
that their physical condition at this time made them resistant to irradiation. 

The present account deals with an extension of the study, which leads to a 
different interpretation from that suggested previously. The results 
indicate that the chromosomes are **resistant** to irradiation for a much 
longer period than was formerly supposed, including a stage in which they 
are long and thread-like, and that it is probably lack of movement, rather 
than any special characteristic of the chromosomes themselves, which is 
responsible for the absence of chromosome rearrangements. 

One of the primary obstacles encountered in the earlier work was the 
difficulty of securing good cytological material, due to the well-known re¬ 
fractoriness of insect eggs. This difficulty has now been overcome to a 
considerable extent by the development of a new technique which makes 
possible a detailed study of the obcyte chromosomes. In the new proce¬ 
dure the nucleus (germinal vesicle) is removed from the egg and exposed 
directly to the fixative in a smear—thus securing almost instantaneous 
fixation and avoiding the processes of embedding and sectioning. This 
involves treating each egg separately, breaking it open and spreading the 
contents enclosing the nucleus with a rapid stroke of the needle, and apply¬ 
ing the fixative before the material has had a chance to dry. The present 
observations were made on such material, supplemented by whole mounts 
prepared by the Feulgen method formerly used for study of maturation and 
cleavage stages. ‘ 

Attention has thus fax been given mainly to eggs of females less thm ten 
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hours old. At this time the eggs are more favorable for study than they 
are later. Furthermore, it is known that this is a period during which the 
chromosomes are “resistant" to irradiation.* During the period in ques¬ 
tion the odcyte chromosomes are in a typical early to middle prophase 
condition. The tetrads are long slender threads, fairly uniformly spaced, 
extending about the nucleus near the periphery.^ 

These findings seem to indicate that in the oocytes of Sciara typical 
prophase chromosomes are “resistant” to irradiation. Such a result stands 
in contrast to those reported from other organisms, in which the prophase, 
including the meiotic prophase, is one of the “sensitive” stages.* The ap¬ 
parent difference in susceptibility is difficult to explain. It is evidently 
not due, as previously suggested, to a condensed condition of the chromo¬ 
somes in Sciara. Neither does it seem to be due to the distance between 
the chromosomes. Measurements on fixed material indicate that the 
chromosome threads in the present case lie approximately one to two micra 
apart, with some regions occasionally even closer together. It seems im¬ 
probable that these distances are greater than are those at comparable 
stages in such organisms as Tradescantia where rearrangements are 
readily secured. 

Assuming that irradiation breaks the chromosf)me threads in Sciara as 
it appears to do in other organisms, the only plausible explanation for our 
results would seem to be that the broken ends fail to move enough to form 
new combinations. Some evidence on this point has been secured by 
cytological* examination of the chromosomes during and subsequent to 
treatment. It is well known that one of the common effects of irradiation 
is a clumping of the chromosomes. The material was examined, there¬ 
fore, for evidence of clumping, which would, of course, be evidence of move¬ 
ment. At the same time the chromosomes were examined for evidence of 
visible breaks. 

For technical reasons radium was used as an agent® in this part of the 
investigation, and pupae instead of adults were treated. The radium dos¬ 
age^ is known from other tests to be effective in inducing rearrangements in 
sperms, and the chromosomes in late pupal oocytes are known to be similar 
in appearance to those of young adults (R. O. Berry, unpublished). 

Seventy-one nuclei were examined from preparations made during the 
treatment, after receiving from 3 to 4 gram hours. ^ From each pupa two 
to four preparations were made. Fixation was effected in the first within 
five minutes, and in the last within fifteen minutes, after removal from the 
radium. In addition seventeen nuclei were examined from preparations 
made in the same way at the end of 30 minutes, and twenty-one nuclei 
from others made one hour after completion of the four gram hour treat¬ 
ment. 

The results of these observations may be summarized by saying that no 
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significant evidence of clumping or of breakage of chromosomes was 
detected. The chromosomes could not be distingtushed from those in un¬ 
treated material.® 

Further data will be required before final conclusions can be drawn re¬ 
specting this point, but the evidence suggests that lack of chromosome 
movement is the main factor in preventing chromosome rearrangement 
here. If this is the case it is possible that rearrangements may be induced 
by raying eggs during the meiotic divisions, which probably occur at a 
later stage than any of those thus far used in our irradiation work. Such 
an interpretation may help to explain the findings of Patterson,® who re¬ 
ports in Drosophila an increase in the frequency of rearrangements in old, 
as compared with young eggs. Experiments have been planned to test the 
viscosity of the nuclear contents during the stages under consideration 
in Sciara in the hope that this may also throw light on ttie question of 
movement. As already noted, the “prophase'’ condition of the chromo¬ 
somes persists here for a long time (probably three or four days or more) 
and there is presumably little movement during that period. The length 
of the period does not seem to be the significant factor, however, for in 
Tradescantia, where chromosome rearrangements are readily induced dur¬ 
ing prophase, the period is also of long duration (Sax).® It seems probable 
that in the latter material irradiation acts on the nuclear constituents (by 
reducing the viscosity?) in such a way as to bring about clumping of the 
chromosomes, whereas in Sciara oocytes it does not. 

As mentioned in the earlier paper, ^ it might be suggested that rearrange¬ 
ments occur in the Sciara eggs, but are not recovered in the offspring be* 
cause the modified chromosomes are diminated at meiosis. Such an ex¬ 
planation not only seems improbable, but is opposed by our present ob¬ 
servations. Examination of the o5cyte chromosomes after irradiation has 
revealed no evidence of rearrangements. This is probably not due to 
difficulty of detecting rearrangements, for in ooc 3 ries carrying chromo¬ 
somes from rayed sperms rearrangements have been observed. 

Further comparison of our results on Sciara with those of other investi¬ 
gators on Drosophila is difficult at present because of the uncertainty as to 
what happens in irradiated oocytes of Drosophila. There appeared at 
first to be a wide divergence between conditions in the two genera, but the 
recent observations of Glass^ in which he found no translocations following 
irradiation of Drosophila odeytes, suggest that ^‘sensitivity'’ in Drosophila 
may not be as different from that in Sciara as the earlier records would 
indicate. 

No attempt will be made here to discuss the possible significance of our 
failure to find direct evidence of chromosome breaks in the treated odeytes. 
The result might be considered as favoring the “contact" hypothetds of 
chromosome rearrangement rather than that which assumes! a breakage of 
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the chFomosome threads followed by movement and subsequent union 
of free broken ends. On the other hand» however, the result may also be 
explained by assuming that only one or two chromatids of the tetrad are 
broken at any one point and that consequently the breaks are not visible, 
or that, with lack of movement, the broken ends quickly become re¬ 
attached. 

^ Metz, C. W., and Boche, R. B., these Procbedings, 25,280 (1939). 

* Schmuck, Louise M., and Metz, C. W., Science, 74,600 (1931). 

* This is shown by the earlier data, which came largely from females treated when 
less than twelve hours old, supported by more recent experiments of Metz and Lane (un¬ 
published). In the latter, virgin females were treated at various ages (each receiving 
5000 r of x-rays) and the salivary gland chromosomes of the Fi larvae examined for re¬ 
arrangements. Prom females treated when less than three hours old 27 specimens 
were examined; from females treated at between 4 and 23 hours 12 were examined. No 
rearrangements were found. 

* Their appearance in the sectioned material previously used was presumably due to 
shrinkage of the nuclear contents during fixation. 

‘ See, e.g., Sax. K.. GeneUcs, 23,494 (1938) and Ibid., 25,41 (1940). 

• The radium treatments were given by Dr. Fred West, of the Kelly Hospital. Balti¬ 
more, and the x-ray treatments by Dr. Louts B. Maxwell of the Bureau of Chemistry 
and Soils, U. S. Department of Agriculture, to both of whom we express especial appre¬ 
ciation. 

^ Three to four gram hours at 1 inch, through 2 mm. of brass, given within less than 
four hours. Preliminary experiments on males indicate that this is probably as effective 
as 5000 r of x-rays. 

• It may be added that the salivary gland chromosomes have been examined from 
49 Fx larvae from females which had been given 5000 r units of x-rays or 4 gram hours of 
radium during the pupal stage. Only one exhibited a rearrangement (a translocation). 

• Patterson, J. T., Genetics, 18, 32 (1938). 

w Glass, H. B., Genetics, 25, 117 (1940). 


CONJUGATION OF THREE ANIMALS IN PARAMECIUM 

BURSARIA 

By Tze-Tuan Chbn^ 

D«S.aitTMBMT OF Zo6U>OY, JOHNS HOPKINS UNXVBItatTY; THE DbFARTMBMT OF 

ZoCix>OY, tJKtvsRSrrv of California at Los Anoblbs; and the Dbfartbient of 
PUotozoOlogy, School of Hyoibnb and Public Hbaltb, Johns Hofhins 

University 

Communicated March 6,1940 

In Paramecium bursaria, in addition to the usual pairs, three animals 
may conjugate.* Nudear changes occur in all of the three conjugants. 
Conjugation of three animals in P. bursaria is of more than cytological 
interest because it throws light upon some physiological aspects of con¬ 
jugation in Paramedum* 
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The present study was made chiefly on two races of P. bursaria—McDn 
and Fd —although three animals in conjugation have also been observed 
in matings of a number of other races of this species.* These two races 
{McD^^ and Fd) which belong to two different mating typcvS in group II are 
particularly favorable for the present study because of the regular, marked 
differences in the size and in the staining capacity of the micronucleus. 
McD% (collected from the vicinity of Baltimore) has a relatively large 
micronucleus which stains deeply with haematoxylin and contains a rela¬ 
tively large quantity of chromatin (Fig. 1). The pronuclei of this race are 
also large and stain deeply (Fig, 7). Fd (collected also from the vicinity 
of Baltimore) has a relatively small micronucleus which stains rather 
lightly and contains a small quantity of chromatin (Fig. 2). The pronuclei 
in this race are also small and stain lightly (Fig. 7). Because of these 
differences between the two races all of the three conjugants can be easily 
identified. It is also possible to ascertain whether the third conjugant is 

attached to a conjugant of the same 
race or to a conjugant belonging to the 
other race, and to ascertain whetiier 
an exchange of pronuclei occurs be¬ 
tween the third conjugant and the con¬ 
jugant to which it is attached. 

Under appropriate, conditions, ani¬ 
mals belonging to these two races will, 
when they are mixed, immediately 
agglutinate and soon form pairs. In 
addition to the usual pairs, three ani¬ 
mals in conjugation have been regularly 
found in mixtures of these two races. 
In a mixture containing a very large 
number of animals of each race several hundred “threes'" may be found.^ 
In the present study these “threes’’ were isolated some time before fixation 
and they were never mixed with the conjugating pairs during the process of 
fixation and subsequent staining. By isolating these conjugating “threes” 
from a single very large mixture and fixing a number of them every two 
hours during the entire period of conjugation (with subsequent staining) 
it was possible to trace the successive nuclear changes during conjugation 
of three animals and to determine the approximate time intervals between 
the different stages. In the present investigation this has been done. 
Other preparations were also made of “threes” which were isolated from 
other mixtures made at different dates which may be far apart. One or 
more sets of slides were made of the conjugants (“threes”) from each mix¬ 
ture, each set containing animals which were fixed at one time. From the 
same mixture a number of “threes” may be fixed about six hours after onset 
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FIGURES A AND B 

Two types of association of three 
conjugants. 
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Dbscriftion of Plates 
FIGURES l“ll 

Conjugation of three animals in Paramecium hursaria. Schaudinn's fluid, Heiden- 
hain^s hematoxylin. All drawings X 647. 

Figure 1. F. hursaria. Race McD%t showing the relatively large, darkly stained 
micronucleus in the resting stage. 

Figure 2. P. hursaria. Race Fd, showing the relatively small, lightly stained micro- 
nucleus in the resting stage. 

Figure 3. Very early prophase of first pregamic division. The three conjugants can 
be identified by the size of the micronuclei and the quantity of chromatin they contain. 
Of the two anterior conjugants, the one on the left is McD^, Note its relatively large 
and darkly stained micronucleus. The anterior conjugant on the right is Fd which has 
a relatively small, lightly stained micronucleus. The third conjugant is also Pd, being 
attached to McDi, The micronucleus in each conjugant is considerably swollen. 
About 6 hours after onset of conjugation. 

Figure 4. Early prophase of first pregamic division. Crescent-shaped micronuclei. 
Note the great difference between these two races in the quantity of chromatin contained 
in the micronucleus. Of the two anterior conjugants, the one on the left is McD^. 
Note the relatively large quantity of chromatin in the crescent-shaped micronucleus. 
The anterior conjugant on the right and the third conjugant belong to race Fd, Note 
the relatively small quantity of chromatin in their micronuclei. About 11‘/i hours 
after onset of conjugation. 

Figure 6. Late prophase of first pregamic division. Note the great difference 
between these two races in the number of chromosomes. Of the two anterior conjugants, 
the one on the left is Fd which contains apparently about eighty chromosomes. The 
anterior conjugant on the right is McDz which contains several hundred chromosomes. 
The third conjugant also belongs to race Fd. About 19V2 hours after onset of conju^ 
gation. 

Figure 6, Anaphase of third pregamic division. Note the difference between the 
two races in the size of the micronucleus. The anterior conjugant on the left belongs 
to Fdt so does the third conjugant. They each have a relatively small micronucleus. 
The anterior conjugant on the right is McD% which has a relatively large micronucleus. 
In the cytoplasm of each of the three conjugants there are two degenerated micro- 
nuclei. About 29Vs hours after onset of conjugation. 

Figure 7. Beginning of exchange of pronuclei. Of the two anterior conjugants, the 
one on the left is Fd, It contains two relatively small and lightly stained pronuclei. 
The anterior conjugant on the right is McD% which has two relatively large and darkly 
stained pronuclel. The third conjugant is Fd, In the third conjugant the migratory 
pronucleus moves to the vicinity of the mouth region even though the third conjugant 
does not make contact at the oral region with another conjugant. About 30Vs hours 
after onset of conjugation. 

Figure 8. After the exchange of pronuclel. Exchange occurs only between the two 
anterior conjugants and never between the third conjugant and the conjugant to which 
it is attached. After the exchange of pronuclei each anterior conjugant possesses two 
pronuclei different in size and in staining capacity. The third conjugant which is Fd 
retains both small pronuclei. About 28V4 hours after onset of conjugation. 

Figure 9, Formation of syncaryon. The syncaryon in one anterior conjugant re¬ 
sembles that of the other anterior conjugant. Autogamy in the third conjugant. 
The two pronuclei in the third conjugant are, in the present instance, not yet completely 
fused. Complete fusion of pronuclei in the third conjugant has been observed in some 
other "threes/' About 30Vi hours after onset of conjugation. 
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Figure 10. Anaphase of first division of syncaryon. The two nuclei in the anterior 
conjugants are much larger and contain many more chromosomes than the nucleus in 
the third conjugant. About 30Vi hours after onset of conjugation. 

Figure 11. After the first division of syncaryon. One of the two daughter nuclei in 
each conjugant has degenerated. The remaining nucleus will divide twice before the 
conjugants separate. Note that the nucleus in the third conjugant is smaller than the 
nucleus in either anterior conjugant. About 31 Va hours after onset of conjugation. 


of conjugation, another group of '‘threes” fixed about twelve hours after 
onset of conjugation, etc. The time intervals between the onset of con¬ 
jugation and the time of fixation are known for all the material used in the 
present study. 

There are several ways in which the three animals conjugate (Figs. A 
and B). Usually two of the three conjugants form an ordinary conjugating 
pair while the third conjugant attaches itself to the posterior part of one of 
tliese conjugants (Figs. B, 3"11). The third conjugant is usually at¬ 
tached to a conjugant belonging to a different race. The contact area be¬ 
tween the third conjugant and the conjugant to which it is attached is 
usually small, sometimes very small. 

Nuclear changes takes place in all of the three conjugants and at about 
the same speed as those in ordinary conjugating pairs of these races.® 
In many cases the nuclear changes are synchronous in all three animals, 
but often the nuclear events in the third conjugant lag behind. The 
single micronucleus in each conjugant undergoes three pregamic divisions 
(Figs. 3“6), resulting in the formation of two pronuclei (Fig. 7). These 
pregamic divisions are the same as those which occur in ordinary conjugat¬ 
ing pairs. The first pregamic division is a very long process involving com¬ 
plicated changes. One of the two products of the first pregamic division 
degenerates, leaving one micronucleus which undergoes the second pre¬ 
gamic division. The second pregamic division requires a relatively very 
short time for its completion. One of the two products of the second pre¬ 
gamic division degenerates, leaving one micronucleus which undergoes the 
third pregamic division. This last pregamic division which also occurs 
rapidly gives rise to two pronuclei, one of which becomes migratory, the 
other stationary. 

Exchange of pronuclei takes place only between the two anterior con¬ 
jugants (Figs. 7, 8), never between the third conjugant and the conjugant 
to which It is attached. Such an exchange, if it had occurred between 
the third conjugant and the conjugant to which it is attached, would have 
easily been detected because of the difference in the size and staining ca¬ 
pacity of the pronuclei between the two conjugants. It is particularly 
interesting to note that in the third conjugant there is also a differentiation 
of the two pronuclei into migratory and stationary pronuclei even though 
there is no exchange (Figs. 7, 8). The two pronuclei may exhibit differ- 
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ences in shape or in behavior or in both (Fig. 7). The migratory pro- 
nucleus in the third conjugant also moves to the vicinity of the mouth 
region just as if a conjugant were attached to that part of the body (Fig. 7). 
A bulge appears at this region of the body when the migratory pronudeus 
is against ^e cell membrane (Fig. 7). I have not observed a single case 
in which the migratory pronudeus in the third conjugant breaks through 
the cell membrane. Since there is no conjugant attached to the oral re¬ 
gion, such a migratory pronudeus would probably be lost of it did break 
through. Insteadfihe migratory pronudeus of the third conjugant later 
fuses with the sthtionary pronucleus in the same conjugant to form a 
s)mcaryon (Figs. 8, 9). Autogamy thus occurs in the third conjugant. 
The syncaryon formed in the third conjugant (if it is an Fd) is much 
smaller than those in the other two (Figs. 9, 10). The syncaryon in each 
of the three conjugants undergoes three divisions (Figs. 10, 11) before the 
animals separate, as is the case in ordinary conjugating pairs. 

Three facts concerning the behavior of pronuclei in conjugation of three 
animals seem to be significant: (1) As far as present observations go, the 
migratory pronudeus of the third conjugant never moves to the area of 
contact with the adjacent conjugant; (2) in the latter conjugant the mi¬ 
gratory pronudeus, similarly, never moves to the area of contact with the 
third conjugant; (3) the migratory pronudeus of the third conjugant always 
moves to the vidnity of the mouth region as if a conjugant were attached to 
that region of the body. These facts seem to indicate that the path of the 
migratory pronudeus is predetermined. 

The results of the present study show that: 

(1) Contact between two conjugants at a small or even a very small 
region of the body is suflScient to initiate the usual nuclear changes accom¬ 
panying conjugation in Paramedum. 

(2) The path of the migratory pronudeus seems predetermined. 

Details of tiie present investigation will be publish^ elsewhere. 

^ Keaearch Associate in Protozo61ogy, School of Hygiene and PubUc Health, Johns 
Hopldus University. 

* The word *'conjugation*' is here used to indicate the association of two or more 
individuals which results in the formation of gametic nuclei, irrespective of whether or 
not there are any interchanges of gametic nuclei between the joined individuals. 

* I am greatly indebted to Prof. H. S. Jennings for the races of P. bursaria used in the 
present investigation. For genetical data on the two races of P. bursaria — McDt and 
Fd —see Jennings, GensUcs, 24, 202-233 (1939). 

^ A set of three animals in conjugation is to be called a "three** in contradistinction to a 
pair. 

* In a number of cases the nuclear changes in the third conjugant appear to be ab¬ 
normal. 
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POLYPLOIDY IN PARAMECIUM BURSARIA 

By Tze-Tuan Chen 

Dbpartmkkt op 2o6L0CiY. JoHNvS Hopkins Uniybrsity, and the Department op 

Zoology. University of California at Los Angeles 

Communicated January 11, 1940 

Although polyploidy is a very rare phenomenon among animals, it is 
commonly found in Paramecium bursaria. The present note is the first 
report of polyploidy in Paramecium. 

P. bursaria —the green Paramecium—can be easily recognized because of 
the presence of symbiotic green algae in the cytoplasm. It has t 3 ^ically a 
single micronucleus of the “caudatum type/' Jennings' distinguishes 
three groups of animals in P. bursaria. Members of one group will not 
conjugate with members of any other group. In each group there are a 
number of diverse mating types. In group I there are four mating t)rpes, 
in group II eight mating types and in group III four mating types. Animals 
belonging to the same mating type will not conjugate with each other but 
they will conjugate with animals of any other mating type within the same 
group. 

Chromosomes were examined in ten races of P. bursaria belonging to 
group II collected from Maryland, North Carolina, Rhode Island and 
California.' It was found that in one race {Fd) the chromosome number 
is apparently about eighty, while in each of the other nine races {McD$, 
Gf6, Grl4, PJ, FI, WaM, If FI, Cal, JHS) the chromosome number at the 
same stage is very much greater, running up to several hundred. 

The size of the micronucleus in these ten races of P. bursaria is correlated 
with the number of chromosomes (figure 1). The race (Pd) which has a 
relatively small number of chromosomes has a small micronucleus which 
stains lightly and contains a small quantity of chromatin, whereas each of 
the nine polyploid races possesses a large, darkly staining micronucleus which 
contains a relatively large quantity of chromatin. The macronuclei in 
these races, on the other hand, are quite similar in size. 

A probable explanation of this increased number of chromosomes is the 
occurrence of polyploidy, resulting from fusion of more than two pronuclel 
during conjugation. Evidence for this is the presence in the writer's ma¬ 
terial of a number of conjugants with three or fotu: pronuclei. Cases have 
been observed in which these three or four pronuclei fused to form a syn- 
caryon. In such conjugation the number of chromosomes is increased. 
The races with very large numbers of chromosomes possibly show the ac¬ 
cumulated effects of several conjugations of this unusual type, which have 
occurred at various times in the past. The origin of this increased number 
of pronudei in a conjugant probably lies either in (1) failure of one of the 
two products of the first or second pregamic division to degenerate, (2) 
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conjugation between a normal animal with one micronucleus and an animal 
with two micronuclei or (3) failure of the migratory pronucleus in one of the 
conjugants to migrate to the other conjugant. Hence in the one conjugant 
there are three pronuclei which appear to fuse (giving rise to polyploidy) 
and in the other conjugant tliere remains only the one stationary pro- 
nucleus. 



FIGURE 1 

Mictonuclci (resting stage) in six races of jP. bursaria. 
The micronucleus in each race shows a characteristic si2e. 
Schaud. Heid. haemal. X 1640. 


Polyploidy may also occur in P, caudatum judging from the report of 
Calkins and Cull* and the recent paper of Penn.^ Penn claims that the 
diploid number in his race of P. caudatum is approximately 36 while Calkins 
and Cull found more than 150 chromosomes in their race of P. caudatum. 
If these two reports are accurate, they suggest pol 3 rploidy in P. caudatum, 

* See Jennings, H. S., Genetics^ 24,202-233 (1939). 

* I am greatly indebted to Prof. H. S. Jennings for these races of P. bursaria, 

» Calkins, O. N., and Cull, S. W., Arch, Protist., 10,375-416 (1907). 

* Penn, A. B. K.. Ibid., S9,46-54 (1937). 
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EVIDENCES OF EXCHANGE OF PRONUCLEI DURING 
CONJUGATION IN PARAMECIUM BURSARIA 

By Tze-Tuan Chen 

Osborn Zoological Laboratory of Yale University, and the Zoological 

Laboratory of Johns Hopkins University 

Communicated January 11, 1940 

The problem of exchange of pronuclei during conjugation in Paramecium 
is of special importance from tlie standpoint of the genetics of these Pro¬ 
tozoa. It has generally been assumed that such an exchange occurs during 
conjugation, but this has recently been questioned by Diller^ and Wichter- 
man.^ Diller observes no exchange of pronuclei in P. trichium, 
Wichterman maintains just the opposite with respect to the same species. 
The latter also maintains that there is no exchange of pronuclei in P, 
caudatum. 

Among the races of P, bursaria examined by the writer, some races show 
regular differences in the staining capacity and in the size of the micro¬ 
nucleus. In one particular race most of the animals have no micronuclei. 
These races were collected from Maryland and North Carolina and furnish 
most of the material used in the present study.* Preliminary studies on this 
problem of exchange of pronuclei were, however, made on races of P. 
bursaria which the writer collected from Virginia. 

Under appropriate conditions, individuals belonging to different mating 
types (in ^e same group) will immediately agglutinate when mixed and 
soon form pairs. In such a mixture the progress of nuclear changes in all 
the pairs is quite uniform, especially in the earlier stages of conjugation. 
By fixing these conjugating pairs every hour (with subsequent staining) 
it was possible to trace with considerable accuracy the successive nuclear 
changes during conjugation and the time intervals between these different 
stages. Such successive nuclear changes and time intervals have now 
been worked out for P. bursaria. The time intervals between the onset 
of conjugation and the time of fixation are known for all the material used 
in the present investigation, excepting the material used in the preliminary 
study. 

Conjugation in P. bursaria was obtained between animals with and with¬ 
out micronuclei, between animals with large and animals with small micronu¬ 
clei and between animals with darkly staining and animals with lightly 
staining (“ghost”) micronuclei.'* During conjugation the micronudeus in 
each conjugant undergoes three pregamic divisions. After the first division, 
one of the two micronuclei degenerates. The remaining micronudeus 
undergoes the second pregamic division, giving rise to two micronudci. 
One of the two daughter micronudei degenerates, leaving only one micro- 
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nucleus which undergoes the third pregamic division. This last pregamic 
division gives rise to two pronuclei. Animals with large micronudei pro¬ 
duce large pronuclei; animals with small micronudei produce small pro¬ 
nuclei; animds with darkly staining micronudei produce darkly staining 
pronuclei; animals with “ghost” micronudei produce "ghost” pronuclei. 
Amicronucleate conjugants produce no pronuclei. Because of these regu¬ 
larly distinguishing characteristics, it is possible to recognize the pronudei 
belonging to different conjugants and to prove their exchange. These races 
of P. bursaria are thus ideal material for experimental studies of the ex¬ 
change of pronudei. The following description is a brief report of the 
results of these experimental studies. 

1. Conjugation between Animals with Large Micronudei and Animals 
with Small Micronuclei.—ReLQe McDt has a characteristically large, darkly 
staining micronucleus containing a large quantity of chromatin. Race Fd 
has a characteristically small, rdatively lightly staining micronudeus con¬ 
taining a small quantity of chromatin. Conjugation is readily obtained 
between these two races. During conjugation McDi produces two large, 
darkly staining pronudei, whereas Fd produces two small, rdativdy lightly 
staining pronudei. Thus the exchange of pronudei is easily demonstrated. 
After the exchange, the two pronudei in each conjugant (different in size, 
stsdning capacity and in quantity of chromatin) fuse to form a syncaryon, 

2. Conjugation between Animals with Darkly Staining Micronudei and 

Animals with Micronudei ,—Race Gfl4 has a characteristically 

large, darkly staining micronudeus. Race 5 contains some animals with a 
"ghost” micronudeus and other individuals without micronudei. Con¬ 
jugation is readily obtained between these two races. In conjugation be¬ 
tween a Grl4 individual and an 5 individual with a "ghost” micronudeus, 
the former produces two large, darkly staining pronudd while the latter 
produces two "ghost” pronudd. In such a mating an exchange of pro¬ 
nuclei occurs, after which each conjugant contains one darkly staining and 
one "ghost” pronudeus, respectivdy. 

3. Conjugation between Animals with Micronudei and Animals without 
Micronudei ,—Race Gr 14, as stated in the previous paragraph, has a charac¬ 
teristically large, darkly staining micronudeus. Most of the , individuals 
belonging to race 5 are without a micronudeus. Conjugation is readily 
obtained between races Gf 14 and S (without a micronudeus). In conjuga¬ 
tion these amicronudeate animals produce no pronudd. In Gfl4 two 
large, darkly staining pronudd are formed in e^ conjugant. In most 
cases one of the two pronudd in Grl4 is transferred to the amicronudeate 
5.^ After the transfer, each conjugant contains but a single pronudieus 
which later behaves like a syncaryon. 

4. Conjugation between Animals with Similar Micronudei .— ^In my 
preliminary study of the conjugation of P. bursaria^ animals cdlected from 
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Virginia were used. All these animals have similar micronudd, Dtuing 
conjugation the pronudd in the two conjugants are alike. Under such 
circumstances evidence of exchange of pronudei was less convincing 
although there were many pairs in which an exchange evidently occurred. 
The migratory pronucleus was usually slender, the stationary pronucleus 
relativdy short and broad. In many cases, the migratory pronuclei were 
observed crossing from one conjugant to the other. 

Exceptional cases found in the conjugation between animals having 
similar micronuclei further strengthen the evidence of exchange of pronudd 
in P. bursaria. There is usually a simultaneous movement toward each 
other of the two migratory pronudei in the two conjugants, but there are a 
few exceptional cases in which the movement is not simultaneous. One 
pronucleus completes its migration by the time the other begins. Such a 
behavior gives rise to pairs in which one conjugant appears to have three 
pronudei whereas the other has one, clearly indicating that an exchange of 
pronudei takes place during conjugation in P. butsaria, 

1 Diller, W. F.. Anat Record (supp.) 60.92-93 (1934). 

» Wichterman, R., Biol Bull, 73,396-397 (1937); Id., Ibid., 75,376-^77 (1938). 

* I am jpreatly indebted to Prof. H. S, Jennings for these races of P. bursaria. 

* See Woodruff, L. L., Quart. Jour, Micros. Sci., 74,637-646 (1931). 

* In some cases the two pronuclei in GrX4 remain in the same conjugant and fuse to 
form a syncaryon. 


CONJUGATION IN PARAMECIUM BURSARIA BETWEEN 
ANIMALS WITH VERY DIFFERENT CHROMOSOME 
NUMBERS AND BETWEEN ANIMALS WITH AND 

WITHOUT MICRONUCLEI 

By Tze-Tuan Chen 

Zo<)u>oicAL Laboratory, Johns Hopkins Uniybrsity 
Communicated January 11,1040 

(1) Conjugation between Animals vnth Very Different Chromosome Num¬ 
bers .—In Paramecium bursaria different races may have very different 
chromosome numbers. A study of ten races of P. bursaria shows that in 
one race {Fd) the chromosome number is apparently about eighty while in 
each of the other nine races the chromosome number is very much greater, 
running up to several hundred. A probaUe explanation of this increased 
number of chromosomes is the occurrence of polyploidy.* 

Races of P. bursaria with very different chromosome numbers can con¬ 
jugate with each other, for example, the two mxe—McD, and Fd.* These 
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two races belong to two different mating types and differ in the size of 
the micronucleus and in the quantity of chromatin contained in it. These 
differences are correlated with the difference in chromosome number. 
McDt is a polyploid race having several hundred chromosomes. It has a 
large, deeply staining micronucleus which contains a large quantity of 
chromatin. Fd has apparently about eighty chromosomes. This race has 
a small, lightly staining micronucleus which contains a small quantity of 
chromatin. 

Under appropriate conditions, individuals belonging to these two races 
will immediately agglutinate when mixed and soon form pairs. In such a 
mixture the progress of nuclear changes is quite uniform in all the pairs; 
this is especially true in the earlier stages of conjugation. By isolat¬ 
ing and fixing every hour a number of pairs from such a mixture (with 
subsequent staining) it is possible to trace with considerable accuracy the 
successive nuclear changes during conjugation and the time intervals be¬ 
tween these different stages. In the present investigation this has been 
done. Many other preparations were also made of pairs which were 
isolated from other mixtures made at different dates which may be far 
apart. One or more sets of slides were made of the conjugants from each 
mixture, each set containing animals which were fixed at one time. From 
the same mixture a number of conjugants may be fixed about six hours 
after onset of conjugation, another group of conjugants fixed about eleven 
hours after onset of conjugation, etc. The time intervals between the onset 
of conjugation and the time of fixation are known for all the material used 
in the present study. 

During conjugation between animals with very different chromosome 
numbers the nuclear changes in both conjugants are normal. The micro¬ 
nucleus in each conjugant undergoes three pregamic divisions. The first 
pregamic division is a very long process while the second and the third 
divisions require a very much shorter length of time for their completion. 
After the first pregamic division, one of the two micronuclei degenerates 
while the remaining one undergoes the second pregamic division, giving 
rise to two micronuclei. One of the two micronuclei from the second divi¬ 
sion degenerates, leaving only one micronucleus which undergoes the third 
pregamic division. This last pregamic division gives rise to two pronucld. 
Throughout these stages it is clearly observed that the micronucleus in one 
conjugant {McD{) is much larger and contains a much greater quantity of 
chromatin than the micronucleus in the other conjugant {Fd). The two 
pronuclei in the McDt conjugant are also much larger and stain much more 
deeply than those in the Fd conjugant. At room temperature exchange of 
pronuclei usually occurs 28-31 hours after the onset of conjugation. After 
the exchange of pronuclei each conjugant contains one large, darkly staining 
pronucleus and one small, lightly staining pronucleus. These two pronu- 
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clei (different in size, staining capacity and in quantity of chromatin) in 
each conjugant fuse and form a syncaryon. The s 3 mcaryon in one con- 
jugant appears to be the same as that of the other conjugant and they both 
divide three times before the conjugants separate. After the first divisipn 
of the syncaryon, one of the nuclei degenerates, and the other divides twice, 
giving rise to four nuclei. The nuclei resulting from the divisions of the 
syncaryon are alike in both conjugants. Thus before conjugation the two 
conjugants are different in the size of the micronuclei and in the number of 
chromosomes but after conjugation they are alike. 

(2) Conjugation between Animals with and without Micronuclei, —In 
P. bursaria animals with and without micronuclei can conjugate with each 
other, for example, the two races—(7fl4 and 5. They belong to two 
different mating types. Race Crl4 has a characteristically large, darkly 
staining micronucleus. In race S most of the animals do not have a micro¬ 
nucleus, while some have a “ghost"’ micronucleus which does not stain with 
haematoxylin. Conjugation is readily obtained between these two races.* 
A Gr 14 individual can conjugate either with an S individual without a 
micronucleus or an S individual with a “ghost” micronucleus. 

During conjugation between Grl4 and the amicronucleate 5, the micro¬ 
nucleus in Gr 14 shows a normal behavior. It undergoes three pregamic 
divisions, resulting in the formation of two pronuclei. These pregamic 
divisions are similar to those found in conjugation between races McDz and 
Fd, The amicronucleate conjugant produces no pronuclei. In most of the 
pairs one of the two pronuclei in the Grl4 migrates to the amicronucleate 
conjugant. After this migration each conjugant possesses a single pro¬ 
nucleus (“hemicaryon”).^ Since Grl4 is a polyploid race, each “hemicar- 
yon” probably still contains several sets of chromosomes. The “hemi- 
caryon” in each conjugant behaves like a syncaryon. It undergoes three 
divisions before the conjugants separate. After the first division, one of 
the nuclei degenerates, leaving one nucleus which undergoes two divisions, 
giving rise to four nuclei. The nuclei resulting from these divisions of the 
“hemicaryon” in one conjugant appear to be the same as those of the other 
conjugant and they all seem to contain the same number of chromosomes. 
Thus before conjugation the two conjugants are different in the nuclear 
apparatus but after conjugation they are alike.® 

The account given above of the transfer of one pronucleus from the Gr 14 
conjugant to the amicronucleate conjugant is true for most of the con¬ 
jugating pairs. In a small number of exceptional cases, no such transfer 
takes place. The two pronuclei in Gr 14 remain in the same conjugant and 
fuse to form a syncaryon. A syncaryon resulting from such autogamy 
behaves like those formed after an exchange of pronuclei. After the first 
division of the syncaryon, one of the two products degenerates and the 
remaining nucleus divides twice, giving rise to four nuclei. The syncarycm 
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and its products of divisions are larger and contain many more chromosomes 
than the “hemicaryon” and its products of divisions. This is to be ex¬ 
pected since there is no reduction of chromosome ntamber in autogamy, 
Pereas in the case in which the transfer of pronucleus takes place the 
chromosome number is probably halved. 

The significance of conjugation between animals with very different 
chromosome numbers and between animals with and without micronuclei 
seems to be twofold: 

(1) There is considerable flexibility in conjugation of Paramecium. 
Animals with a great number of chromosomes can conjugate with animals 
with relatively few chromosomes. Animals with the usual micronucleus 
can conjugate with animals without a micronucleus. 

(2) One of the results of conjugation in Paramecium is the elimination of 
the great diversities in the nuclear apparatus and great difference in 
chromosome number that may exist between the two conjugants. 

J See Chen. T. T., Froc. Nat, Acad, Set., 26.239~*240 (1040). 

* I am greatly indebted to Prof. H. S. Jennings for the races of P. bursaria used in the 
present investigation. 

’ The technique used in the present study of conjugation between 6V14 and 5 is essen¬ 
tially the same as that used for the study of conjugation between McD$ and Fd. 

* As soon as this pronucleus in ejach conjugant starts to divide it should no longer be 
called a ‘^pronucleus.” A new term “hemicaryon’^ is hereby used in contradistinction to 
syncaryon. A syticaryon is made up of two (or more) pronuclei, whereas a “hemicaryon” 
is composed of only one pronucleus. 

* Diller reported in P. aurdia cases of conjugation in which one member of the pair was 
normal while the other member lacked micronuclei entirely. He did not describe the 
nuclear changes in the normal conjugant nor the result of such conjugation. See 
DiUer, W. F.. Jour, MorpK 59, 11-61 (1936). 


NOVEL TYPES OF NERVE REFLEXES 

By G. H. Parker 

BtOLOOXCAL LABORATORXBS, HARVARD UNIYRRSITY 

Communicated March 16.1040 

The idea of the nerve reflex has since the time of Descartes played a rdle 
of first importance in neurophysiology (Fearing. 1930). Like the much 
later concept of the neurone, as formulated by Waldeyer in 1891. it has 
afforded a basis of first significance for the analysis of nervous activities. 
Neurones have proved to be of many kinds, but the nerve reflex has re¬ 
mained almost true to type. Sherrington has called it the unit of fxme- 
tional nervous integration. Pavlov divided reflexes into the well-knoim 
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non-conditioned and conditioned, but aside from this grouping almost no 
step has been taken to distinguish different kinds. The discovery of hor¬ 
mones and particularly of those hormones that are especially concerned 
with nervous activity, the chemical activators or neurohumors, has brought 
a new element into the field of the reflex. 

As ordinarily imderstood, a nerve reflex is represented by a series of 
nerve impulses that pass over an afferent pathway leading from some 
bodily receptor to a central nervous organ whence it is reflected into an ef¬ 
ferent pathway by which it reaches a peripheral effector usually a muscle 
or a gland. In such an instance both pathways are strictly nervous and a 
pure nerve reflex results. But with the discovery that neurohumors may 
replace nerve impulses new combinations appeared. This is well seen in 
the activity of the melanophores in such an animal as the catfish Ameiurus 
(Parker, 1934, 1935, 1936). 

This fish darkens when it is placed in a black-walled receptacle brightly 
illuminated. Under such circumstances the pigment granules which in its 
myriads of integumentary color cells form in each cell a minute spherical 
mass spread throughout the branched body of the cell and thus come to 
cover a relatively large area. This dispersion of pigment is brought about 
in two ways, by the action of dispersing nerve-fibres and by the presence of 
intermedin, a substance secreted by the intennediate lobe of the pituitary 
gland in the base of the fish's brain. 

When light from a black, illuminated surface falls upon the retina of a 
catfish, nerve impulses are generated which pass over the optic nerve to the 
central nervous organs. Here these impulses are transferred to nerves that 
leave the central organs and pass to the melanophores which are by the ac¬ 
tion of these nerves excited to disperse their pigment. This operation rep¬ 
resents in all respects the well-known t 3 T)e of nerve reflex. The nerve con¬ 
nections from the eye to the central organs form the afferent path and those 
from the central organs to the melanophores the efferent path. 

The mechanism of color change accomplished by intermedin is of a dif¬ 
ferent character. The light which falls upon the skin of the fish excites 
certain photoreceptors by which nerve impulses are induced which then 
pass over afferent nerve tracts to the pituitary gland. The innervation of 
this gland in connection with the color changes of the frog has been re¬ 
cently worked out by Geiringer (1938). As a result of the nervous excita¬ 
tion of this gland in the catfish, intermedin is liberated and is conducted 
by means of the blood and lymph to the nidanophores of this fish. These 
color cells are thereby excited to disperse their pigment. Thus, a result is 
obtained which in all essential respects is like that of the purely nervous 
reflex, though by somewhat different means. In the first type, both af¬ 
ferent and efferent arms of the reflex are nervous, but in the second, only 
the afferent one is nervous, the efferent arm being humoral. This humoral 
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part is represented by the flow of intermedin in the circulatoiy fluids of the 
fish from the pituitary gland to the responding melanopfaores* 

The type of reflex whose aiferent arm is nervous but whose efferent one 
is humoral, must have been in the minds of many students of the physi¬ 
ology of vertebrate chromatophores, but no one, so far as I am aware, has 
ever called attention to it. It is widely exemplified in the chromatophoral 
systems of the great majority of chromatic vertebrates. In consequence 
of the different kinds of activities on its two arms, it may well be designated 
a neurohumoral reflex as contrasted with the purely neural reflex long since 
known. 

If reflexes exist in which the afferent path is nervous and the efferent one 
humoral, it is not impossible that others may occur in which the reverse is 
true. Such seems to be the case in the respiratory reflexes of the higher 
vertebrates. Here the afferent path is represented by the course of the 
blood from the tissues of the body to the respiratory center in the medulla 
oblongata whereby the exciting hormone, be it carbon dioxide or other 
metabolite, is carried from its region of origin to the respiratory center in 
the nervous system. The efferent path, on the other hand, consists of the 
nerve connections leading from the respiratory center to the muscles of 
respiration. Thus, in this instance, the afferent path is humoral and the 
efferent nervous, the reverse of those in the example taken from the melano- 
phores. 

If the second type of melanophore reflex in consequence of the sequence 
of its steps may be called a neurohumoral one, the respiratory reflex for a 
similar reason may be designated a humeroneural reflex. Such a system 
may be pursued one step further. There are many instances in the bodies 
in the higher animals where what might be assumed to be reflex arms are 
both humoral. Such cases are to be met with in the activating mechanism 
of the pancreas and among the interacting sex hormones, but it is doubtful 
if any of these examples may legitimately be called reflexes because of the 
complete absence of a nervous factor. The combinations presented by 
nerve and humoral elements, as exemplified in the catfish, seem to justify 
at most three types of true reflexes, the relatively simple and long recog¬ 
nized purely nervous type and the two combination types neurohumoral 
and humeroneural. A brief note on this subject has already appeared in 
Science (Parker, 1940). 

Fearing, F., Reflex Actiofit Baltimore, 360 pp. (1930). 

Geiringer, M., ''Die Beziebung der basaien Optikuswurzel zur Hypopbyse und ibre 
Bedeutung fur den Farbwechsel der Amphibien, Ano^. Am., 86, 202-207 (1038). 

Parker, G. H., "Color Changes of the Catfish Ameiurus in Relation to Neurohumors,” 
Jour. Exp. Zodl., 69,199-233 (1934). 

Parker, G. H., "The Cellular Transmission of Substances Especially Neurohumors.'* 
Quart Rep. Biol, 10,261-271 (1035), 
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Parker, G. H., "The Reactions of Chromatophores as Evidence for Neurohumors/' 
Cold Spring Harbor Sympos. Quant. BioL, 4,36M70 (1936). 

Parker, G. H., "Types of Animal Reflexes,^ Science, 91,216 (1940). 

Waldeyer, W., "Ueber einige neiiere Forschungen im Gebiete der Anatomic des 
Centralncrvensystems," Deut. Med, Wochensckr,, 17,64 pp. (1891). 


AGGLUTINATION OP SEA^-URCIIIN EGGS BY MEANS OF A 
SUBSTANCE EXTRACTED FROM THE EGGS 

By Albert Tyler 

William G. Kerckhoff Laboratories of the Biological Subncbs, California 

Institute of Tbchnologv 

Communicated March 11, 1940 

F. R. Lillie* showed that filtrates from a suspension of ripe eggs of the 
sea-urchin, Arbacia, will agglutinate the sperm of the same species. This 
species-specific agglutination of sperm by a filtrate of an egg suspension 
occurs in a number of forms of animals (see Just,* Tyler*). The agglutinin 
is, according to the latest evidence^**, the jelly coat of the egg or a com¬ 
ponent of it. Lillie* assumed that in suldition to the agglutinin (fertilizin) 
there was another substance in the egg which he termed anti-fertilizin and 
which had the capacity of neutralizing the sperm-agglutinin. I have been 
able to extract such a substance from eggs of the sea-urchin, and have 
found that not only does the extract neutralize the sperm-agglutinin but 
also that it can cause the intact eggs to agglutinate. The substance in the 
extract that neutralizes the sperm-agglutinin may be termed anti-sperm¬ 
agglutinin, rather than anti-fertilizin since we do not as yet know what 
relation it has to the fertilization process. This substance is, according 
to the present evidence, identical with the substance in the extract that 
causes agglutination of the eggs, but it may be preferable to refer to the 
latter as the egg-agglutinin. It is obtained simply by extracting the eggs 
after removal of the jelly coat. 

Extraction of JeUykss Eggs. —The jelly layer (Fig. Ic) of eggs of the sea- 
urchin Strongylocentrotus purpuratus can be readily.removed (Fig. Id) by 
acidifying the egg suspension to about pH 3.5. When a suspension of 
wash^, jellyless eggs in ordinaiy sea water is frozen at —78®C. and al¬ 
lowed to thaw at room temperature the eggs break up and there is obtained 
a yellowish, colloidal solution along with a coagulum of insoluble egg 
material. 

Inactivation of Sperm-Agglutinin by Egg Extract, —^When the solution 
(extract of jellylcss eggs) is added in the proper amount to a sperm-agglu- 
tmin solution (filtrate of egg suspension), the latter completely loses its 
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PIOUHB 1 

a and 6. Photograph of egg suspensions in Syracuse dishes; 7/10 natural size; a, 
suspension in ordinary sea water; b, 15 minutes nSt/a the addition d extract of jdly- 
less eggs to a su^nsion of approximately the same concentration as in o, showini ag* 
giutination of the eggs. 
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capacity to agglutixiate sperm. With concentrated solutions a precipitate 
forms on mixing the egg extract with the egg filtrate. In other words, a 
typical precipitin reaction is obtained on mixing the two solutions. 

Agglutination of Intact Eggs by Egg Extract. —^When the extract of jelly¬ 
less eggs is added to a suspension of intact eggs it causes them to aggluti¬ 
nate (Fig. la and b). With the proper concentrations pH, etc., practically 
all of the eggs form one large clump. The microscopic picture shows that 
the substance in the extract reacts with the material of the jelly layer of 
the egg. There is formed on the surface of the jelly layer a precipitate 
that gives this layer a sharp outline (Fig, Is). The precipitate has the ap¬ 
pearance of a membrane and may be termed a precipitation membrane. 
In the agglutinates of intact eggs the precipitation membrane is shared 
between adjacent eggs and is thinner in the region of contact than elsewhere. 
Isolated eggs in strong egg extract are surrounded by a complete precipita¬ 
tion membrane. This effect resembles very much the action of anti-serum 
on the capsules of various encapsulated bacteria such as the pneumococci. 
But while the capsule of such cells is considered by bacteriologists to swell 
(Neufeld's Quellung) on forming the precipitation membrane, the jelly 
layer of the sea-urchin egg shrinks appreciably. The formation of a 
precipitation membrane is a more reliable and rapid test of the active sub¬ 
stance than is the actual clumping of the eggs since the latter depends more 
on having proper concentrations, pH, etc. 

Inactivation of Egg’Agglutinin by Spernt’Aggluiinin. —This is the same 
experiment reported two sections above except that the egg-agglutinating 
activity of the mixture of egg-agglutinin (extract of jellyless eggs) and sperm- 
agglutiniu (filtrate of egg suspension)is tested. The egg-agglutinin is found 
to be completely inactivated when a sufficient amount of spenn-agglutinin 
is added. 

Fertilization of Eggs Treated with Egg Extract. —Eggs with a complete 
precipitation membrane cannot be fertilized. However, if the membrane 
is removed or tom even only partially, the eggs can be fertilized. In the 
latter case a normal fertilization membrane forms within the incomplete 
precipitation membrane (Fig. If). 

Properties and Relationship of the Active Agents in the Egg Extract .—^The 
identity of the anti-sperm-agglutinin and the egg-agglutinin was surmised 
on the basis of the evidence that the material of the jelly-layer of the egg 

FIOURB 1 iContinutil) 

c to /. Photomicrographs of eggs, X 200; an unfertilized egg in a suspension of 
Chsnw india ink showing dear Jelly layer surrounding the eggs; d, two eggs after 
removal of the jdly layer, the d^sence of which is shown by the proximity of the eggs; 

four eggs at 10 minutes after die addition of egg extract, showing precipitation mem> 
brem on surface of the jelly; /, a fertilised egg showing fertilization membrane formed 
inside of a nearly complete pr^pitadon ixiembrane. 
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is the sperm agglutinin and that the egg extract reacts visibly with that 
material. The evidence is strengthened by the fact that both are inacti¬ 
vated similarly by heat, pH and proteolytic en 23 rmes. Also both are non- 
dialyzable, are precipitated by saturated (NH 4 ) 2 S 04 and by sperm-agglu¬ 
tinin. These properties are utilized in concentrating and attempting to 
purify the active agent. 

Preparations obtained after removal of stromata, dialysis and precipita¬ 
tion with (NH 4 ) 2 S 04 give the common color tests for proteins (xanthopro¬ 
teic, Millon's and biuret). Solutions of crystallized trypsin and chymo- 
trypsin inactivate the egg-agglutinin (and anti-sperm-agglutinin). This 
latter test is complicated by the fact that these enzymes also act on the 
sperm-agglutinin (egg jelly) but by proper controls they can be shown to 
act separately on the egg-agglutinin. The evidence, then, points to the 
substance being of protein nature. 

Anti-Sperm-Agglutinins and Egg-Aggluiinins from Sperm Extracts .— 
From the spermatozoa of the sea-urchin and the keyhole limpet there have 
also been extracted recently specific anti-sperm*agglutinins (Frank/ Tyler,^ 
Southwick®). Frank* showed that the extract of sea-urchin sperm also 
has the property of causing agglutination of the eggs. I have been able to 
confirm this on extracting the sperm by freezing and thawing instead of 
heating as Frank had done. While Frank hesitates to conclude that the 
anti-sperm-agglutinin from sperm and the egg-agglutinin from sperm are 
identical, his and my own evidence point very strongly to the view that 
they are. Frank failed to obtain with his extracts any protein tests nor was 
he able to salt it out with (NH4)sS04. My extracts, on the other hand, 
give positive protein tests and are precipitable by (NH 4 ) 2 S 04 . This may 
be due to the greater efficiency of extraction by freezing and thawing 
than by heating, since extracts that I have prepared by heating are of 
lower titer than those obtained by freezing and thawing. 

Relation of Active Agent from Sperm to That from Egg Extract. —^The egg- 
agglutinin (and anti-sperm-agglutinin) obtained from sperm also resembles 
the egg-agglutinin (and anti-sperm-agglutinin) obtained from jellyless eggs 
in regard to its non-dialyzability and its inactivation by heat, pH and 
proteolytic enzymes. It is for further work to decide if the two are identical. 
In the sperm the substance must be present on the surface since it is 
quite evidently the substance that reacts with the sperm-agglutinin ob¬ 
tained from the egg jelly. In the eggs the substance is present below the 
jelly-layer. 

Specificity. —All of the various substances that have been described here 
are species specific. Cross reactions 9 Xt in some instances obtained be¬ 
tween the closdy related sea-urchins 5. purpuratus and 5. franeiscanus. 
These are usually weaker than the homologous reactions. More distantly 
related Bchinoderms show no cross reactions at all. 
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Some Deductions of General Serological Significance 

1. Auto-Agglutination .—The present finding that there is below the 
surface of a cell a substance capable of giving the familiar serological re* 
actions (agglutination, precipitation) with the surface materials of the cell 
has a bearing on some general problems. One of these is the cause of the 
phenomenon of auto-agglutination (acid-, cold-agglutination and spon¬ 
taneous agglutination in general). This phenomenon, it appears, can now 
be explained in the following manner. Surface and sub-surface substances 
are assumed to form a dissociable compound in the region in which they 
adjoin. Agents that dissolve the surface substance would then favor the 
dissociation of this compound. Within a wide range of conditions this 
dissociation will be incomplete so that the surface will then be a mosaic of 
original surface substance and sub-surface substance. The cells are then 
capable of uniting in large numbers, the surface substance of one combining 
with the exposed sub-surface substance of another. The same result would 
follow if it were assumed that complete dissociation occurred in some of 
the cells and no dissociation in the others. 

This interpretation of auto-agglutination presupposes tlie same mecha¬ 
nism for agglutination as that assumed in the lattice theory of Marrack* 
and Heidelberger;*® namely, the union of multivalent complementary 
substances. 

I have recently’ offered this interpretation for an auto-agglutination 
phenomenon in spermatozoa. A critical test is the ability to agglutinate 
cells by means of an extract from below the surface layer of the cells. The 
present findings show that this can be done with eggs. It is also possible 
to produce an auto- (acid-) agglutination of the eggs in a very simple 
manner. If the pH of the sea water is lowered to a point where the jelly 
is almost completely gone the eggs will agglutinate in large clumps. It is, 
of course, difficult to determine whether there are patches of very thin films 
of the jelly layer present under these conditions, but that appears to me 
to be the interpretation. The effect may be produced sdso by using 
chymotiypsin. This enzyme dissolves the jelly layer and when that layer 
is almost (?) completely gone the eggs agglutinate. As the chymotiypsin 
continues to act the clumps break up again, presumably due to the com¬ 
plete removal of the surface material. 

The auto-agglutination of egg cells substantiates, then, the view that 
the effect is due to the exposure of sub-surface material capable of combin¬ 
ing with surface material on other cells of the same suspension. Whether 
or not this interpretation will hold for all instances of auto-agglutination 
that have been described remains for future investigations to decide. 

2. The Terms Antigens and Antibodies .—Serologists employ the terms 
normal or natural antibodies to designate substances that are present in 
untreated animals and that produce effects similar to those of antibodies 
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obtained by injection of antigens. Thus the naturally occurring aggluti¬ 
nins, lysins, etc., for blood cells and bacteria are called natural antibodies. 
The substance with which a natural antibody reacts is termed an antigen 
(agglutinogen, precipitinogen, etc.). This, however, conflicts with the 
complete definition of an antigen since there is no evidence that the forma¬ 
tion of a natural antibody is incited by the corresponding antigen. Never¬ 
theless there seem to be cogent reasons for employing the term. 

When otie attempts to use these terms in connection with the substances 
obtained from eggs and spermatozoa further difficulties are encountered. 
These difficulties do not r^ect on the character of the reactions exhibited, 
since they are typical serological reactions, but rather on the terminology 
itself. 

The substance on the surface of the egg that causes agglutination of the 
sperm may be termed a natural agglutinin. Then the reacting substance 
on the sperm would according to serological usage be termed an agglutino¬ 
gen. However, the agglutinogen can be extracted from the sperm and when 
added to eggs causes them to agglutinate. It thereupon must be called 
an agglutinin. 

The substance below the surface of the egg which, when added to intact 
eggs, causes them to agglutinate may be termed a natural agglutinin. Then 
the surface substance with which it reacts becomes an agglutinogen. 

It is evident that if these terms are to be employed when dealing with the 
naturally occurring substances, they must be used in their functional sense. 
In the description of the experiments with eggs and sperm it was necessary 
to employ such cumbersome terms as egg-agglutinin or anti-sperm ag¬ 
glutinin from eggs, etc. This avoids the difficulty of designating a sub¬ 
stance as an antigen (agglutinogen) at one time and an agglutinin at an¬ 
other time. 

That this difficulty in terminology is not confined to the naturally oc¬ 
curring substance is manifest when one considers the production of anti¬ 
bodies to antibodies. Several instances showing the pmduction of anti¬ 
antibodies have been reported (see Marrack,® p. 64). The antibody- 
inducing antibody must then be termed an antigen. Again it is evident 
that these terms must be employed in a functional sense and not as desig¬ 
nating special classes of chemical entities. 

These specifically reacting substances may be termed complementary 
substances (complementary proteins^ etc.) but any further c^acteriza- 
tion must await their isolation in pure form. 

3. PossihilUy of Dired Protective Action of Bacterial Extract against Jn- 
tact Bacteria, —^These experiments with egg cells have shown that there is 
below the surface of the cell a substance capable of acting in the manner 
of an antibody (agglutinin, precipitin) with the surface material. This 
has certain implications that should be of considerable interest in 
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medical aspects of immunology. If, in analogy to the eggs, a pathogenic 
bacterium were to have beneath its surface a substance capable of ag¬ 
glutinating the cells, then, on the basis of the current views concerning the 
immunological significance of specific agglutinins (see Cannon^*), one 
should expect this substance to afford protection to an animal infected with 
the same strain of organism. In other words the bacteria would contain 
within themselves the seeds of their own destruction. 

Some experiments that have been performed with bacteriophage are 
consistent with this view. Levine and Frisch^^ and Gough and Burnet^* 
showed that phage can be inactivated by a polysaccharide-like substance 
extracted from the susceptible bacteria. The substance is presumably the 
coat of the organism or located in it. Within the cell there is evidently 
material that serves as phage-precursor. It is reasonable to suppose that 
the precursor is a fully formed protein and that the phage is not synthesized 
from simpler compounds but is produced in a manner analogous to the 
formation of an enz 3 ane from its precursor (see Northrop The situation 
(at least just before liberation of the phage) is then similar to that demon¬ 
strated here in the case of the sea-urchin egg; namely, a sub-surface sub¬ 
stance capable of combining in a serological manner with surface sub¬ 
stance. 

The views expressed here should be relatively easy to test. All that is 
necessary is to remove the surface material from a cell and to determine 
whether by appropriate extraction of the remainder a substance can be 
obtained that will react with the surface material. Depending on the con¬ 
ditions of the test the reaction should give precipitation, agglutination, 
lysis or opsonification. In other words the extract would be expected to 
have the same properties as an immune serum. An attempt to test this 
on pneumococci is now in progress. 

The results of numerous experiments in the literature on immunology 
may find their interpretation on the basis of the results presented here. 
For example, the differences in effectiveness of various kinds of vaccines 
may be dependent upon the relative amounts of surface and sub-surface 
(and deeper) substances present when different methods of preparation are 
employed. Autolysis or cytolysis of a whole cell would allow a general 
interaction of surface and sub-surface and deeper substances to take place* 
A precipitate would form and the substances that remained in solution 
would be the ones present in excess. Since the antibodies that are effective 
in producing immunity are evidently those that act on the surface of the 
cell, it would appear that it is necessary to have the proper antigen present 
in the vaccine or extract. Immunologists are, of course, fully aware of the 
importance of isolating the various antigenic components of cells. The new 
points submitted here are that the various components of the cell are 
capable of reacting with one another when the cell is destroyed and are 
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chemically combined in the intact cell in the regions where they adjoin one 
another. 

Summary. —Sea-urchin eggs can be agglutinated by means of an extract 
obtained from eggs deprived of their jelly coat. The extract also inactivates 
the sperm-agglutinin which is the jelly coat of the egg or a component of 
it. Similarity of properties point to the identity of egg-agglutinin and anti- 
sperm-agglutinin obtained from eggs. These agents also appear to be 
similar to the egg-agglutinin and anti-sperm agglutinin obtained from 
sperm. Various tests indicate the protein nature of the egg-agglutinin (and 
anti-sperm-agglutinin). The egg agglutinin is specific in its action. 

The view is proposed that all cells are composed of alternate layers of 
substances that are capable of reacting with one another in a serological 
manner. The bearing of this on some general serological and immunological 
questions is discussed. One deduction of considerable practical interest is 
that it should be possible to extract from a pathogenic bacterium a sub¬ 
stance that would give direct protective action against the intact bac¬ 
terium. 

I am indebted to Professors T. H. Morgan and Linus Pauling for having 
read the manuscript. 
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DIVRNAL VA RIA TION OF INTERMEDIN IN THE BLOOD OF THE 

ALBINO RAT 

By Leon Levinson 

Biological Laboratories, Harvard University 
Communicated March 16, 1940 

It has been found by Jores (1937)^ that there is a diurnal fluctuation in 
the concentration of intermedin in the blood of man. The following ex¬ 
periments were therefore designed to test the possibility of the existence of 
such a cycle in the albino rat. 

Methods, —A supply of mature, normal albino rats, of both sexes, was 
kept under normal laboratory conditions. Blood samples were obtained 
by heart pimcture and the samples prepared for assay in the following 
manner, an adaptation of that of Jores (1933).® In approximately one- 
half of the cases, 0.3 cc. of blood was withdrawn and added to 5.0 cc. of 70% 
alcohol. In the other cases, 0.6 cc, of blood was taken, and added to 10.0 cc. 
of 70% alcohol, in a small centrifuge tube. After shaking, the laked 
hemoglobin was removed by centrifugation, and the supernatant solution 
evaporated to dryness in a blast of warm air. The residue was taken up 
in an amount of water such that each cubic centimeter of solution contained 
the equivalent of 0.12 cc. of blood. This aqueous solution was made alka¬ 
line (about pH 11) with 0.1 NaOH, and heated for 10 minutes in a boil¬ 
ing water-bath. After cooling, the samples were neutralized with 0.1 N 
HCl, and diluted to replace the loss due to evaporation. 0.5 cc. of this 
solution was injected into pale frogs, and the duration of the resulting 
melanophore expansion determined. This was measured as the length of 
time in minutes between the time of injection and the time at which the 
frogs returned to the pale state. 

Results, —The results obtained by assaying the intermedin in the blood 
of rats at different times of day and night are shown in tabular form in 
table 1, and graphically in figure 1. It can be seen that intermedin is al- 

TABLB 1 ' 

Cyclical Variations in the Intermedin Content op Rat Blood 


X 

u 

in 

IV 

rtUB OF DAY 

HO. OF FATB 
tbbtmd 

HBAN DYmATXON 

OF RBSFONBS 

B, D. OF DITKATION 

OF KBBFOKSB 

12 mdnt. 

10 

231.0 mins. 

82.7 mins. » 36% 

3 A* iNI. 

8 

216.6 

10&.6mim. « 49% 

6 A. M. 

8 

189.4 

69.5 mins. 37% 

9 A. M. 

4 

^67.6 

24.8 mins. « 37% 

12 noon 

4 

148.8 

15.6 mins. •• 32% 

8P. M. 

H 

>98.0 

32.6 mins. « 33% 

6 P.M. 

8 

137.5 

33*4 mins. ■> 24% 

9F. M. 

6 

128.3 

40.7 mins. 32% 
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ways present in tlie blood of the rat, but that more is present during the 
night than during the day. Moreover, the concentration of intermedin 
varies cyclically, in a fashion roughly similar to the diurnal cycle in spon¬ 
taneous activity (Slonaker, 1935).* 



FiGuas 1 

Explanation of Cvxvb 

This curve shows the relationship between the 
duration of melanophore expansion in minutes 
(ordinate) and the time at which blood inter- 
medin samples were taken (abscissa). The 
circles represent average values from table 1, 
with their standard deviations expressed as the 
vertical lines at each point. 

i 

M midnight 
N noon 

The author wishes to express his thanks to Dr. A. A. Abramowitz for his 
generous and helpful advice. 

^ Jores, A., Z^its. Exper, 87, 266 (1907). 

> lores, A., TahidoM 14, 77 (1933). 

* Sonaker, J. R., Am. lout. 73^ 4^ (1926). 
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THE ABSOLUTE MAGNITUDES OF STARS OF HIGH 

LUMINOSITY 


By Jesse L. Greenstein 

Ybrkbs Ob3Brvatory» Uniybrsitv op Chicago 
Communicated March 1040 

Available estimates of the distances of stars of high luminosity do not 
establish a satisfactory scale of absolute magnitudes. The theory of galac¬ 
tic rotation, however, affords a geometric extrapolation of known distances, 
by the use of the radial velocity as a measure of distance. If we assume 
that higher-order terms in the galactic rotation may be neglected the 
radial velocity of a star, p, after correction for the solar motion, is 


p ^ rA sin 2{l — k) cos^ b + dp, (1) 

dp is the component of the peculiar motion in the line of sight. The rota¬ 
tional velocity gradient, A, may be assumed known from near-by stars for 
which the distances are determined by secular parallaxes. The mean dis¬ 
tance of a group of stars is 


r 


I 

A 


( 


P _ 

sin 2(/ — lo) cos* b 



The average deviation of a distance will be 



1 _ 

• h) cos* b 


nrnm 

) 


f 


and of an absolute magnitude, 



2.17 1 6pj /" 1 _ 

rA \sin 2{l — k) cos* b 






We may estimate the mean error of the mean absolute magnitude of n 
stars to be 


m. e. 




when only those stars are selected for which sin 2(1 — k) cos* b ^ 0.5. The 
value of the mean peculiar velocity of the supergiants is not establidied. 
Using known r-stars near the nodes of the gal^tic rotation term, we find 
as db 12 km/sec for cB-eA5, |6p| ■» •*■8 km/sec for cA8-cG^ and » 
*11 kffl/secfor {:(?5-cM5. We can expect high accuracy of a group mean 
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absolute magnitude only for stars with a mean rotational term, rA, greater 
than 20 km/sec. 

The mean absolute magnitude for stars selected by apparent mag nitud e 
will be affected by various statistical errors of the form (log x ^ log x). 
The distribution of the velocities is skew, as is the distribution of the dis¬ 
tances of stars selected by apparent magnitude. Interstellar absorption and 
increasing rA both decrease these statistical corrections for the distant 
stars. The corrections have been estimated as of the order of +0.25 mag 
for a modulus of 6 mag, and +0.10 mag for a modulus of 15 mag. The 
mean absolute magnitude is obtained from 


M ^ m ““ Absorption “ 5 log 




\sin 2(/ — /o) cos* b 


) 




5(log^ + 1 + [log r log r]). (6) 

The major uncertainty arises from the mean interstellar absorption term in 
(6). For the .B-stars the mean absorption can be evaluated from the 
photoelectric color excesses, which were very kindly supplied by Professor 
Stebbins before publication.^ For visual light the ratio** * of absorption 
to color excess, £, has been taken as seven. No suitable measures of color 
excess of the later spectral types exist, and a mean coeflScient of absorption 
derived from the J5-stiars has been used. 

A value of the constant, A, based on secular parallaxes and radial veloci¬ 
ties has been given by Plaskett and Pearce.^ Because of the large range in 
the luminosities of the B-stars it was necessary to introduce small changes 
in certain of the statistical corrections used by Plaskett and Pearce, es¬ 
pecially in if • r. The derived value of 17 km/sec/kpc differs very little 
from their value of 15.5 km/sec/kpc. 

The absolute magnitudes of the B-stars have recently been determined 
by Whitford* from radial velocities, and I am indebted to him for discus¬ 
sions of these results. A different statistical treatment may lend some 
interest to my new determination. Only stars for which sin 2(1 — io) cos* 
b ^ 0.5 were used. The solar motion was taken constant for all stars, and 
equal to 20 km/sec with the apex at 18*, +28^. The iC-term may be 
neglected if the stars are uniformly distributed over both positive and 
negative maxima of galactic rotation. The velocities of the interstellar 
lines were used, when available,^ as well as the stellar velocities. The 
spectral classifications are of mixed origin, coming from Mt. Wilson, Vic¬ 
toria and the Henry Draper Catalogue. 

Proper weighting criteria are difficult to establish. If the disperrion in 
absolute magnitude ww small, a grouping by w' « m — 7£ would be a 
grouping by distance, and the weights would be measured by the mean 
rotational term, rA* In view of the large dispersion, and the effects of 
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absorption, a grouping by w' favors intrinsically faint stars, A grouping 
by the values of the rotational term unduly favors stars of large peculiar 
motion. Both methods have been used, and the results are given, with the 
mean values, in table L The column (m. e.) gives the estimated mean 
error of the mean absolute magnitude arising from the peculiar velocities of 
the stars. Included in table 1 are the mean absolute magnitudes ob¬ 
tained from the Victoria secular parallaxes^ by Stebbins, Huffer and Whit- 
ford,* who corrected for the mean interstellar absorption of stars of a given 
magnitude and spectral tj^e. Since the latter is based on Victoria classifi¬ 
cations, no distinction can be made for the c-stars, and may be sys¬ 
tematically too bright. 


TABLE 1 

Early-Typb Stars op Known Color Excess 
Va m 


TYPK 

kw/bkc 


(mO 

(rA) 

MSAN 

M. «. 

"w 

cB, cA 

29 

48 

-6^1 

-6^4 

CO 

CD 

1 

*0"2 

p p 

06-09 

20 

36 

-4.2 

-4.6 

-4.4 

^0.3 

-4.6 

BO 

20 

34 

-4.4 

-4,7 

-4.6 

*0.3 

-4.0 

B1 

15 

23 

-3.6 

-4.1 

-3.9 

*0.4 

-3.7 

B2 

12 

63 

“2.8 

-3.8 

-3.3 

*0.3 

-3,1 

B3 

6 

160 

-0.7 

-1.3 

-1.0 

*0.6 

-1.7 


The differences between the absolute magnitudes in table 1 and those 
found by Whitford* are small, and arise mainly from the smaller value of 
the rotational constant adopted. The value for J53 is of low weight, since 
the systematic errors of the method are most serious for these near-by 
stars. The high mean absolute magnitude found for the early supergiants 
is of significance in problems of interstellar reddening. The great ntunber 
of highly reddened stars among the apparently bright J3-stars indicates the 
large number of supergiants. In an earlier spectrophotometric survey I 
have measured* gradients of 38 reddened B-stars. Of these 38 stars it is 
now known that at least 16 are supergiants; they have been so identified 
from the Mt. Wilson classifications, from high observed rotational terms 
and from unpublished data by O'Keefe, at the Yerkes Observatory. The 
systematically smaller integrated hydrogen-line absorption in the violet for 
the supergiants would at least partly explain a small deviation from line¬ 
arity of the relative gradients found in that investigation. 

The general widening of the scale of luminosities is also of importance in 
the derivation of mean values of the interstdlar absorption coefficients. 
For example, the use of the conventional scale of luminosities (BO near 
—3^5) in the earlier work of Stebbins and Huffer* resulted in a mean photo¬ 
electric reddening of 0.28 mag/kpc. If distances based on galactic rotation 
alone are used the resultant coefficient is much lower. Figures 1 and 2 
show the photoelectric color excess of 177 of the stars of table 1 as a function 
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of distance determined from the radial velocities. The stars have been 
grouped by spectral type, and arranged in order of distance by (rA) in fig¬ 
ure 1, and by apparent magnitude corrected for reddening (m') in figure 2. 
A least-squares solution, forced through the origin, gives a mean reddening 
of 0.13 mag/kpc for both groupings. This coefficient refers to a range of 
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FIGURES 1 AND 2 


The mean color excess, B, is plotted against distance determined from galactic rota¬ 
tion. In figure! (top) the stars are grouped by r.4; infigure2(5oftom) by The lines 

represent least-squares solutions, with a reddening coefficient of 0.13 mag/kpc. 

longitude, 340^-40®, 70^-130® and 1(K)®~220®, and to galactic latitudes 
less than The use of distance moduli based on the present scide of 

absolute magnitudes should result in a similar coefi^ient, since the moduli 
are compatible with distances derived from galactic rotation. The redden¬ 
ing of 0.13 mag/kpc can be combined with the law for interstellar ted- 
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dening to yield a mean photographic absorption coefficient of 1.2 mag/kpc, 
in agreement with Joy^s value based on the galactic rotation of tbe Ce- 
pheids^' ® Selection effects in the data must be seriously considered, and the 
dependence of £ on r in figures 1 and 2 is not such as to establish a constant 
value of the absorption coefficient. 

Lists suitable for a calibration of the later-type stars designated as spec¬ 
troscopically highly luminous can be obtained from the ^-stars in the cata¬ 
logs of Mt. Wilson spectroscopic absolute magnitudes*' “ and from a list 
of c-stars by Miss Payne. From the Mt. Wilson list I have also selected 
those AT-stars for which the spectroscopic absolute magnitude, was 
brighter than —1^0. The material available is too small for a satisfactory 
statistical analysis, but the results collected in table 2 may serve as a pre¬ 
liminary calibration. The derived mean absolute magnitudes are given 
both before and after correction for interstellar absorption. The correction 

TABI.E 2 

Later-Typb c-Staks 
rA M 



tyf» 

km/sbc 

n 

m 

m 

NO Ana. 

ABS. 

M. m. 

Mt. Wilson 

A8-G4 

16 

24 

9“ 

4.89 

--4¥7 

-6¥i 

-.0" 



5 

16 

8 

5.20 

-2.0 

-2.2 

9Ib2,4 


M0-M6 

4 

9 

7 

4.70 

-2.3 

-2.4 

-4.0 

-2*f5 

48-JlfO 

13 

12 

9 

4.78 

-4.4 

-4.8 

*0.9 

All 

48-Are 

10 

49 

8 

4.96 

-3.9 

-4.2 

*0.6 

Mt. Wilson; 
Payne 

B8-4S 

21 

22 

0 

6.43 

-4.8 

-6.4 

*0,6 

Pajme 

F0-G5 

12 

18 

12 

4,57 

-4.5 

-4,9 

*0.7 

Morgan Lum. 
Class la. 

FA-F8 

26 

4 

4 

3.90 

-6.9 

-8.2 

*0.8 


for absorption has been taken as that derived from the ii-stars, 0.93 mag/ 
kpc, in low galactic latitudes. I have arbitrarily adopted the value of 0.50 
mag/kpc for the stars in higher mean galactic latitudes, with suitable inter¬ 
polated values. The stars of the Mt. Wilson lists have been analyzed in 
groups according to spectral type, and a group of the most luminous stars 
has also been treated, with Jlf,p ^ —2^5. It is apparent that the earlier 
stars, from cB8 to cGh possess high mean luminosity, near —5^. Results 
for the later stars are very uncertain, and suggest that they do not form a 
homogeneous group. The mean absolute magnitude for this selection of 
eBSrcAS stars, — 5.4, is not far from that of the cB and cA stars of table 1, 
— 6^3. An interesting result is obtained for a group of four stars which 
Dr. Morgan has kindly selected for me as spectroscopically the most lumi¬ 
nous of the brighter stars. They are p <p Cas, c Aur and S CMa; 
they have the amazing rotational term of ^ 26 km/sec, and yield the 

mean absolute mamitude of — 6^9 without correction for inters^ar ab- 
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sorption. I am indebted to Dr. Morgan and to Dr. Keenan for discussions 
of the problems of the calibration of spectroscopic luminosities. 

While these results are of a preliminary nature, it is apparent that spec¬ 
troscopic absolute magnitudes of the supergiants can be accurately cali¬ 
brated, even if few stars are available. For a calibration of a group of 
ten stars within **=0^5 a mean distance greater than one kiloparsec is 
necessary; for supergiants this requirement would be fulfilled for stars 
fainter than the sixth magnitude. The errors of the measured radial 
velocities need only be less than the velocity dispersion, that is, less than 
a*=8 km/sec. 

' Stebbius, Huffer and Whitford, Ap. 01,20 (1940). 

• Greenstein, Ibid., 87, 151 (1938). 

• Stebblns, Huffer and Whitford, Ibid., 00,459 (1939). 

• Pub. Dom., Ap. Obs. Victoria, 5,289 (1936). 

• Merrill, Sanford and Burwell, Ap. J., 86, 206 (1937). 

• Pub. Washburn Obs., 15, Part 6 (1934). 

^ Ap. X, 80,271 (1939). 

• Van Rhijn, Cron. Pub., 47 (1936). 

• Adams, Joy, Humasonand Brayton, Ap. J., 81,187 (1935). 

»» Merrill, Ibid., 81, 361 (1936), 

Stars of High Luminosity, Appendix A (1930). 


SYNTHETIC SPECTRA FOR SUPERNOVAE 

By Cecelia Payne-Gaposchkin and Fred L. Whipple 

Harvard Collbgb Observatory 
Communicated March 14, 1940 

Introduction .—The excellent series of spectra of the supemovae in I. C. 
4182 and N, G. C. 1003, published by Minkowski,^ present for the first 
time a basis for a quantitative interpretation. Eight typical spectra, show¬ 
ing the major stages of the development during the first two hundred days, 
are shown in figure 1; they are directly reproduced from Minkowski's 
microphotometer tracings, with some smoothing for plate grain. The pre¬ 
maximum spectra (which show few features in addition to an apparent 
continuum) and the very late spectra (more than two hundred days after 
maximum) are not reptesented. Since all supemovae apparently show 
nearly identical spectral changes,^ this series can be considered as repre¬ 
sentative of all, both with regard to the essential spectral features and to 
changes with time. The broad features in the blue-violet region appear 
to shift to the red with time, while the features in the red region show varia¬ 
tions but no systematic duft in wave-length. 
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A comparison of Minkowski^s near-maximum spectra (not shown here) 
with his spectra of f Aquilae (B9n) shows relatively more energy in the red 
and yellow regions of the supernova spectrum. Since the latter spectrum 
is apparently nearly continuous at this stage, an obvious conclusion 
is that it arises from a relatively low-temperature source (probably less 
than 12,000°K.). A possible alteniative is that the spectrum consists of 
exceedingly broadened bright lines of high excitation, which happen to 
coalesce and simulate black-body radiation at a low temperature. Other 
alternatives are even less plausible. The working hypothesis of a low 
temperature continuum is suggested also, by analogy with the spectra of 
ordinary novae, where temperatures of 8000° to 10,000°K are observed* 
in the early stages, at which time no strong absorption or emission spectra 
are present. It is supported strongly by the only lines that have been 
positively identified in supeniova spectra: the narrow emission lines of 
[0 I] at XX 6300 and 6363, which appeared in the spectrum of the supernova 
in 1. C, 4182 between 158 and 184 days after maximum. We regard these 
two lines as interstellar lines produced in the neighborhood of the supeniova 
by the pulse of high-intensity energy emitted near maximum light. A 
similar suggestion has been made by Zwicky.* These nebular lines of 
neutral oxygen originate in a transition that goes to the ground state of the 
neutral atom, and are thus of the lowest excitation possible for atomic 
emission. 

A few days after maximum Ught, the spectrum of a supernova begins to 
show more detail, but no sharp lines ever appear, with the exception of the 
oxygen lines just mentioned. If an emission or absorption spectrum exists, 
the lines must be greatly broadened, with a width (if interpreted as a Dop¬ 
pler effect) corresponding to a velocity probably of the order of 6000 km./ 
sec. in both approach and recession.® The steepness of the violet edge of 
the feature near X 5890 suggests that the velocity does not greatly exceed 
this value. Emission lines broadened by Vss of their wave-length would not 
be separately identifiable unless their centers were separated by at least 
150 A. U., the separation necessary depending completely on the nature 
of the profiles; the case for square proffles has been discussed elsewhere.® 
The assumption of broadened lines has a precedent in the interpretation 
of the spectra of ordinary novae, where the broadening is universally at¬ 
tributed to Doppler effect in an expanding stellar atmosphere. The 
analogies between supemovae and novae have been discussed by one of 
the writers’ and by Zwicky;* in the present paper we shall assume that a 
rough parallel is, in principle, a legitimate one. 

The most common emission spectrum observed astronomically is the 
Balmer series of h}rdrogen; if these lines were present in the spectra of 
supemovae with the relative strength that they usually show in the i 5 )ectra 
of novae, we tdiould expect to find broad maxima near their positions. 
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As such maxima are not conspicuous (if indeed they are present at all) in 
the earlier stages of supemovae, it must be concluded that the hydrogen 
spectrum is not strong at this phase. Such a conclusion may seem in¬ 
compatible with the assumption of a relatively low temperature; the 
element hydrogen, however, while it is known to be the main constituent 
of stellar almospheres^^ is only fairly abundant in stellar interiors The 
amount of energy and matter involved in the supernova outburst must 
necessarily be enormous in comparison even with those of the ordinary nova 
outburst. We are here dealing chiefly with matter from the interior of the 
star and not from its exterior. Consequently the relative weakness of the 
hydrogen lines is not very surprising.“ 

Two general features of the supernova spectra suggest a great abundance 
of helium: the only apparently permanent feature of the spectrum, near 
X 5875 (the line of He I); and the later maximum in the blue, which 
probably contains X 4686 (the first line of the Fowler series of He II), as 
well as the group of N III lines near 4640. These lines are important con¬ 
tributors to the spectra of ordinary novae. 

1. Procedure ,—In view of all the above considerations, it has seemed 
worth while to attempt to reconstruct the supernova spectra by summation 
of the bright-line spectra of the astrophysically commoner elements, in 
the stages of ionization for which the data are reasonably complete. The 
adopted procedure, which is to be described in detail in a forthcoming 
paper,** is summarized in the foUowing paragraphs, 

(a) The Line Intensities .— Determinations were made of the relative 
intensities of the permitted lines within each of the following nineteen 
spectra, over the wave-length range X 3000-X 6700: H I, He I, He II, 
C II, C III, C IV, N II, N III, N IV, N V, OII, O III, O IV, O V, O VI, 
Na I,Ca II,FeII andFelll. Within series spectra, well-separated multiplets 
and supermultiplets, in cases where present theory is reac^y applicable, the 
relative intensities of lines (or multiplets) were calculated by application 
of the sum rules and by wave-mechanical theory. In all cases LS coupling 
was assumed. For the evaluation of the Boltzmann factors, temperatures 
roughly appropriate to the degree of ionization (16,000°K to 100,000*K) 
were assumed. In several cases, laboratory intensities (supplemented for 
Pe II by astrophysical intensities) were used to adjust the relative values 
between multiplets or supermultiplets, because the theory was uncertain 
or inapplicable. In all cases wh^ they wert available, the laboratory 
values furnished a satisfactory check on ^e theoretical intensities. 

(&) The Line Profiles .— The line profiles were assumed to be parabolas 
with their major axes vertical and their vertices upwards; the intercepts 
on the wave-length axis were symmetrically placed about tltt line center, 
and sqtarated by a distance equivalent to a velodty of 12,000 ]an,/sec. 
The areas were made proportional to the calculated intensities. A proffle 
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with steep sides and a rounded top was chosen primarily from an inspection 
of the supernova spectra, particularly in the visual regions; this general 
shape is often shown by the bright lines of the Wolf-Rayet stars and novae. 
The parabolic form was adopted for convenience in drawing and calcula¬ 
tion. It is clear that truly symmetrical lines are not to be expected from 
an expanding atmosphere; but, for example, in some of the cases discussed 
by Chandrasekhar for outwardly accelerated motion,^* the deviations from 
symmetry are not great. 

(c) Integration of Individual Spectra .—The parabolic profiles of the lines 
(or groups of lines) of each individual atom were drawn on a prismatic 
dispersion scale proportional to that used by Minkowski^ (spectrographs e 
and/). Where the lines overlapped, the intensities were summed at small 
intervals in wave-length. The effects of overlapping on the final summed 
spectrum are difficult to foresee, and are sometimes surprising. 

TABI^ 1 


Composition of Synthetic Spbctka 


ATOM 


B 

C 

IT 

lit 



% 

% 

% 

% 

HI 

6.2 

6.9 

« « 

4.8 

4.6 

He I 

7.8 

15.6 


8.7 

9.4 

He II 

« « 

9.6 

16.9 

6.2 

9.2 

CII 

■ 1 

18.2 

* 

4.9 

8.7 

cm 

t t 

« t 

23.2 

3.6 

6.3 

Nil 

* i 

24.3 

■ * 

6.6 

11.6 

Nin 

• * 

4 f 

67,2 

8.7 

16.4 

on 

♦ ♦ 

8.6 

* > 

2.3 

4.1 

OIII 

■ • 

« P 

2.7 

0.4 

0.7 

Nal 

2.3 

1 • 

« * 

1.4 

0.6 

Call 

6.9 

♦ * 

• w 

3.4 

1.6 

Fell 

78,8 

« n 

4 4 

45.4 

20.0 

Fc m 


16.8 

9 4 

4.6 

8.0 


(d) The Final Integrations .—In order to produce combined spectra of 
successively increasing excitation, the individual spectra were summed in 
groups designated A , B and C in order of excitation. The percentage of the 
energy with wave-length greater than X 3800 contributed by each atom to 
the combined spectrum is given in table 1. The percentages were, of course, 
chosen arbitrarily, on the basis of the observed spectra of novae and super¬ 
novae. The contribution from hydrogen was made very small, and might 
even have been omitted altogether without affecting the results appre¬ 
ciably. 

^p^trum A was combined with a strong continuum, corresponding to a 
temperature of 10,000 ^Km spectrum B, with a moderately strong con- 
timium corresponding to a temperature of 16,000°K.; and spectrum C, 
with a weak continuum corresponding to a temperature of 28,000^K. 
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Because our synthetic spectra were to be compared with Minkowski's 
published tracings, corrections for plate sensitivity, absorptions and pris¬ 
matic dispersion were applied to the calculated spectra. These corrections 
were deduced from Minkowski’s published tracings of a series of spectra of 
f Aquilae (made with spectrograph / on “Agfa Supersensitive Panchro¬ 
matic" film), on the assumption that the energy distribution in the star's 
spectrum corresponds to black-body radiation at 12,000®K. 

Spectrum A , corrected by the procedure described in the last paragraph, 
is shown, as predicted spectrum I, in figure 1, for comparison with the 9- 
and 10-day spectra of the supernova in I. C. 4182, drawn below it. 

Spectrum II, compared in figure 1 with the 20- and 24-day spectra of 
the supernova in L C. 4182, is of a somewhat higher mean state of excitation 
than Spectrum I, being compounded from spectra .4, B and C and their re¬ 
spective continue in the proportions (bright line energy): A, 58%; J3, 
27%; C, 15%. The filth column of table 1 shows the resultant percentages 
of energy contributed by the individual atomic spectra. 

Spectrum III, compared in figure 1 with the 44- and 51-day spectra of 
the supernova in N. G. C, 1003, and with the 67- and 136-day spectra of 
the supernova in I. C. 4182, is similarly compounded in the proportions: A , 
25%; B, 48%; C, 27%; the atomic contributions are shown in the sixth 
column of table 1. 

2. Discussion .—In comparing Minkowski's microphotometer tracings 
and our spectra, it is important to notice several things. First, his tracings 
are made from unwidened spectra, analyzed with a relatively long micro- 
photometer slit, and they have not been reduced to relative intensities. 
With such an arrangement the effects of “burning out" (noticeable espe¬ 
cially in the red regions) are particularly difiicult to predict and allow for, 
because the characteristic curve of the emulsion will be different from those 
ordinarily encountered in spectrophotometry. Accordingly, no attempt 
has been made to correct our predicted spectra for the characteristic curve. 
Secondly, the material permits only an approximate determination of the 
sensitivity of the emulsion, which may vary appreciably over a period of 
several months. For both these reasons the conspicuous peak at the red 
end of the predicted spectra should not be considered as more than an in¬ 
dication of relatively high red energy. In most of Minkowski's spectra 
of the early stages, the red end is certainly "burned out;" in the cases 
where it is not (supernova in 1. C. 4182 at 41 days; supernova in N. G. C. 
1003 at 29 and 44 days, the latter spectrum being shown in figure 1), the 
excessive strength at the red end is quite obvious, and similar to that 
shown in the predicted spectra. 

The extent to which predicted spectra resemble the observed ones 
may be seen from inspection of figure 1. The strange phenomenon, noted 
by Minkow^, that the blue regions of the spectrum diow a progressive 
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FIOXmB 1 

Observed aod predicted spectra of supernbvae. Tbe observed spectra ate of 
SN tC 4182 with the exception of those at 44** and 61* after maxtmtmi light, which 
are of SN NOC 1003. 
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red shift with time, which the yellow and red regions do not share, is also 
displayed by the predicted spectra. Apparently this phenomenon can be 
explained merely as the result of changes in the atomic makeup of the 
spectrum, resulting from increase of excitation with time. It is also possible 
for a small red shift to occur as a result of a broad line or group of lines 
falling in a region where emulsion sensitivity varies rapidly with wave* 
length; a change with time of the intensity of the underlying continuous 
background produces a shift, which may be of the order of fifty A. U. 

It will be seen from table 1 that comparatively few atoms have been 
used in forming the synthetic spectra. Relatively small changes in the 
relative intensities of spectral lines or in the assumed line breadths or 
profiles may produce marked changes in the integrated spectra, particularly 
with regard to detailed features. It is, therefore, not surprising that there 
are discrepancies between the predicted and observed spectra. It can be 
seen that the addition of the more likely “forbidden'* lines which might 
well be present (the auroral and nebular lines of O III, XX 4363, 4959, 
5007) will improve the agreement between observation and prediction. 
These lines are inserted with broken curves in Spectrum III of figure 1. 
The commonly occurring “forbidden” lines that were omitted were the 
auroral lines (X 5755) of NII and (X 5577) of OI which seem not to be pres¬ 
ent, the corresponding nebular pair (XX 6548, 6584) of NII, and (XX 6300, 
6363) of 01, the two latter pairs occurring in a part of the spectrum that is 
already very intense. The “forbidden” lines of Fe II were omitted because 
of difficulty in predicting the intensities; their positions are such as not 
greatly to affect the agreement. The same is true for the “forbidden*^ lines 
of Fe III. 

The early minimum at X 6140 appears to be an absotption feature rather 
than a gap between emission lines; it disappears relatively soon (between 
25 and 40 days after maximum). In view of the strong evidence for rela¬ 
tively low temperatures and the fact that there may be a temperature 
gradient in the atmospheres of supemovae, it seems quite possible that this 
feature, and perhaps some other features of the early spectr8^ may arise 
from molecular absorption in the outer levels of the atmospheres. The 
strong absorption band of TiO, with a bead at X 6159, would, produce an 
absorption feature at almost precisely the observed position after allowance 
is made for a velocity of approach. A study of Chman’s paper on the red 
spectra of the cool stars^^ suggests, however, that other TiO bands, in¬ 
compatible with the observed features of supernova iq>ectfa, might then 
be expected in the blue-green regions. 

Another feature that may possibly be of molecular origin is the wide 
minimum at X 3800, which is best shown in Poiq)er*s spectra of the super¬ 
nova in I. C. 4182, taken in the early stages.^ This miniinttm is strongly 
reminiscent of the CN absorption shown so com^icuotuAy by Nova Harculis 
a few days after maximum. 
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T*here is at the present time no consistent interpretation for the powerful 
emissions around X 5300 in the later stages, or for the minimum near X 6300 
that occurs about a hundred days after maximum; however, at these 
wave-lengths the atomic spectra are relatively less well known, and it is 
also possible that higher excitation of well-known elements may be com¬ 
plicating the problem. 

The spectra of C IV, N IV, N V, O IV, O V and O VI studied by the 
writers provide a conspicuous maximum in the blue, similar to that ob¬ 
served in the later stages of the supernovae. They are not included in 
the present discussion, however, because the agreement with observations 
in the other spectral regions is poor. 

Although not shown in figure 1, tlxe integrations have also covered the 
ultra-violet regions down to X 3000, and indicate that under the observa¬ 
tional conditions the almost complete absence of visible features of wave¬ 
lengths shorter than X 3600 is exactly what would be predicted. 

The tentative physical picture of a supernova outburst, consistent with 
the present discussion, bears a general resemblance to the accepted picture 
of a nova outburst. An enormous expulsion of matter from a star's exterior 
occurs within a relatively short time, accompanied, of course, by extremely 
high temperatures at low levels of the effective atmosphere. As seen ex¬ 
ternally, however, the various processes of absorption and emission serve 
to transform the high-temperature radiation to a continuum of low effective 
temperature. As the total rate of radiation decreases with time, the level 
of the effective photosphere in the semi-transparent atmosphere drops 
rapidly, and an increase in the observed effective temperature occurs. A 
large temperature gradient exists in the atmosphere, so that the distribu¬ 
tion of radiation deviates more and more from any semblance of black- 
body radiation, the strength of the continuum decreases and emission 
lines of widely different states of excitation are simultaneously observed. 
Because of the rapid drop in total radiation, the large physical dimensions 
(many astronomical units) of the atmosphere, and possibly also because of 
an only moderate rise in effective temperature, a condition develops that 
more nearly resembles Wolf-Rayet emission than alate-stage nova emission. 
Forbidden lines possibly may not predominate at any stage of a supernova 
outburst. 

The remarkable similarity of the spectra of various supemovae (as com¬ 
pared with the dissimilarity among various novae), the probable low abun- 
cbmce of hydrogai (and possibly of oxygen) and the high abundance of 
helium and iron suggest a uniformity among the stars that become super¬ 
novae. An interpretation is difficult at the present time. The relative im¬ 
portance of helium, carbon and nitrogen in the spectra of supemovae is of 
ejq>edal interest because of Bethe’s recent theory^^ of stellar energy genera¬ 
tion based on a carbon-nitrogen (hydrogen) chain of atomic transformations. 
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The low packing fraction of iron and the apparent abundance of the element 
in the supemovae seem possibly to be related.^* 

The authors are especially indebted to Dr. L. Goldberg for advice with 
regard to the theory of line intensities, and to Drs. B. Edl^ and P- Swings 
for use of their unpublished data on the spectrum of Fe III. 
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MICELLE FORMATION IN AQUEOUS SOLUTIONS OF DIGIIVNIN 

By Emil L. Smith* and Edward G. Pickels 

Laboratory of Biophysics, Columbia Ukiybrsity, and the Laboratories of the 

International Health Division of The Rockefeller Foundation, New York 

Communicated February 16, 1940 

(1) The well-known experiments of McBain and his collaborators* 
established that micelles are formed in aqueous solutions of electrolytes 
such as soaps and other paraffin-chain salts, particularly those of the 
sulphonic adds.* The methods of detecting micelle formation have usually 
consisted in showing that measurements of conductivity, freezing point, 
dew point, etc., deviate from those predicted for the individual ions. 
Since such methods portray only the average behavior of many partides, 
they have yidded no information r^arding the size or quantity of the 
micdles in solution. 

Using the ultracentrifuge to investigate partide size, we have found 
that a nondectrolyte, the glucoside digitonin, forms laige mioeUes in 
aqueous solution. It is known that the digitonin molecule possesses a 
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hydrophobic nucleus similar to that of the sterols, and several carbohy¬ 
drate side-chains of hydrophylic nature. It is probable that micelle 
formation may occur in aqueous solutions of many other substances which 
are partly hydrophobic and partly hydrophylic. 

(2) The digitonin was obtained from Eimer and Amend, New York, as 
‘'crystalline digitalin*' and should not be confused with the true digitalin, 
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FIGURE 1 

Sedimenting boundary of 2.5 per cent digitonin after 1 hour of centrifugation at 780 
revolutions per second. The dotted line indicates the base line for water at the same 
speed. 

a cardiac glycoside. The preparation used in this study gave the familiar 
digitooide precipitation reaction when it was added in alcoholic solution to 
cholesterol. For centrifugation the digitonin was dissolved in distilled 
water by slowly heating to boiling, and then cooling to room temperature. 
A 6 per cent solution showed only a faint opalescence. 

AH of the measurements were made using the air-driven ultracentrifuge 
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of Bauer and Pickels.” The sedimentation velocity of the digitonin was 
determined by centrifuging at 780 revolutions per second, which was 
equivalent to an average force of 160,000 gravity. Observations of the 
sedimentating material were made by a direct-reading refractive index 
method designed especially for the ultracentrifuge and utilizing a scanning 
system similar to that described by Longsworth* for electrophoresis meas¬ 
urements. The distribution of the micelles was recorded at 20-minute 
intervals by photographing the refractive index diagram. The runs were 
carried out at temperatures in the neighborhood of 25®C. 

Figure 1 shows a tracing of a magnified refractive index photograph 
made with a 2.5 per cent digitonin solution 60 minutes after the centrifuge 
was brought to full speed. All of the photographs have shown only one 
discrete sedimenting boundary which was characteristic of an approxi¬ 
mately homogeneous group of particles. 

The sedimentation velocity of the micelles was estimated from curves 
such as the one illustrated by measuring as a function of time the successive 
displacements from the meniscus of the peak, which corresponds to the 
mean position of the diffuse boundary. Using the values for the viscosity 
and density of water and correcting the data to 20°C., the sedimentation 
constants were computed from the sedimentation velocities. Six inde¬ 
pendent determinations gave the foUowing values: 5.35, 6.15, 5.33, 5.67, 
6.36 and 6.41 X cm. sec.”^ dyne’**^ These yield an average value 
for S 20 of 5.88 X 10**^* cm. sec.““^ dyne~^ with an average deviation of less 
than 7 per cent. 

One of the runs was made with 0.63 per cent digitonin; its sedimentation 
constant lies within the range of the other determinations which were made 
with 2.5 per cent solutions. Freshly prepared solutions or those several 
weeks old gave similar values. Some of the observations were made while 
studying the effect of digitonin on the chloroplast protein of spinach; no 
correlation was found between the sedimentation velocity of the digitonin 
micelle and the protein concentration, which varied up to about 1 per cent, 
even though the chlorophyll migrated together with the digitonin micelles. 

(3) The concentration of material segmenting at a measured rate can 
be estimated by measuring the area under the respective refractive index 
curve, if the refractive indices of solution and solvent are known. The 
differential refractive index, and hence the concentration, is directly pro¬ 
portional to the area. The solutions used were all originally made up to 
a concentration of 5 per cent. With one of these solutions, a refractive 
index determination was made which in itself had no significance as an 
absolute value since the material was of unknown purity and contained 
some water of crystallization. However, this determination could be 
used for estimating the relative concentration of the sedimenting material 
since the same solution was used for both measurements. 
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The rclractive index of the 5 per cent solution at 20°C. was 1.3402; 
that of water measured with the same refractometer was 1.3328. There¬ 
fore, the differential refractive index of 2.5 per cent digitonin was 0.0037. 
Measurements on the photographs taken during centrifugation indicated 
a differential refractive index of 0.00368 for the sedimenting boundary. 
This shows that in a solution of this concentration practically all of the 
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FIOURE 2 

Refractive index curve of 5 per cent sodium desoxycholate after centrifuging for 9U 
minutes at 780 revolutions per second. 

digitonin molecules axe in the form of micelles of only one well-defined 
siase. Nevertheless, there must be an equdibrium between these large 
micelles frnd a few smaUer particles, probably the individual molecules, 
since the di^tonin can be completely ditdyzed ^trough a cellophane mem¬ 
brane which will not permit the passage of particles even a tenth the 
probable size of these mkeUes. 

(4) The exact micellar size cannot be computed because the shape and 
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density of the particles are unknown. A minimum value of the micellar 
weight can be obtained by assigning a maximum possible density value and 
applying Stokes' law. Since approximately half of the digitonin molecule 
is lipoidal in character, the average density is quite unlikely to be higher 
than that of most proteins, i.e., 1.33. With this value as an upper limit, 
the micellar weight is computed to be approximately 75,000. Since the 
molecular weight of digitonin is 1228, the micelles are extremely large, 
involving at least 60 of the primary molecules. The true micellar weight is 
undoubtedly larger than 75,000 since hydration, a lower density or any 
deviation from spherical shape would yield a larger size as computed from 
the observed sedimentation constant. 

From the shapes of the refractive index curves of the sedimenting mi¬ 
celles, it is possible to determine the homogeneity of the particles and, if 
homogeneous, to obtain an approximate difftision constant. The curves 
obtained were nearly symmetrical about the peak positions throughout 
the centrifugation, and showed a smaller spread than that expected for a 
micellar weight of 75,000. This shows not only that the particles are 
homogeneous, but that the true micellar weight must be higher than 75,000. 

The diffusion constant estimated from the spread of the sedimenting 
boundary was 4.0 X cm.* per sec., it being fully recognized that values 
obtained in this way from sedimentation curves are only approximations. 
If the particles are spherical, this indicates that the true micellar weight 
may be as high as 400,000 and the density as low as 1.10, 

(5) Aqueous 5 per cent solutions of sodium desoxycholate and a 
crystalline preparation of bile salts (mostly sodium glycocholate) were also 
studied. It was of considerable interest to test these substances since they 
possess a hydrophobic nucleus similar to that of digitonin, but differ in that 
they are electrolytes. The refractive index curves of these substances 
showed no detectable quantities of micelles of more than a few thousand in 
molecular weight. The type of curve obtained (Fig. 2) was characteristic 
of particles of relatively low molecular weight, there being no boundary 
but only a decrease of concentration in the upper part of the solution and 
some increase in the lower section. The shape of the curve changed little 
even on prolonged centrifugation. A similar result was obtained with 
solutions of sodium dodecyl sulphate. 

(6) The random spread of particle size exhibited by the more familiar 
colloidal aggregates such as gold sols has usually been accepted as a dis* 
tinguishing characteristic of colloids in general, in contrast to the well- 
defined molecular sizes' of pure protein preparations. The homogeneous 
micelles of digitonin provide an interesting example of a *'colloidal’' 
particle, which is not consistent with this viewpoint, and it is quite possible 
that other substances of mixed hydrophobic and hydrophyHc nature which 
act as detergents may also idatow this property. Large micdles are not 



VoL. 26, 1040 


MATHEMATICS: F. P. JENKS 


277 


likely to be found among the electrolytes; this is indicated by the three 
studied by us, and also by those studied by McBain and Laing-McBain.^ 

Detergents have long been used for the dispersal of various types of sub¬ 
stances of biological interest, particularly the proteins. It is important 
to emphasize that the detergent may not only affect the proteins studied 
but that some of its properties such as the molecular size may fall within 
that range usually considered to be characteristic of proteins alone. 

Summary ,—Ultracentrifugal observations using a direct reading re¬ 
fractive index method have been made on aqueous solutions of digitonin. 
Practically all of the digitonin exists in the form of micelles of homogeneous 
size, with an average sedimentation constant of 5.88 X 10cm. per dyne 
per sec. The micellar weight is likely to lie within the range of 75,000 to 
400,000, as contrasted with a molecular weight of 1228. 

* John Simon Guggenheim Memorial Fellow. 

^ J. W. McBain, and C. S. Salmon, Jour. Am. Chem. Soc.A2, 426 (1920); J, W. Mc- 
Bain, and M. D. Betz, Ibid,, 57,1005 (1935). 

* G. S. Hartley, "'Aqueous Solutions of Paraffin-Chain Salts. A Study in Micelle 
Formation,” AclualiUs scientifiques et indusirieUes, No. 387, Hermann et Cie., Paris 
(1936). 

»J. H. Bauer, and E. G. Pickels, Jour. Exp. Med., 65, 566 (1037); E. G. Pickels, Rev, 
Sci. Inst., 9, 368 (1938), 

^ L. G. Longsworth, Jour. Am. Chem. Soc., 61, 529 (1939). 

* J. W. McBatn, and M, E. Laing-McBain, Proc. Roy. Soc. London, A, 139, 26 (1933). 


A SET OF POSTULATES FOR BOLYATLOBATCHEVSKY 

GEOMETRY 

By Frederick P. Jenks 

Depaethekt op Mathematics, University op Notrb Dame 

Communicated March 12,1040 


1. Introduction. —In some recent papers* Menger proved that all con¬ 
cepts of the Bolyai-Lobatchevsky geometry can be defined in terms of the 
operations "joining" and “intersecting,” basic to his algebra of projective 
and affine geometry, as well as to G. Birkhoff’s lattice theory. It follows 
that a complete foundation of non-Euclidean geometry can be given in 
terms of these two concepts, e.g., by substituting into the ordinary postu¬ 
lates Menger’s definitions of the concepts "between,” “psu^el," "con¬ 
gruent,” etc., in terms of joining and intersecting. Since postulates ob¬ 
tained in this way would be very cumbersome, there arose the problem of 
eat ablidi ing some simple direct postulates concerning the two operations 
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from which the non-Euchdean geometry could be developed. In what 
follows we give a list of eight postulates from which the whole theories of 
order and parallelism in non-Euclidean geometry can be derived. 

We restrict ourselves to the case of the plane and use the concepts of 
“point,” “line” and “lies on,” which as is well known can be derived 
from the operations of joining and intersecting. Our present definitions 
of betweenness and parallelism differ from those originally given by Monger 
in that they avoid Ae use of “maximal triangles,” and are stated directly 
in terms of the primitive notions. 

2. The Postulates, —^The following postulates will be assumed. 

L If A and B are any two distinct points, there exists exactly one 
line m such that both A and B lie on m. 


II. Each line contains at least five distinct points. 

III. There exist at least three non-collinear points. 

IV, If a, 6 are any two distinct interesecting lines, and P is a point not 
on a or 6, then there exists at least one line through P which intersects a, but 
not b. 


V. If a, b are any two non-intersecting lines, and P is any point not 
on a or 6, then there exists a line through P which intersects neither a nor b. 

VI, li At B^ C are distinct coUinear points, and if there exist lines a 
and a' through A, b and i' through P, c and c' through C, such that 

1) b and c intersect, but neither meets a, 

2) a ' and b* intersect, but neither meets c\ 

then each line through B meets at least one line of every pair of inter- 
secting lines which pass through A and C, respectively. 

VII. If a, A, c are three mutually non-intersecting hnes, and if there 
exists a line meeting both a and b, but not c, and also a line meeting b and c, 
but not a, then through any point of a, there exists a line meeting b but 
not c. 


VIII. If fl is a given line, then through any point not on a there exist 
at least two distinct lines which do not intersect a. 

Postulate VIII is the only one which is not satisfied equally in the Eu¬ 
clidean plane, VI and VII being vacuously satisfied there. All but IV 
and VIII are true even in the projective plmie. 

3. The Theory of Order. —We say of three distinct points A, B,C that B 
lies between the two other points A and C, if every line through B intersects 
at least one Une of each pair of intersecting lines which pass through A and 
C, respectively. We show that any three points satisfying this definition 
must be collinear, and that the triadic ration so defined satisfies the 
conditions for a betweenness relation given by Runtington and Kline.’ 
Moreover, we derive the statement known as the axiom of Pasch: If a 
line meets one side of a triangle in an interior point, then it meets exactly 
one of the other two sides in an interior point, or passes through the op- 



VoL. 26. 1240 


MA rN£UA TICS: F. P. JENKS 


279 


posite vertex. Finally, the plane is shown to be convex and externally 
convex, i.e., to each pair of points A, C, there exist two points B, D such 
that B lies between A and C, and C lies between A and D. These results 
imply that each line separates the plane into two parts. 

4, The Theory of Parallelism, —Two non-intersecting lines a and b are 
said to be parallel if there exists a point P such that through P there is at 
most one line which meets neither a nor b. This definition is proved to be 
independent of P in the sense that each point lying between a and b has the 
same property as P. Here we say that the point ^ lies between the non¬ 
intersecting lines w and n if there exists a line through Q which intersects 
m and w in points M and iV, respectively, such that Q lies between M and 
N, The relation of parallelism is clearly symmetric, and has the property 
that if a is a parallel to h through a point <2, and if i? is any other point of a, 
then a is also a parallel to b through R. 

Let c be a line which intersects two parallels o, b in the points B, 
respectively, and B be a point of a, distinct from A, We say that a and b 
are parallel on the side of c on which P lies, if there exists a line through P 
intersecting c in a point between A and B, but not intersecting b. Here 
again the definition is shown to be independent of the point P, for we 
prove that any point of a or which is on the side of c on which P lies may 
replace P in the definition. Of course, for a line c the lines a and b may be 
parallel on the side of c on which P lies, whereas for another line d, they 
might be parallel on the side of d opposite to that on which P lies. 

If a atid b are parallel, and b and c are parallel, and Ms a line intersecting 
each of the lines a, b, c, then a and c are said to be parallel to the line b 
on the same side of the transversal I if there exists a point P on b such that 
both a and b, and b and c are parallel on that side of t on which P lies. 

Using these concepts, we prove the classical assumption that the relation 
of parallelism is transitive in a certain sense: If a and c are two lines 
which are parallel to b on the same side of a transversal, then a is parallel 
to c. Further, if c, d are two parallels to a line m through a point P, then c 
and d are parallel to m on opposite sides of any line through P meeting m, 
and hence there exist at most two parcels to any given line through a given 
point. 

For the full development of the above results, see the author’s papers 
in the Reports of a Mathematical Colloquium, Issue 1, pp. 45-48, Issues 2 and 
3 in press. 

» Prac, m. Aead, Sci„ 24,486490 (1938); Campt, Rend,, Paris, 207, 458460 (1938); 
BuU, Afuer, Math. Soc., December, 821424 (1938). 

• Trans. Amer. Math. Soc. 18 , 301-326 (1917). 
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A GENERAL THEORY OF SPECTRA. I 

Bv M. H. Stone 

Department op Mathematics, Harvard University 
Communicated March 12, 1940 

The mathematical theory of spectra deals with the characteristic value 
problem (Eigenwertproblem) for linear operators, and provides a general 
unifying treatment for typical instances of the problem occurring in ap¬ 
plied mathematics. Of recent years the tendency to emphasize the 
algebraic aspects of the spectral theory has become more and more pro¬ 
nounced. This tendency is quite as evident in the applications as in the 
purely mathematical developments, being a characteristic feature of the 
quantum theory and of the Heaviside calculus. In the present note we 
sketch further steps in the direction of a thorough *‘algebraization” of the 
spectral theory: we shall show that without the mediation of any theory 
of integration it is possible to define general functions of operators and to 
elaborate their calculus. 

We consider a system R of elements a, b, c,, . ., which for purposes of 
illustration may be interpreted as operators, together with a special sub¬ 
system P of elements called ‘'positive/* We require that 

(1) in terms of addition and multiplication, jR is a commutative, 
associative ring with unit e; 

(2) for each natural number n the equation nx ^ e has a solution in R; 

(3) sums and products of positive elements are positive, but a and —a 
are both positive only in case o = 0; 

(4) the square of any element is positive; 

(5) if a is given, there exists a natural number n such that ne + a is 
positive; 

(6) He + na is positive for every natural number n, then a is positive. 
These properties lead at once to a number of simple results: the elements 
of R admit multiplication by the rational numbers; each element a can be 
assigned a real number ||a|| as its norm; the elements of R can be par¬ 
tially ordered by defining a<iif& — ais positive and not equal to 0. 
We require further that 

(7) with the distance \\a — J|| the system 12 is a complete metric 
space. 

Actually, of course, we should expect to be able to achieve the satisfaction 
of (7) by a completion process of familiar typt, adjoining new elements 
to 12 so as to obtain an enlarged system 12* with an enlarged class P* of 
positive elements enjoying sdl the properties (l)--(7). This proves to 
be the case. What we can now establish is this: The system R described 
dime is algebraically isomorphic to the ring of ALL continuous real functions on 
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a certain bicompact Hausdorff space S{R), the positive elements of R corre¬ 
sponding precisely to the non-negative functions; and S{R) is uniquely deter¬ 
mined up to topological equivalences.^ Since the continuous real functions 
on any bicompact Hausdorff space constitute a system with properties 
(1)"(7), it follows that these properties characterize in algebraic and ordinal 
terms such classes of real functions.^ To prove these results, one com¬ 
bines general principles of algebra and topology with information concern¬ 
ing the existence and properties of square roots in the given system R. 
Without going into detail, it is of interest to observe that the determina¬ 
tion of the positive square root of a positive element a ^ e is most con¬ 
veniently effected through the continued fraction algorithm set up by con¬ 
verting the equation jc* — a into the equivalent form (e + oc) jc = a -|- x and 
writing the latter, at first in a purely formal sense, as x » e — (e — a)/(e+• 

It is now evident that, if a is any element of R and F (X) is any continuous 
real function defined for all real X, then F{a) can be uniquely interpreted 
as an element of R: for, if / is that continuous function on 5(jf?) which 
represents a in the isomorphism described above,® then F{f) is also a con¬ 
tinuous function on S(i?) and thus represents a certain element of R which 
may appropriately be denoted as F(a). The development of a complete 
operational calculus of such functions of elements in R can therefore pro¬ 
ceed in an obvious way. If F is not continuous, F{f) cannot in general be 
correlated with an element of R but still has significance as a function on 
S{R)s Consequently, R can be so enlarged that F(a) has meaning in the 
extended System even when F is not continuous: for example, in dealing 
with bounded ftmctions F, we may use as the extended system the class of 
all bounded real functions on 5(i?), for which properties (1)*~(7) are readily 
verified. If it is desired to treat non-bounded functions F, a similar pro¬ 
cedure is possible but the extension of R employed cannot in general have 
properties ( 6 ) and (7). 

In many cases, however, no enlargement of R is necessary in order to 
set up an operational calculus in terms of a wide class of discontinuous 
functions F Let us require that, instead of the property (7), R have the 
property 

(7') if {a„} is a sequence of positive elements with ^ 4 . 1 , then it 

has a greatest lower bound. 

Property (t') implies property (7); moreover, it is equivalent to the fol¬ 
lowing property of the associated space 5(F): every bounded Baire function 
on 5(F) differs only on a set of first category from a continuous function 
uniquely associated with it. In the proof of this equivalence, we establish 
further that both property (7') and the property of 5(F) indicated above 
are equivalent to the following property: 5(F) is the representative Boolean 
spaced for a completely additive Boolean algebra^ which can be realized by 
means of the idempotent elements of F. Returning to the interpretation 
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of F{a), we see at once that, when R has property (7') and when F is a 
bounded Baire function, F{/) is a bounded Baire function on S{R) deter¬ 
mining a unique continuous function and a unique corresponding dement 
of F, which may appropriately be denoted as F{a). We thus obtain a com¬ 
plete operational calculus with bounded Baire functions F, applicable en¬ 
tirely within the system F. It is not difficult to see that (7') is essentially a 
necessary as well as a sufficient condition for the constructibility of such a 
calculus. 

The general concepts outlined above can be illustrated or applied in a 
variety of ways. Examples of systems R which lead to unexpected inter¬ 
pretations and results are: the class of all bounded continuous real func¬ 
tions on an arbitrary topological space the class of all bounded Lebesgue 
measurable functions on a general domain, a function being considered 
positive if it is negative only on a set of measure zero. It is verifiable by 
quite elementary considerations that any abelian ring of bounded self- 
adjoint operators in Hilbert space is a system R which possesses property 
(7') in a much strengthened form. The present theory therefore includes as 
a special case the simultaneous spectral analysis of any number of mutually 
permutable bounded self-adjoint operators together with the development 
of their operational calculus. In order to treat non-bounded operators, it 
suffices to use one of the available methods for reduction of the non-bounded 
to the bounded case. Interpreting this instance of a system R in phy^cal 
terms, we have a treatment of any system of real, simultaneously observ¬ 
able physical quantities as envisaged in the quantum theory.^ The formal 
systems described by Steen® as a basis for an abstract analogue of the 
theory of self-adjoint operators can be brought into intimate relation with 
the present theory, as one would expect; but it should be observed that 
Steen’s considerations remain on a more formal level than ours, in the 
sense that they do not serve to identify the systems considered. There 
exist similar connections between the present note and a theory initiated by 
von Neumann;® but our results apply only to associative subsystems of 
von Neumann’s non-associative algebras. In the present outline, we have 
had occasion to make certain references to the theory of Boolean algebras. 
That these references are neither accidental nor forced appears from the 
fact that the general theory of such algebras as we have developed it else¬ 
where* is a special instance of the present theory: if one considers the 
formal linear forms with rational coefficients built from an abstract Boolean 
ring A and treats them in an appropriate way, as though they represented 
**step-functions,” one obtains a system R which can be completed so as to 
have properties (1)^(7); the resulting bicompact Hausdorff space is pre¬ 
cisely the Boolean space attached to A . Actually it is simpler to dev^p 
the theory of Boolean algebras independently, since many aspects of the 
general theory described here either become trivial or can be circumvented 
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in a direct treatment of this special case. Finally, we observe that the 
concepts of the present note illuminate (and even introduce certain tech' 
nical simplifications into) recent work of Bochner on finitely additive 
integrals^ and of Bochner and Wecken on almost periodic functions.* 

In a second note we shall discuss the parallel between the present theory 
and certain results of tlie theory of linear lattices. In particular we shall 
show that the general principles developed here carry over to yield an inte¬ 
gration-free treatment of Kiesz's operational calculus in a linear lattice.* 

* For discussions of the properties of continuous functions involved in this context, 
see M. H. Stone, Trans. Am. Math. Soc.t 41, 375-481 (1937), especially Chapter III; 
and E. Cech, .4nn. Math, (2) 38, 823-844 (1937). 

* The range of this function/is the spectrum of a. 

* See M. H, Stone, he. especially Chapter I, and the earlier work cited there. 

* P. A. M. Dirac, The Principles of Quantum Mechanics, 1931. 

* S. W. P. Steen, Proc. Land. Math. Soc. (2) 41 361-392 (1936); 43, 629-54:1 (1937); 
44, 398-411 (1938); 45, 662-578 (1939). The last two papers are concerned with 
non-commutative systems closely related to those cited in ref. 6. 

* J. von Neumann, Matematicheskii Sbornik, X (43) 415-484 (1936). 

? S. Bochner, Ann. Math. (2) 40, 769-799 (1939). 

» S. Bochner, loc. citrf F. J, Wecken, Math, Zeit„ 45, 377-404 (1939). 

* F. Kiesz, Ann, Math, (2) 41, 174-206 (1940). 


THE GROUPS WHICH CONTAIN EXACTLY FOURTEEN PROPER 

SUBGROUPS 

By G. a. Miller 

Dbpartubkt of Mathematics, UmvKRSiTY of Illinois 
Communicated February 23, 1940 

Evety abelian group whose order is the product of four distinct prime 
numbers is cyclic and contains exactly fourteen proper subgroups. If the 
order of an abelian group is divisible by three and only three distinct prime 
numbers and contains exactly fourteen proper subgroups it is cyclic and 
this order is of the form pip%pz^t pu pi and />s being any three distinct prime 
numbers. Moreover, every such group contains exactly fourteen proper 
subgroups. If the order of a cycUc group has only two distinct prime 
factors and this group contains exactly fourteen proper subgroups this 
order is of one of the following two forms px p^t pi^pt^f pi and Pt being dis¬ 
tinct prime numbers, and every such group contains exactly fourteen proper 
subgroups. 

If an abelian group whose order has two distinct prime factors is non- 
cycUc it is the dhect product of its two Sylow subgroups and one and only 
one of these Sybw subgroups is non-cycUc if the group contains exactly 
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fourteen proper subgroups. This non-cydic group may be the group of 
order 8 and of type 2, 1 while the other Sylow subgroup is an arbitrary 
group of odd prime order, or it may be the non-cydic group of order 25 
while the other Sylow group is an arbitrary group of prime order with the 
exception of the group of order 5. Hence there are two and only two such 
non-cydic abelian groups, whose orders are of the form 8^ and 25^, re- 
spectivdy, where p is any prime number except one in each case. If a 
prime power group is abelian and contains exactly fourteen proper sub¬ 
groups it is of order 8 and of type 1* if it has as many as three invariants, of 
order 169 and of type 1* if it has two invariants, and of order />“ if it is cy¬ 
clic, Hence there are nine abelian groups which separately contain exactly 
fourteen proper subgroups. Seven of these are infinite systems of groups 
while two are individual groups. 

If a non-abdian prime power group contains exactly fourteen proper 
subgroups this prime number cannot exceed 3 since a non-abelian group 
whose order is a power of an odd prime number p contains a non-cydic in¬ 
variant subgroup of order p\ If this prime number were 3 then G would 
contain an invariant subgroup of order 27 which would involve exactly 
8 subgroups but it would then also involve 13 subgroups of order 3 since 
it could not contain a subgroup of order 81 which involves exactly 12 sub¬ 
groups. Hence the order of G must be a power of 2 if is a non-abdian 
prime power group and contains exactly fourteen proper subgroups. It 
would involve an invariant cyclic subgroup of order 8 since the groups of 
order 16 which do not involve such an invariant subgroup involve at least 
13 proper subgroups. As this is impossible it has been proved that no 
non-abelian prime power group contains exactly fourteen proper sub¬ 
groups. Before considering the non-abelian groups which contain exactly 
fourteen proper subgroups and have separatdy an order which is divisible 
by two distinct prime numbers it may be desirable to consider a general 
theorem which proves the existence of several of these groups as spedal 
cases. Consider the dihedral group of order 2p, p bdng an odd prime 
number, and establish a p, 2*^ * ^ isomorphism between it and the cyclic 
group order 2^. The resulting group is of order ^2*^ and it contains p + 1 + 
2 (m — 1) proper subgroups since it contains a set of p coujugate cyclic 
subgroups of order 2*”. It is of an arbitrary even order beginning with 
the order p + 1. Moreover, when the values of p and m are given, there 
is one and only one such group. Hence there results the following Thbo- 
RBBc; When pis an arbitrary odd prime number and mis an arbitrary positive 
integer there is a non-abdian group of order p2^ which contains exactly p -f 
1 + 2 (#w — 1) proper si^groups. 

If we let p -1- 1 + 2 (m -- 1) « 14 there restilts one group from this 
theorem for each of the prime numbers 8, 5, 7, 11, 13. Hence there re¬ 
sult therefrom five non-abdian groups which separatdy contain exactly 
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fourteen proper subgroups and are of the following orders: 192, 160, 112, 
44, 26. It should be noted that this theorem yields at least one non- 
abelion group which has an arbitrary even number of proper subgroups 
greater than 2. When the even number is 4 this theorem yields the non- 
cyclic group of order 6. There is in this case also the quaternion group 
which contains exactly four proper subgroups but does not come under 
this theorem. Since the cyclic group of order p”, p being an arbitrary 
prime number, contains exactly w — 1 proper subgroups there is at least 
one group which contains an arbitrary given number of subgroups, and from 
the theorem of the preceding paragraph it results that there are at least 
two groups which contain exactly any given even number of proper sub¬ 
groups whenever this even number exceeds 2, The number of these sub¬ 
groups exceeds the number of odd prime numbers which are less than this 
even number. 

When the non-abelian group G contains exactly fourteen proper sub¬ 
groups and has an order which is divisible by two and only two distinct 
prime numbers the larger of these prime numbers cannot exceed 13 and 
when it is 13, G either comes under the theorem noted above or it is the 
semi-metacyclic group of order 39. When the larger of these prime num¬ 
bers is 11 there is again one group besides the one which comes imder the 
given theorem, viz., the group obtained by establishing a 11, 5 isomor¬ 
phism between the semi-metacyclic group of order 55 and the cyclic group 
of order 25. When the larger of the two prime factors of the order of G is 
7 there is again one group besides the one which comes under the given 
theorem, viz., the one obtained by establishing a 7, 27 isomorphism be¬ 
tween the semi-metacyclic group of order 21 and the cyclic group of order 
81. 

When the larger of the two prime factors of the order of G is 5 the addi¬ 
tional group besides the one resulting from the given theorem is obtained 
by establishing a 5, 2 isomorphism between the dicyclic group of order 20 
and the cyclic group of order 8. It remains to consider the possible groups 
when the larger of the prime factors which divide the order of G is 3. The 
number of the Sylow subgroups whose orders are powers of 3 could then 
not exceed 4. In fact, it will be seen that this number could not be 4 since 
G would then be isomorphic with the tetrahedral group and hence it would 
contain an invariant subgroup of index 3 which would itself contain three in¬ 
variant subgroups of index 2. This subgroup of index 3 could not be of 
order 8 since the non-twelve group of order 24 contains exactly thirteen 
proper subgroups. It could not be of order 12 since the corresponding 
group of order 36 also contains exactly thirteen subgroups. As it could not 
be of any larger order it results that the Sylow-subgroup whose order is a 
power of 3 is invariant under G when G involves exactly fourteen proper 
subgroups. 
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The Sylow-subgroups of G whose order is a power of 2 cannot be in¬ 
variant since G is not the direct product of its Sylow-subgroups. If the 
number of these Sylow-subgroups is 9 then G is the dihedral group of 
order 18. It remains to consider the case when G contains three Sylow 
subgroups whose order is a power of 2 and an invariant subgroup whose 
order is a power of 3. This invariant subgroup could not have an order 
which exceeds 3 and hence G is the dihedral group of order 12 since the 
case when it is a 3, 32 isomorphism between the non-cyclic group of order 
6 and the cyclic group of order 64 comes under the theorem noted above. 
It may be added that the dihedral group of order 12 is the direct product of 
the group of order 2 and the non-cyclic group of order 6. Combining 
these results it follows that there are eleven nm-abelian groups which sepa¬ 
rately contain exactly fourteen proper subgroups and whose orders are ditnsible 
by two distinct prime numbers. These are all individual groups in the 
sense that none of them represents an infinite system of groups. 

A group which contains no more than fourteen proper subgroups is 
clearly solvable and hence its order cannot be divisible by as many as 
four distinct prime numbers when it is non-abelian. If its order is divisible 
by exactly three distinct prime numbers it may be the direct product of the 
dihedral group of order 10 and a group of prime order when this order is 
neither 2 nor 5, It may also be the direct product of the dicyclic group of 
order 12 and the group of order p, where p is any prime number which ex¬ 
ceeds 3. No one of these three prime numbers which divide the order of G 
can exceed 5 unless G is the direct product of two groups of which one is of 
this prime order. If the order of G is divisible by 5 and G is not the direct 
product of a group of order 5 and some other group then G must contain 
the dihedral group of order 10 and be the direct product noted above. If 
G is the direct product of a group of prime order and a non-abelian group 
whose order is not divisible by as large a prime order as 5 then G is the direct 
product noted above. Hence there results the following Theorem: The 
total number of groups which separately contain exactly fourteen proper sub- 
groups is tiventy-two. 
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EQUILONG SYMMETRY WITH RESPECT TO ANY CURVE 

By Edward Kasner 

Department of Mathematics. Columbia University 
Communicated February 21, 1240 

1 . Introduction ,—In this paper, we shall define a certain geometric 
operation, called equilong symmetry. This may be considered as a kind of 
dual of conformal symmetry, which is identical with Schwarzian reflection 
in an arbitrary analytic curve. Equilong symmetry is defined for an 
arbitrary base curve in line geometry. The conformal theory is limited 
to space of two dimensions, but the equilong theory is readily extended 
to three or more dimensions. 

When the base curve is a circle, conformal symmetry becomes Moebius 
inversion. On the other hand, when the base curve is a circle, the analo¬ 
gous equilong symmetry does not become Laguerre inversion, but a new 
correspondence, which we call K inversion. 

Conformal transformations are correspondences between the «> ^ points 
of the plane which preserve or reverse the angle between the two directions 
of any two curves at their common point of intersection. Equilong trans¬ 
formations are correspondences between the * lines of the plane which 
preserve or reverse the distance between the two points of contact of any 
two curves along their common tangent line. Conformal transformations 
are defined by monogenic functions of the complex variable x ^ iy where 
i* “ — 1 and (x, y) are the cartesian coordinates of a point; whereas equi¬ 
long transformations are given by monogenic functions of the dual variable 
u ^ jv where — 0 and (u, v) are the hessian or equilong cobrdinates of a 
line. 

For any given curve C, there is a unique reverse conformal transforma¬ 
tion 5, which leaves fixed the points of C; and also there is a unique reverse 
equilong transformation 5*, which leaves fixed the tangent lines of C. The 
correspondence S is called conformal symmetry (Schwarzian reflection), 
and the correspondence 5* is said to be equilong symmetry. The latter is 
our new operation which, in the present paper, we shall consider briefly 
with respect to an arbitrary curve, and then rather extensively with respect 
to a circle.^ 

In studying the line geometry of the plane, a lineal element E is usually 
defined by the hessian codrdinates (u, v, w). But we shall find it more 
convenient to define a lineal element E by the equilong coordinates {x, y,p ^ 
dy/dx). The hessian and equilong codrdinates are connected by the rela¬ 
tions 

X «« tan u/2, y » sec® «</2, p ^ w + v tan u/2. (1) 
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The inverse of this corre^ondence is 

2 y 2xy 

« a= 2 arc tan x,v — -—;—ttf « * — -—;—( 2 ) 

We wish to emphasize here that the equilong codrdinates are not the car¬ 
tesian codrdinates of an element E although the notation is the same. 

2 . The Group G^ym of Equilong Symmetries and Translations .—The 
equilong symmetry 5* with respect to the curve C: y »» f{x) is defined as 
the unique reverse equilong correspondence which leaves fixed the tangent 
lines of C. By imposing this condition upon the set of reverse equilong 
transformations, the following proposition is foimd to be true. 

Theorem 1, The unique equilong symmtiry S* with respect to the curve 
C: y *= f{x) is given by 

X « X, F - -y + 2/(x). (3) 

By means of the direct equilong correspondence A* * x, F = y — /(x), 
it may be shown that any equilong symmetry is the transform of the 
ordinary point S)Tnmetry through the origitt a= jr, F « —y under the 
group G of direct equilong transformations. 

When the curve C is given, the real construction of the conformal sym¬ 
metry 5 is extremely difficult and has been accomplished in our previous 
work by successive iq>proximations, using the normals to C and the curva¬ 
ture y and the higher derivatives of y for all orders with respect to the arc 
length £ of C.® On the other hand, it is found by means of the preceding 
equations that when C is given, the direct construction of 5* is easy* Let I 
be any (oriented) line in the plane* Construct the tangent line t of the 
curve C which is parallel to /. (Two oriented lines are parallel if their 
point of intersection is at infinity and also if they possess the same orienta¬ 
tion.) The correspondent Loi l under S* is a line parallel to both I and t 
such that t is the bisector of the perpendicular distance between I and L. 
Thus we have 

Theorem 2. The construction of the equilong symmetry loith respect 
to a curve C is accomplished by means of ordinary symmetry in the respective 
parallel tangent lines of C 

The product of two equilong symmttrke StSt is not an equilong sym¬ 
metry. We shall call any such transformation an equilong translation. 

Theorem 3. Any equilong transktikm is given by 

X^x.Y^y + g{x). (4) 

By means of the direct equilong transformation «» J*{xfg)dx, Y » 
we find that any nonidentical equilong trandation is tiie transform 
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of the ordinary translation X^x^Y^y + x under the group of equilong 
transformations. 

The group generated by all conformal symmetries has already been dis¬ 
cussed in another of our papers,* The main result of this preceding paper 
is that any conformal transformation is the product of a finite number {not 
exceeding four) of conformal symmetries followed by an homethetic transforma¬ 
tion . Concerning the group generated by equilong S 3 rmraetries, we discover 
the following conclusion. 

Theorem 4. The group generated by equilong symmetries is a certain 
mixed group consisting of equilong symmetries and translations, ex¬ 
pressed as follows 

X X, Y ^ ’ry + P{x). (6) 

In the dual variable z = x jy, j* = 0, this mixed group n>ay be 
written as 

2 + jp{z), Z » * + jp(>)> ( 6 ) 

where in either case the function ^ is a power series with real coefficients 
and 8 = * — jy is the conjugate of * = x + jy. The first is an equilong 
symmetry and the second is an equilong translation. 

Any transformation of this group may be defined as a line corre* 
spondence which carries any line into one parallel to itself, and which pre¬ 
serves or I'everses the distance between any two parallel lines. Of course, 
G'tym contains the group of equilong translations as a subgroup. 

3. The Group G»' Generated by K Inversions. —In this section, we shall 
specialize our results of the preceding section to the case where the fixed 
curve is a circle. First, let us note t^t in equilong codrdinates any circle 
is represented by a vertical parabola 

y *» ax* + 6* + c. (7) 

We shall use C(a, b, c) as the coordinates of a circle. 

Recalling that K inversion is defined as equilong symmetry with respect 
to the circle C(a, b, c), we find that it is represented, in accordance with 
(3), by 

A » *, K = -y + 2o** + + 2c. (8) 

Any such transformation is the transform of ordinary point symmetry 
under a dilatation. Obviously 

Any K inversion carries any circle into a cirde. 

The product 5 - 1 - > .StSi of an odd number of K inversions 

With reiq>ect to 2» — 1 circles is also a K inveraitm. To determine the 
circle C of S, we proceed as follows. Let Du Dt, ...» -1 denote the 

centers, and Su S%, Su-i denote the end-points of the 2 » — 1 paralte! 
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radii of the circles of the 2« — 1 equilong symmetries. Let be the 
point such that the vector sum of the alternate sides of the polygon whose 
vertices are Da, ..,, D%n - u ^ 2 n is zero. Similarly let S^n be the point 
such that the vector sum of the alternate sides of the polygon whose vertices 
are Su 5a, , 5a« « i, S^n is zero. The circle whose center is D^h and which 

passes through the point 52„ is the required circle C of the K inversion 5. 

The product of two K inversions with respect to two circles is not a K 
inversion. We shall call such a correspondence a K translation. Obviously 
any such transformation is of the form 

y = y -f- hx^ + ikac + /. (9) 

From these equations, we find that any equilong translation is simply the 
product of an ordinary translation by a dilatation. By (9), it is immedi¬ 
ately seen that the set of all translations forms a three-parameter group Gs. 

The group Ga of K translations is a subgroup of the mixed three-param¬ 
eter group Ga generated by all K inversions. This mixed group Gj is 
given in equilong coordinates by 

X ^ Xt Y + ax^ + (10) 

In the dual variable, the mixed group Gj may be written as 

Z as + jtxQs 4 - jb _ (g + jgQg + jb 
jcz + (a + jd)' jcz + (a + jd )' 


where a 0,a\b,c,d are real numbers. The first is a iST inversion and the 
second is a translation. 

A Laguerre inversion may be written in the dual variable as 



ciz ^ b 
cz — bi 



where b, c are real numbers and a is the conjugate of the dual number a. 
This has the same form as a Moebius inversion written in the ordinary 
complex variable notation. The group generated by Laguerre inversions 
is the mixed six-parameter Laguerre group Gj 


a z + P ^ aZ + P 
yz + b* yz + B' 



By comparing (11), (12) and (13), we find that a Laguerre inversion can 
never be identical with a K inversion, and conversely. Nevertheless we 
obtain the following result; 

Thborbm 5. Any K inversion is the product of three Laguerre inversions 
and any K translation is the product of (wo Laguerre inversions. 

It is significant to note that the K inversions do not generate the entire 
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Laguerre group of circle transformations but only a certain subgroup Gi 
of it. These remarks show that the equilong theory is entirely different in 
this respect from the conformal theory, where conformal symmetry with 
respect to a circle is Moebius inversion and hence generates the entire 
mixed six-parameter Moebius group Gj. 

4. Other Distinctions between the Two Theories. In the case of con¬ 
formal (Schwarzian) symmetry 5, it is essential that the base curve C shall 
be analytic. (This is used in the theory of analytic prolongation.) But 
in the case of our new equilong symmetry 5*, the base curve C may be 
any curve with continuously turning tangent (and even further generaliza¬ 
tion is possible). 

If we take a horn angle and bisect it in the conformal manner, the intrinsic 
quantities curvature and the first and second derivatives with respect to 
arc length take exactly the average values for the middle curve; this is not 
true of the third and higher derivatives.* 

If we bisect the horn angle in the equilong manner, then the appropriate 
intrinsic quantities are radius of curvature and derivatives with respect to 
inclination; and we find that these take average talues for all orders.^ Thus 
there are many analogies and many distinctions. 

* Kasner, “Conformal and Equilong Symmetries/* Science, 83, 480 (1936). 

* Kasner, “Geometry of Conformal Symmetry (Schwarzian Reflection), Ann. Math., 
38, 873-879 (1937); Comenetz, “Conformal Geometry on a Surface,** Ibid,, 39,863--871 
(1938). 

* Kasner,'“Infinite Groups Onerated by Conformal Transformations of Period Two 
(Involutions and Symmetries)/* Am, Jour, Math., 38,177-184 (1916), 


PARTIALLY ORDERED SETS AND TOPOLOGY 

By Arthur N. Milgram 

Dupartmbrt of Mathbmatxcs, University op Notrb Dame 

Communicated March 12, 1940 

1 . Separating Systems. —In the following we obtain the Brouwer reduc¬ 
tion theorem and the Borel covering theorems by applying theorems about 
partially ordered sets to systems of closed subsets of a topological space. 
Moreover, we formulate conditions on a partially ordered set P necessary 
and sufficient to guarantee the existence of a topological space having a 
basis of dosed sets isomorphic to P. In both problems we use the notion of 
separating system. 

Let S be a collection of lower sections* of P. We call S a separating 
system (strong separating system) if for each x and y of P such that x< y 
(y not x) there is a lower section L in the oollection S such that a: belongs 
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to Lt and y does not belong to L. In an analogous way a collection of 
upper sections may be defined to be a separating system. 

Many properties of partially ordered sets are consequences of the exis¬ 
tence of a separating system whose power is sufficiently small. 

2 . Extremal Sequences and the Reduction Theorem, —Let P be a par¬ 
tially ordered set and S a separating system of power M. For each element 
3 c of P either there is an element x* of P such tW <x and no element of 
P is < than x\ or there is a monotonically decreasing sequence xi =» x, 
xttx^t ... defined for all a < ic where k is an ordinal number not exceed¬ 
ing the first ordinal of power M. Such a sequence is called a minimal se¬ 
quence starting with x. 

We shall call P lower inductive of power M if, whenever x^ Xi, .... is a 
monotonically decreasing sequence of elements of P of power not exceeding 
M, there exists an element x of P such that x <x„ for each x„ of the se¬ 
quence. If P is lower inductive of power M, and has a separating system of 
power at most ilf, then for each element x of P there exists at least one dement 
x' < X such that no other dement of P is < x'. 

One consequence of this result is the Brouwer reduction theorem, since 
for a topological space having a denumerable basis, any partially ordered 
set of closed subsets has a denumerable separating system,’ and the as¬ 
sumption that such a partially ordered set P is lower inductive of denumer¬ 
able power implies that each of the sets belonging to P contains a smallest 
set belonging to P. 

3. The Zero Element in Subsets of a Partially Ordered Set P and the 
Covering Theorems, —By the zero element of P is meant an element which 
is in the relation < to every other element of P. If P contains no zero we 
may always adjoin one and call P H- 0 the enlarged partially ordered set. 
From the results of section 2 we get: If P is a partially ordered set with a 
denumerable separating system which contains a zero^ and if P* is a subset ofP 
which is lower inductive of denumerable power having the additional property 
that whenever x ^Ois an dement of P' there isay< xin P^ then 0 is an ele^ 
ment of P^ 

This theorem yields the Borel covering theorem for completely separable 
spaces, i.e., that in a space 5 with a denumerable basis, from any covering 
by open sets it is possible to extract a denumerable number of open sets 
which alone cover 5. Take P to be the set of all closed subsets of 5, and P' 
to be the set of closed subsets of 5 which are the complementary sets to the 
sum of an at most denumerable number of open sets belonging to the cover¬ 
ing. The conditions of the theorem hold, and the conclusion means that 
the vacuous set is the complement of a denumerable number of the open sets 
in the covering,* 

Let P Aase a denumerable strong separating system^ be lower inducHoe of 
denumberable power and have no zero dement. Let P[ be a subset qf P H- 0 
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such that l)ifx€P there exists an x* e P* such ihat xn 0 t< x\ and 2) if x, y 
are elements of P', there exists a z t P^ such that z < x and z < y. Under 
these condiHons zero is an element of P\ This theorem yields the Heine- 
Borel covering theorem for compact completely separable spaces. In the 
application the lower inductiveness of P is a consequence of the Cantor 
product theorem. 

4. Topological Spaces. —Let P be a partially ordered set with a unit 
element having a strong separating system It of upper sections. We 
assume 1 ) for any two distinct members of H, neither is a subset of the 
other, and 2) for each pair of elements, y of P, and each of H whenever 
neither x nor y is an element of ? 7 , there is a s in P such that Jc < s, y < s, 
and z is not an element of U. 

We now define a topological space T as follows: The points of T are the 
members of II. A basis of closed sets of T is formed by the point sets P,, 
where jc is an element of P, and Tx the set of uppCT sections in H containing 
X. If Jlf is a subset of T we define the closure M to be the product of all 
sets Tx which contain M. It may readily be verified that a) if p is a point, 

then p ^ ptb) H + N « + A", c) rf) the closure of the vacuous 

set is the vacuous set. The basis of closed sets P, is in one-to-one corre¬ 
spondence with P preserving the order relations of < in P and inclusion in P. 

^ A subset L of a partially ordered set P is called a lower section if whenever jc is an 
element of £, y < x implies that y is also an element of L, In an analogous way upper 
sections are defined. 

* If the topdiogical space 5 has a basis of open sets |0l of power M, and if P is any 
partially ordered set of some (not necessarily all) closed subsets of 5, then P has a strong 
separating system of power at most M. We obtain one if with each open set 0 of (Ol we 
associate the set of all closed sets which are elements of P and have a non-vacuous 
intersection with 0. It should be noted that f/o is an upper section but is not an ideal 
even in the case that P consists of all closed subsets of 5. 

* The arguments about partially ordered sets with denumerable separating systems 
do not require the theory of transfinite numbers. The covering theorems for higher 
powers follow from general theorems about partially ordered sets with separating sys’ 
terns of higher powers. 
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ON THE DISTRIBUTION OF NORMAL POINT GROUPS 

By P. Erdos 
* 

Institute for Advanced Study 
Communicated February 1040 

Let ” 1 ^ iCi < jcs < .». < ^ 1 be n real numbers, and let us write ««(x) 

It 

ri Consider the unique polynominal /„(3c) of degree not 

k -1 

exceeding 2» — 1 such that 

fixk) ^ ykf f(xk) « 0, 


/„(x) is called the step parabola. It is well known* that 

/»(*) « E yiiik(x)vi{x) - E yiJikix) 

* * I * - 1 


where 


lk{x) = -7 




w«(k*)(* - 5C*) 


and »*(*) >* 1 — 2/*(*n)(*—#*). 


Thus the linear function v^ix) is 1 at x/, and 0 at 




<»' (Xk) 
«"(**) 


“ ** + 


1/2 



* 4=» ** — *, 


The system Xi, Xj, X„ is called by Fejdr’ the conjugate point syatem 
of Xi, Xi, . . x„. If all the X/ are outside —1, +1> Fej6r calls the point 

group normal. He pointed out that the roots of many of the classical 
polynomials are normal, e.g., the roots of the Tchebicheff and Legendre 
polynomials. 

Fejir* proved that if Xi, xt, ... x„ is a normal point group then 
lim(*,' + ! — *<) » 0. Turin and I* improved this to 


*< + 1 - Xi < 


Cl 



Recently I proved that for the satisfying —1 + C»<*<1 — C| 


*< + i - *< 


( 2 ) 



Vou 26, 1940 


MATHEMATICS: P. EEd6s 


295 


It seems likely that if — I + Cst < x < 1 — then 



Let now —1 =£:i<S 2 <...<s„< Ibe the roots of the polynomial 
+ ■?« - 1 ( 2 ) (where P„(s) denotes the «th Legendre polynomial). 
It is known® that Zs = Z* « 1, and Zi < —1 (the Z^ are the 

conjugate points); i.e., this polynomial is barely normal. It is also 
easy to show that if for a certain point group zi = “• 1 and Z 2 = . . . = 
Z„ = 1, then 

P„is) + Pn~l(z) *= n (* - *<)■ 

« «« 1 

Thus Pw(^) + P» - j(s) is characterized by this property. Now we prove 
the following Theorem 1 : Let —1 ^ Xi < x% < , . , <Xf^ ^ 1 be a normal 
point group. Then 


Zi ^ Xi ^ 

It is easy to see that these limits are the best possible since the point 
group --Zi is also normal. 

Proof, It will be sufficient to prove that 

Zi ^ Xi. 

We prove the following stronger result: Suppose — 1 ^ aci < aPa < . . . < 
Xft ^ 1 is such that Xi does not fall in the interval (Xit 1 ) (we will refer to 
this property as A), Then 


Zi ^ Xi, 

Let us investigate the point group satisfying A and for which Xt is as small 
as possible. It is easy to see that such a point group exists.® Now we 
prove that this point group is Zu th,,., and this will complete our proof. 
Suppose that this is not true. Then either Xi ^ — 1 or there exists an 
Xt say Xj, such that Xj ^ 1, Suppose first JCi 4= Consider the point 
group — 1 < acx — ex < JCa < . • . ^ 1 (<i sufficiently small). A simple 

calculation shows that the new point group also satisfies At and in fact 
the conjugate points which were not less than 1 increased in absolute 
value. Thus if we denote by X[, X^, , . . the conjugate points of 
acj — X*. * . x^t we have Xl 4= 1* Consider now the point group Xi — 
eit Xi , , , Xi €i , , , Xf^ sufficiently small). A simple calculation 
shows that this point group ateo satisfies A , which contradicts the minimum 
property of Xi, In the second case we consider the point group Xu ... 



296 


MA THEM A TICS: P, MRl>6s 


Proc. N. a. S. 


Xj €j, . , , sufficiently small) which also satisfies A and the whole 
proof goes through as before. 

Let ifi(x) be any continuous function in 1, + 1), and let 

xf 

« • » • • 


1^1 

be any infinite sequence of normal point systems. (Fcj4r^ calls a sequence 
of point groups strongly normal if for any k and n, ^ Cs, 1 ^ JC ^ 1 
(ci independent of k and n). Consider the polynomial /*(x) of degree 
not greater than 2n — 1 for which 

and/'(*^f) = 0. 

By (1), 

fnix) * i) yMx). 

k - 1 

FejAr* conjectured that 

lim fn(x) *« p{x) 

uniformly in (—1, +1). Recently I succeeded in proving that 


lim/,(*) « v(*)t —1 +«<*<1~« 


uniformly for every a > 0. In fact it suffices to suppose that the sequence 
of point groups is normal. 

The proof of this result is not quite simple (it uses (2)) so that we do 
not give it here. 

In a previous paper* Turin and I proved that if sri, ... x;, is a normal 
point group, then 

max n (* - *<) < 


By using Theorem 1,1 can prove that 

X , , ^ eVn 

max n (* - *#•) < -ST'. 

- 1 s * s 1 < -* I 2r 

^ L. Fei^s **Lagratigttsche Interpolation iind die xngehdrigen konjugierten Punkte/^ 
Math, Ann.i 106,1*55 (1932). See also **On the Chmeteriaation of Some •. «•** Amtr, 
Math, MontUyt 41,1*14 (1934). 

* L. Fcj4r, p. 8. 
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• L. Fejfer, p. 27. 

< P. Erd6s and P. Tur4n, *’On Interpolation, II.*’ Ann, Math,, 39, 702-724 (1038). 

• L. Fej4r. Ibid. p. 32, 

• Denote by at the lower limit of the To prove the existence of the point group in 

question it suffices to show that there exists a S such t)iat if Xi, is a point group 

satisfying A and for which x< - < ci (*< sufficiently small), then x, + i—Xf>5.f« 

1, 2, ... n — 1. This is not difficult. 

^ L. Fej4r. Amer. Math. Monthly, 41, 8 (1034). 

• L. Fej4r, "On the Characterization of Some . . Amer. Math. Monthly, 41, 13 
(1934). 

• P. Erdds and P. Turin, Ibid. 


THE EFFECT OF AN ^^EMOTIONAL STATE^^ ON THE INITIAL 
STAGES OF ACQUISITION IN A CONDITIONED OPERANT 

RESPONSE 

By R, M. Gagn6 and C. H. Graham 
Psychological Laboratory, Brown Univbrsity 
Communicated February 17, 1940 

In a recent study we have been concerned with an analysis of the acquisi* 
tion, extinction and spontaneous recovery of a conditioned operant re¬ 
sponse in the white rat.^ The apparatus used in this experiment consists 
of a simple runway, at one end of which is a starting box and at the other 
end a food box. The measure of response chosen for analysis is termed 
the latent period. This period is defined as the time taken by the rat to 
leave the starting box, after the door is opened, before he traverses the 
runway to food. A complete account of the experimental procedure is 
contained in the previous report. By this procedure it was found that the 
curve of acquisition begins with a high value of log latent period on the 
first trial (log 71 » 1.85) and falls off with an increase in tiie number of 
trials; by the fifteenth trial it seems to be approaching a final limiting 
value (log 2,8 "s* 0.45), The curve B of figure 1 represents this result; it 
is the curve drawn through the acquisition data. 

An important part of the original paper is concerned with a rational 
formulation of acquisition, extinction and spontaneous recovery. It soon 
became apparent in the course of this aspect of the work that a term would 
be requir^ which would state conditions for the initial step of acquisition. 
This requirement is due to the fact that the beginning of conditioning may 
be influenced by a number of factors. In the first place, it is possible that 
an animal may come to the experimental situation with an already appreci¬ 
able amount of conditioning in a given performance. Secondly, it may be 
true, in the case of another animal or another situation, that the first few 
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trials do not contribute directly to the conditioning, but only to the 
animal's "emotional adjustment" to the experimental apparatus. In 
either case attention must be paid to behavior at the beginning of acquisi¬ 
tion. In view of this consideration, the equation (10) for acquisition in 
the earlier paper contains a term, which corresponds to the latent 
period identified as occurring at the beginning of conditioning. 

The present report presents experimental evidence for the validity of 
these ideas. It is shown that, under conditions which lead initially to 
"emotional maladjustment" (1) no conditioning takes place during the 



TRIAL 

FXQURB 1 

Acquisition data for the "handled’* animals (//) of this experiment and 
the "box'’ animals (B) of the earlier experiment. The solid circles are the 
experimental points for group /f. Curve H beyond trial five is similar in 
shape to curve B. 


first few trials. However (2) when conditioning does get under way, it 
takes place at a rate comparable to the one observed under conditions of 
little "maladjustment." 

The results of the present experiment were obtained in the course of the 
research reported earlier. In the original experiment the food and the en¬ 
trance boxes were interchangeable, and the animal was shifted at the end of 
each trial by moving the food box to the entrance position. In a short 
series on nine animals this procedure was not followed. For these experi¬ 
ments the food and entrance boxes were set permanently in the apparatus. 
Each box contained a door in front; the sides and back were constructed 
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of wire mesh, and the top was open to allow for the placing or lifting of the 
animal. Under these circumstances the movement of the rat from the 
food box to the entrance box at the end of a trial was effected by hand. 
In other details the experiments were similar to those reported in the 
earlier paper,2 

The data for the "handled” animals are shown in curve H of figure 1. 
In this figure it may be observed that the "handled” animals show little 
improvement until trial 5. From that trial on, however, they follow a 
course of acquisition which is identical with the one given by the animals 
moved in a box (curve J5). The similarity between group H's data 
("handled” animals) beyond the first five trials to group J3’s data ("box” 
animals) is shown by the fact that curve II is curve B moved a distance of 
4 trials along the abscissa. Presumably "handling” in the case of group II 
introduced an emotionally disturbing condition which effectively pro¬ 
tracted the time required for habituation to the experiment. If this be so, 
it is noteworthy that once this effect has disappeared the course of con¬ 
ditioning is unaffected. Thus it would seem that under our experimental 
conditions an initial "emotional state” due to "handling” has the sole 
effect of delaying the time of "getting started.” Whether or not the rate 
of acquisition would be changed if the emotional disturbance had come at 
some other time than in the initial stages is a problem on which we have no 
evidence at present. 

The results of our experiment have an important theoretical implication. 
They seem to demonstrate the necessity for the term in our acquisition 
equation of the earlier paper. The presence of this term insures the 
identification of the response at the beginning of acquisition and thus 
eliminates from consideration a number of irrelevant initial activities, 
which have no significance for the problem. Among these irrelevant 
activities are some which may be loosely categorized as "emotion” and 
"adjustment to the experimental situation.” 

Summary. —We have carried out an experiment on the acquisition of a 
conditioned operant response which is similar in all details except one to 
a research already reported. The difference between the two experiments 
consists in the fact that the animals of the present investigation were 
"handled” between trials, while the original animals were not. "Han¬ 
dling" seems to introduce an "emotional state” which delays the beginning 
of conditioning. However, once conditioning has begun, the rates of 
acquisition for both groups are similar. 

* Graham, C. H., and Gagn^, K. H.. Jour. Exper. Psychol., 26,251(1940). 

* The animals of this group (H) were given 13 trials of acquisition rather than the 16 
required of the original group (B). The average log latent period values in seconds for 
the nine animals of M are, in order from trial one to trial thirteen: 1.51,1.53.1.50,1.39, 



m 


PHYSICS: E. REISSNER 


P»oc. N, A. S. 


IM, 1.05, 0.02, 0.05, 0.81, 0.81, 0.78,0.84. It may be aeea titat the values of the 
first five trials are below the latent period for the first trial of group B (1.85). The initial 
trial is theoretically susceptible to the infiuence of many variables, and this observation 
would seem to give further reason for discounting the reliability of the initial stages of 
acquisition. As the data show, the later stages are highly reproducible. 


NOTE ON THE PROBLEM OF THE DISTRIBUTION OF STRESS 

IN A THIN STIFFENED ELASTIC SHEET 

¥ 

By Ekic Rbi9snbr 

Department of Mathematics, Massachusetts Institutb of Tbchnoloov 

Communicated February 17,1940 

1. Introduction .—One of the practically interesting problems in the 
Theory of Plane Stress for which no solution has hitherto been given is the 
following: A thin flat stiffened ^eet is acted upon by concentrated edge 
forces in the plane of the sheet. If the sheet were unstiffened the stresses 
at the points of load application would be infinite. To avoid these infinite 
stresses, stiffening rods are attached to the dieet such that the loads are 
applied to the ends of the stiffeners. Due to their finite cross-sectional 
area the stresses in them are finite and then for reason of continuity the 
normal stresses in the sheet are also finite. The stiffeners unload them¬ 
selves gradually into the sheet by means of the Aear acting between sheet 
and stiffener. At a certain distance from the edges of the sheet the stresses 
become sufficiently reduced to make stiffening further inwards unneces¬ 
sary. The question arises as to what dimemdons the stiffeners should have 
so that the shear load per unit of length applied to the sheet and the stresses 
in the unstiffened part of the sheet remain below prescribed limits. 

In the present note a basic case of this problem is considered. An in¬ 
tegral equation is derived for the distribution of stress along the stiffener. 
This equation is of the same t}rpe as the integral equations occurring in the 
theory of aerofoils of finite span and can be treated by the same methods. 

Without calculation a noteworthy result concerning the dependence of 
solution on the relative dimensions of sheet and stiffener is obtained in this 
paper. 

The actual solutions of the integral equations remain to be calculated. 

2. Formulation of the Problem ,—Consider a dieet of thickness f of in¬ 
finite extension on one side of its stra^ht edge. A concentrated force F is 
acting on and normal to the boundary. A stiffener of length I and cross- 
sectional area A (which may be variable) is attadied to the sheet so that 
the axis of the stiffener coinddei with the direction of the force F and the 
load is introduced into the stiffener. A coordinate i^)rstem x, y in the plane 
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of the sheet is chosen so that the y-aads conforms with the boundary of the 
sheet, and part of the ac-axis with the axis of the stiffening rod. 

The stiffener then is loaded at one end by the force F, along its length by 
an unknovm shear distribution s{x) and at the other end by a force F* « 

F ^ ^ s(x)dx. Because of equilibrium the shear s is also acting on the 

sheet as a line distribution of body forces' and the force F* as a concentrated 
body force. 

The variation of s must be such that at any point the normal strain 
in the sheet due to the presence of the body forces equals the strain 

«({) in the stiffener due to its loading F — ^ s{x)dx to the left of the point 

If the modulus of elasticity of the sheet is denoted by JE,, that of the 
stiffener by and if stands for the strain e,(t,0) due to a unit 

body force applied at the point x, one has 




^ (rsix)K{x,0dx + F*K(.U) I 


( 1 ) 

( 2 ) 


The condition that €at:({,0) * e(f) can then be written 
* 

F-f { Wl,«) + s{x)K ix,0dx I. (3) 


In order to determine from this equation it is necessary to know the 
form of the kernel K, Since the explicit solution of the problem of the 
stress distribution in a semi-infinite sheet due to a concentrated body force 
is known,® K can be written down as follows: 


rK{x,^) 


Cl , , Ciflc + Cif , Cfi 

■ I* . . . m i .I I ■ . .. -^P- n il, 11^*^ 

f ^ (f + #)* ({ + »)* ( + X 



4Ci 

4Ct 


2 + Sy — >»*, Cj =» 1 + V, 

(1 - i-){i - ai*), 4Ci - (1 - i-xs -1*), 2C, -1 + V 



This kernel X becomes singular when x approaches (. The singularity is 
of sttch nature that the principal value of the integral in (3) has to be taken, 
in which case the integ^ converges. 
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Introducing instead of the shear distribution s tlie stiffener stress cr, 

Aa ss /f" — s{x)dx 
(A a), ^ F* F - f s(x)dx 

(t3) becomes 

<ra) = ~ ^A(r)cmm) - £ [4(x)a(»)]'ii:(*.{)d*|. (?) 

It is convenient to distinguish the two cases of infinite and of finite stiffener 
length /. 

1°. When I is infinite the stress ail) is obviously zero and one has: 

<r($) + = 0. (7fl) 

The arbitrary factor in the solution of this homogeneous equation is de¬ 
termined from the condition 

(r(0)i4(0) = F. (8o) 

2®. When I is finite there arises a certain difficulty from the fact that on 
the right side of equation (7) the first term approaches an infinite value 
when J approaches I and A (/)o-(/) is different from zcto. It seems, however, 
that one has to assume in any case 

(7(0^ (/) = 0, (9) 

for if ff{f)A(l) were, different from zero, that is F* different from zero, 
there would be a concentrated body force acting in the sheet immediately 
at the end section of the stiffener. This would cause an infinite strain at 
this point of the sheet, which in turn would give infinite sheet and stiffener 
stresses at the end section of the stiffener; hence because of the finite area 
over which this stress is actffig there would be an infinitely large force 
acting through the cross-section of the stiffener. This, however, is physi¬ 
cally impossible. It appears thus that the integral equation to be solved is 

<r({) + » 0. m 

If the foregoing argument is correct there must be two linearly inde¬ 
pendent solutions of this homogeneous equation (7^), to satisfy the two end 
conditions 



ff(0)4(0) - F, <r{l)Ail) « 0. 


(.8b) 
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That this is indeed so is made plausible by the following consideration* 
The singular part of the kernel, l/($ — x) is of the same type as a kernel of 
the form 


f 



K{x.^) = 




0 , 


£-«<*<{, 

£ < a: < I + e, 
X K, ^ { + 



In this simplified case the integral equation (7b) is transformed—when « 
approaches zero—into the second order differential equation* 


<T 






which has indeed two linearly independent solutions. 

It remains, however, to be proved that the equation (Jb) has the same 
property, 

3. The Inverse Problem. —Instead of prescribing the law of variation of 
stiffener area A and asking for the corresponding stress distribution, it is 
also of some interest from a design point of view to ask how A has to vary 
in order to produce a prescribed distribution of shear s between sheet and 
stiffener. Considering equation (3) one has, with -F* equal to zero, 

fjf F ~ f s{x)dx 

- ( 12 ) 

" / s{x)K{x,i)dx 

This shows that the inverse problem of expressing the area in terms of a 
prescribed shear distribution admits a very simple solution by direct in¬ 
tegration. 

4. Results of a Dimensional Analysis. —^Without actually determining 
the solutions of the integral equations (7fl) and {7b) statements can be 
made, helpful for the analysis of experimental data, concerning the de¬ 
pendence of the solution on the parameter i4, t, I, E,t and E,. Considering 
for the sake of simplicity only cases of constant cross-sectional area and 
considering separately the equations for infinite and finite length I, the 
following facts are true: 

1°. For infinite I a change of variables 

^ i E^t_ 


£, o{x) = ar*(*) 


(13) 
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transforms equation (7a) into 

<r*a-) + f " 'Kit, !:)dz - 0 (14) 

with 

= F. (15) 

This means that the solution has the form 

<T*iz) - ^/(s) 

or, expressed in terms of the original variable x, 



The result (16) indicates that if only the stress distribution for one particu¬ 
lar set of values of ii, Eg and Egt is determined, it is then also known for 
any other values of these quantities, 

2®. For finite I another change of variables 

e « j- » t (17) 

V 

transforms equation (lb) into 

«r*(f) + [f • i] X* * 0- (IS) 

The form of this equation shows that a can be expressed in the form 



Formula (19) proves that the type of the stress distribution depends only 
on the value of one dimensionless quantity (E„A/E^, In the limit for 
/ —^ CD the function g in (10) must of course become the correiq>onding 
function/in (16). 

5. Summary .—^An integral equation is derived for the distribution of 
the stresses arising when a concentrated force is applied to a flat dieet by 
means of a stiffener. It is seen that the equation is a generalization of mw 
occurring in the theory of aerofoils of finite span. It is diown to be 
simpler to solve the inverse problem of determining the stiffmm’ sizes for a 
prescribed stress distribution than to detetmme the stresses for given 
dimensions of the structure. It is proved that for constant cn>8S>sectional 
area of the stiffener the stress distributkm depends only on two dimenrion* 



Voc. 26, 1940 PHYSICS: A. E. HAAS 806 

less parameters composed of the six independent dimensions and moduli of 
elasticity occurring in the problem, and that for an infinite stiffener length 
only one parameter remains. The method of analysis here presented is of 
course applicable to more general cases. If, for instance, a sheet with 
several stiffeners is considered, a system of simultaneous int^;ral equations 
is obtained instead of the single equation (7). 

‘ The idea to represent by a system of body forces the interaction between one part 
of a structure and another has previously been introduced, in the theory of "Effective 
Width” problems, by H. Reissner, Z. Ang. Math. Meek., 14,312 (1934). 

' B. Melan, Z. Ang. Math. Meek., 12,343 (1932). 

' Equations of this sort have previously been obtained by maldng very strong simpU- 
fying assumptions concermng the elastic behavior of the sheet. 


ON SOME PERIODIC PROPERTIES OF THE SYSTEM OF 

ISOTOPES 

By Arthur E. Haas 

DBPARTMBm' or Physics, UNiVBRsrry op Notrb Damb 
Communicated February 23,1940 

It has been known for a long time that the system of isotopes shows 
some remarkable regularities which have been the subject of various 
investigations. ‘ It will be the task of this paper to discuss some additional 
regularities which apparently have not yet been considered. Since the 
most important group of isotopes are those with even charge and mass 
numbers, these will be first discussed. 

As table 1 shows, these isotopes may be arranged in consecutive series 
each of which is characterized by a definite value of the isotopic number 
(I) which is defined as the difference between tlie numbers of neutrons and 
protons, i.e., N-P or A-2Z, where A is the mass number and Z the charge 
number.' Because A and Z are even, the scheme contains only even values 
of I. The highest known value of I is 54 (nU***); only one unstable 
nucleus with even Z and even A is known* for 2 < Z < 82. 

In the series of table 1 the charge number increases by two and the mass 
number by four from one place to the next. As may be seen from table 1, 
the successive series or periods, as we may call them, show regular lengths 
if we disregard a few very weak and in some cases perhaps dubious isotopes 
which with the only exception of nCa** and mS*** maybe recorded in table 1 
as either immediately preceding or immediately succeeding the periods 
themselves. Ibere are ten such isotopes of which, however, only four 
are to be found in the last Report of the International Committee on 
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Stable Nuclei with Even Charge and Mass Numbers 

(The number below the chemical symbc^ mdicates the relative abundaiKX in per (^nt. The symbols n and p indicate that the nucleus g 

remains stable after addition of a neutron or proton* respectively) » 
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Atoms (1938), namely, gO^*, 44 Ru®*, wSn*** and wOs“*. The other six 
were only recently discovered.* 

If these few exceptions be disregarded, the lengths of the consecutive 
periods for I 0 to I » 42 are found to be 

10,10,8,8,8,10,10, 8,8,6,6,6,8,8,8,6,6,6,6,4, 4,4. 

From period to period the charge number of the first column jumps by 

8 , 6 , 6 , 6 , 2 , 2 . 2 , 6 . 6 , 2 , 2 , 0 , 2 , 2 , 6 , 4 , 2 , 4 , 4 , 2 , 2 . 

Table 1 contains only a few gaps, namely 

aawSrW, 4oZr«, agCe^**, wDy^" 

« 

The relative abundance is, in general, considerably smaller in the first 
or in the last occupied column than in the other columns. If we consider 
the periods from I “ 6 to I ** 36, thus omitting the very lowest and very 
highest ones (on account of the irr^ularities at the beginning and the 
instability at the end), we find as an average value for the first column 8.4, 
for the second 21.2, for the third 23.3, for the next to the last occupied 
place 6.3 and for the last occupied place 4.1. 

We notice also a certain periodicity if we consider which among the 
isotopes contained in table 1 remain stable after the addition of a proton, 
and which after the addition of a neutron (cf. the symbols p and n in 
table 1), Nuclei of the first kind (p) are found in general on the left-hand 
side, those of the second kind (n) occur mainly in the middle and only 
occasionally toward the end of the period.' 

If we compare the course of the values of the relative abundance in 
two consecutive periods, we often find an indication of some parallelism 
through parts of the periods. An example is afforded by a comparison 
of the first five places in the periods I » 20 and I » 22. 

Indications of periodicities similar to those discussed above are also to 
be found in two other tables which may be constructed by adding either a 
neutron or a proton to the isotopes of table 1. We find, e.g., as far as 
stability, relative abundance and half-value period are concerned: 


II 
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11.32% 

16 d 
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We observe also a sequence of approximate^ equal vidues of the relative 
abundance in the series I 11, natndy: 
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mKt®* aaSfW 4oZr«^ 44Ru“ 

11.53% 7.02% 11.5% 16.3% 12% 

Regularities of the system of isotopes manifest themselves also in another 
arrangement of the nuclei with even charge and mass numbers^ as shown 
in table 2. It contains chains in which from one place to the next the 
charge number increases by 2 and the mass number by 6; each nucleus 
thus results from the one preceding it by addition of two protons and four 
neutrons. If, for the sake of brevity, we use the traditional symbol a 
for a group of 2 protons and 2 neutrons, and the symbol <r for a group of 2 
protons and 4 neutrons, the various series may thus be represented in the 
form ra + scr, where each series is characterized by a definite integral 
value of r and s runs through a sequence of consecutive whole numbers. 

TABLE 2 

Stable Nuclei with Even Charoe and Mass Numbers Arranged xn Seiubs Ac¬ 
cording TO THE Formula ra -f- w, Where r and s Are Integers, « Means a Oroup 
07 2 Protons and 2 Neutrons, and a a Group of 2 Protons and 4 Neutrons 

(The number in parenthesb below the chemical symbol indicates the relative abundance 

in per cent) 
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u 

jr 

m 

0 

p 

• 

|H«4 














(100) 







f 

w 

2; 

s 

m 

0 

* 

.B.* 














m 







r 

w 

3; 

s 

m 

0,1 

t 

9 

.c>» - 

»OW 













(98.9) 

(0.20) 






t 

m 

*; 


m 

D,1 

• 

* 

,o« - 

ieNe« 













(99.76) 

(ft. 73) 






r 

m 

5; 

* 

m 

0, 1 

: 

i.Ne“ - 

wMs" 













(90.00) 

(IM) 






r 

m 

6; 


m 

0 to S 

• 

» 

- 

uSi» - 

i#S“ 












(n.4) 

(4,2) 

(0.016) 





r 


7; 

$ 

m 

OtoS 

* 

* 

iiSl* - 

ttS** - 

If AH® - 

*iC*« 











(89.6) 

(4.2) 

(90.632) 

(0.0088) 




r 


8; 

t 

m 

0to8 

t 

llSM - 

tiAr** — 

ifC*« 

nTi»® 











(96.0) 

(0.061) 

(2.06) 

(5.84) 




r 

M 

ft: 

s 

m 

0to3 

* 

% 

wAr« - 

i#Ca« - 

•tTi<« - 

I4CH< 











(0.807) 

(0.64) 

(73.46) 

(2.30) 




t 

m 

10; 

t 

m 

0to7 

i 

nC..- 

«T1« 

wCH* - 

mFH® - 

iiNi*® - 

••Zr” - 

ifOH® 








(96.96) 

(7.05) 

(88,77) 

(0.28) 

(0.0) 

(0.5) 

(6.5) 








-1*8." 














(9.8) 







r 

m 

11; 

$ 

m 

1 to7 

* 

4 

iiCri*- 

mP«“ - 

«N1®» - 

•fZn®® « 

uGe^® - 

MSe®» - 

mKH® 








(4.49) 

(01.37) 

(3.8) 

(17.4) 

(87.1) 

(48.0) 

(17.47) 

r 

m 

18; 

s 

m 

ttoS 

4 

* 

_ 

fiNi*®- 

»Zn®® - 


»48e« ~ 

mKH* - 

uSH® 








(6.04) 

(27.3) 

(27.8) 

(27.8) 

(24.0) 

(57.10) 

(?) 


- 4lZl* 

(!■»> 

r . 18; ( • 1 to S, : mMIM - uZa>* - 

1* to 14 (a8.0> {S0.9) 

<S.8) 

r B 14; I • 8 to 18 : mS.’* - .IE** - 

<0.9) <a.oi) 

(r .81 (8.8) 


itO*« - 

«8.« - 

«Kf®« - 

•SH® - 

fiZH® 

(21.2) 

(9.8) 

(11.58) 

(82.56) 

(17) 



mX»«® 



<«.S) 

(88.1) 

(8.05) 



wSH* - 

— 

mMo®®- 

iiRtt*®® - 

wPd»w 

(0.86) 

(88) 

(23.4) 

(17) 

(13.6) 

wTe« - 

..XM* 




(32. S) 

(10.84) 
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r M 16; jr 3 to 16 : 

wKrrt - 

- 

4oZH« - 

«Mo** — 


4*Pd«* - 

4tCdi** 


(0.35) 

(0.56) 

(48) 

(16.8) 

(80) 

(26.8) 

(28.0) 


-MSn»» - 

uTe*** - 

mX»«» “ 


rtCe*« - 

•Nd" 



(28.6) 

(19.0) 

(26.96) 

(71.66) 

(?) 

(5.96) 


r 16; jr — 6 to 10 : 

nMo** " 

wRuw - 

«Pd»« “ 

«Cd««- 


mTc»«* - 

hX*« 


(8.7) 

(14) 

(27.2) 

(24.2) 

(22.6) 

(4.5) 

(4.07) 


- wBa*** - 

wCeW* - 


mShi*** *• 

«4Od»0 




(7.81) 

(10) 

(6.8) 

(20) 

(15.7) 



r 17; J *• 4 to 18 : 

«Mo” - 

44Ru** “ 

«Pd»« “ 

4,Cd'»« - 

wSni'* - 

mTc*»» - 

44X1*» 


(16.6) 

if) 

(9.3) 

(12.8) 

(16.6) 

(2.0) 

(l.OO) 


- HBa“* - 

„Ce*« - 

mNd*« - 


•4Gd‘« - 

wDyw* - 

eiBri» 


(2.42) 

(90) 

(16.6) 

(26) 

(22.6) 

(27.6) 

(9.8) 


- 7oYbt« 








(11.8) 







r * 18; 5 *«• 4 to 22 i 

wRu** - 

«Pd»« - 

4iCd«» - 

- 

*tTe»» - 

„x*» - 

«Bai« 


(6) 

(0.8) 

(1.0) 

(0.8) 

«0.1) 

(0.088) 

(0.097) 

- 

mC«'“ - 

•DNdi« - 

nSm^M - 

MGd»« “ 

«DyM» - 

4sBrM» - 

TttVb'H 


«l) 

(22.6) 

(6) 

(22.6) 

(24.6) 

(20.8) 

(37.2) 

- 

- 

- 

t*Ob»» - 

„ptlB8 - 

ioHk»« 




(30) 

(29.8) 

(41.0) 

(7.2) 

(6.7) 



r 19; # 6. 6* 

AiCdw - 

- 

- 

«Ba»» - 

- 

MNd»« - 

e*Sm*** 

8 to 27 ' 

\ (1.4) 

(1.1)/ 

(0.094) 

(0.101) 

«1) 

(25.96) 

(14) 

— 


- 

iiErW* - 

joYbw* - 


„Ww* - 



(1.5) 

(1.6) 

(35.2) 

(28.6) 

(28) 

(30.1) 

(26.4) 

- 

„Pt»» - 

•oHg»« - 

„Pbi« - 

•4Po«i< - 

MRn«M - 

••Ra** - 

•oTh**> 


(26.6) 

(26.6) 

(62.29) 

(weak) 

(weak) 

(100) 

(100) 

- 









(09.28) 







r •» 20; < 12 to 21 : 

«Od»» - 

••Dyi« - 

«Br»« - 

„ybno - 

„Hf 17« ^ 

,4W»M - 



(0.2) 

(0.1) 

(2.0) 

(2) 

(6) 

(22.6) 

(13.3) 

— 

TlPt>« - 


wPb»« 






(30.2) 

(23.3) 

(23.69) 





r •» 21; « « 13to20 ; 

••Kr«« - 

7oVb»« - 

- 

TlW'W - 


„Pt»M - 

•pHg>« 


(0.26) 

(0.06) 

(0.3) 

(<M).2) 

(1.69) 

(0.8) 

(10.1) 


(1.46) 


r - 22; * - 16. 18 ; TiOt»M — ^Hit*** 

(0.018) (0.16) 

In this way series may be formed from f « 1 to r *» 22. For low values 
of r the number of members in such a series is rather small (one for r « 
1 , 2 ; two for r « 3 , 4, 5; three for r » 6 ; four for r * 7, 8 , 9). Then 
the series become longer, and are especially long for r » 18 and r « 19; 
these series contain 19 or 20 members, respectively, in uninterrupted 
sequence without any gap. For r » 20 the number of members becomes 
ten, and then rapidly decreases towards the end of the scheme. 

In the various series of table 2 many sequences can be noticed in which, 
at least in order of magnitude, the value of the relative abundance repeats 
itself several times. The following sequences seem especially noteworthy; 
r » 12 from ^Ni to « 4 Se; r « 16 from 46 Pd to tSn; r « 18 from 4 iPd to 
5 oSn and from uOd to 74 W; r » 19 from esBr to aoHg and from asRci to 

Similar regularities appear if we form a scheme of stable nuclei with odd 
charge and mass numbers in such a way that we add single protons to the 
nuclei of table 2 , omitting all cases where the new nucleus is unstable or 
unknown. We find then, e.g., the loUowing sequence for r «« 8 : 
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In the series f — 15 values of the relative abundance of the order 1 and 
Va are combined, namely 

45Rh*«(99.92%)-47Ag^«(47.5%)--4»In“H95.5%)-5iSb**K56%)- 

53P^(l(X)%)-«Cs»»(100%)^7La^“(100%). 
The same holds also for the series r = 17: 

Values of the order 100% and 60% are combined in the series r — 18: 
6«Tui«(100%KiLui^K97.5%)-^Ta«Hl00%)-^Re'«^(61.8%)-TrIr'« 

(61.5%) 

and values* of the orders 1 and V« in the series r =* 19: 
76Re«*(38.2%)-77lr'»H38.5%)-7<>Aui«7(ioo%) 8 iTP**(2 ^ 

(100%)---a»Ac’**’(]00%). 

Finally considering all stable nuclei (including those with odd change 
and mass numbers) we observe a concentration of values of the relative 
abundance within a few rather narrow intervals. According to our present 
knowledge, 138 stable nuclei (among some 300) have relative abundances 

TABLE 3 

Distiubution of the Valobs of thb Relative; Abowdancb 

50.6 to 60.9% : »Zn**m.9), MBf«{50.6). iiBui»*(50.9) 

26.8 to 27.3% : «Ni*®(a7.2), wZn*«(27.a), ♦iGe’n27.3), ••Pd»®«(27.2), «Pd»«(26.8), MX»»*{2e.96) 
22.flto22.e% : »Pd»»(32.6>, »Sat»(22.5). wNdw*(22.6), •♦Gd»»*(22.6), #4Gd«»(22.6), nW«»(22.6). 

MPb«»(22.64) 

16.6 to 18% : »Zn«(17.4), MKt«(17.47), «Zr*4(i7), 4tMo«(16.8). 44Rii»«(17). wNdt^ide.S). 

«Sm>«(17), MOdwUie.?), T(iYb««(ia.7), «HI»«(18). 74W«*(17.3), •oHg*«(17.0) 

13.0 to 13.6% t 4«Pd»»{18.6), «Cdi“(l8.0), «Ndw«(13.0), tiO«»“C 18.8), •iHg»*(13.2) 

11.1 to 11.6% : tiMg»(ll.d), iiMg»(n.l), uICr«M1.53). NKr^’dl.ad), 4oZir**dl.6), MBft»Ull.32) 

4 

between 9 and 91%. As may be seen from table 3, 39 of these 138 
isotopes may be placed in six intervals which, altogether, cover a range of 
4 %. The intervals as recorded in table 3 lie slightly above the fractions 
V*# V 4 > Ve» Vs ^nd Vio* This may not be a mere coincidence, but perhaps 
caused by some quantum relations. 

* a., e.g. W. D. Harldtts, Phys. Eev.» S8, 1270 (1931), and Proc. Nat. Acad. Scl, 19, 
307 (1933); A. J, Dempster, Proc. Amer. Phil. Soc., 76, 491 (1936). 

* Ihe concept of the isotopic number was introduced into atomic physics by Harkins 
(1916). 

* Unstable nudei with even Z and A are iHe^ and UKx^. 

* The data used in this paper were taken from the survey by J. J. Livingood and 
O. T. Seaborg, ito. Mod. Phys., 12, 30 (1940). 
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* In accordance with the rule that isobars nearly never differ by one in their charge 
numbers, table 1 contains only three nuclei with both symbols, p and n. 

* In this connection it may be noted that the only known branching ratio in the 
natural radioactive series which is not very large or small, that of Th C, amounts to 
66% or about •/»■ 


MECHANISM OF LONG WA VE-LENGTH ABSORPTION OF THE 

CARBONYL GROUP 

By Henry L. McMurry and Robert S. Mtiluxen 

Rybrson Physical Laboratory, Untybrstty of Chicago 
Communicated March 6, 1940 

Color in organic compounds is generally associated with ^tems of 
conjugated double bonds. Burawoy‘ has divided the spectra of such mole¬ 
cules into two classes, the strong K spectra and the weak R spectra. When 
both a K and an R spectrum are present for the same substance, the R 
spectrum lies at longer wave-lengths than the K spectrum.* 

The K spectra of conjugated polyenes have been explained quontum- 
mechanically along the following lines.*' * In ethylene and its derivatives 
the longest wave-length absorption region occurs necu- X1800 and is charac¬ 
teristic of the 0=0 linkage. The electron configuration for the bonding 
electrons in the normal state N of this linkage may be written as follows in 
terms of MO's (i.e., molecular orbitals): 

N: -(«)*(**)*. (1) 

Here (ff)* represents a pair of electrons forming the first or a bond of the 
C«C double bond, («x)* a pair forming the second bond. The xx etectrons 
are less firmly bound than the tt electrons and are active in producing the 
longest wave-length absorption. 

The MO’s symbolized by U and xx have forms which m^y be approxi¬ 
mated using simple combinations of AO’s (i.e., atomic orbitals).* The 
symbol x represents a carbon 2p^ AO, with its axis Of S 3 rmmetry in the x 
direction, perpendicular to the plane of the molecule. Tlie t repre¬ 

sents a 80 -cal^ trigonal AO, built up* from 2s and 2p, carbon AO’s and 
with its axis along the C^nC bond direction (s-axis). 

The lowest excited states T and V of ethylene and its derivatives are 
believed to belong to the following electron configuration: 


r, K- ....(f0*(*»)(*»). 


(2) 
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One of the two electrons ori^ally present in the bonding xx MO has here 
been excited to the corresponding antibonding xi MO. T is a triplet, V 
the corresponding singlet state. The transition N^V comes near X1800 
and is very strong.*" 

When other C=<i groups are conjugated with the first C=C group the 
electrons of the x type do not remain localized within one group but occupy 
MO's covering the entire system of conjugated bonds, as has been shown by 
Hiickel and others.^ In approximating the forms of these non-localized x 
MO's, only the 2px AO's of the carbon atoms need be considered. Simple 
calculations give the approximate forms and energies of as many MO's as 
there are carbon atoms in the conjugated system. In the normal state 
electron configuration each one of the MO's of lowest energy contains two 
electrons with opposite spin. The first excited state is obtained by remov¬ 
ing an electron from the highest energy MO occupied in the normal state to 
the unoccupied MO of lowest energy. In general, as the number of con¬ 
jugated groups increases the energy of the former of these MO's rises and 
that of the latter is lowered. Thus the energy difference between the nor¬ 
mal state and the first excited state decreases with increasing conjugation 
and the first absorption region shifts toward longer wave-lengths. It also 
becomes more and more intense; reasons for this can be given.* 

If instead of C=wC groups alone certain other double-bonded groups, for 
example C=0 or C=aS, are present in the conjugated system, the same 
formal behavior for the energy of the MO’s of the x type is present and a 
similar strong absorption, which shifts to longer wave-lengths with an 
increase in the number of conjugated bonds, is observed. 

Here, however, another feattue, characteristic of the new groups, appears 
in the form of a much weaker absorption regiocr (R spectrum) coming at 
longer wave-lengths than the strong K t 3 rpe of absorption just described. 
In saturated aldehydes and ketones the maximum for this weak absorption 
is near X 2900.* In aromatic or conjugated compounds this absorption 
shifts toward or into the visible and can then be responsible for weak color, 
as, for example, in the quinones and in diacetyl or glyoxal. 

The study of the long wave-length spectrum of formaldehyde has yielded 
a great deal of information concerning the J? type of transition.®* “* 

The theoretical work of Herzberg and Teller,** combined with Herzberg 
and Pranz's and Gradstein's study of the same spectrum in fluorescence, 
has strongly indicated that the electronic transition involved is a forbidden 
one. This interpretation was mpported especially by the behavior of the 
A and a bands in absorption and fluorescence.*** ** 

Dieke and Kastiakowsky's analysis of the banded fine structure** gave 
further information. Possible interpretations of the transition in terms of 
iQ>eci&c electronic states were then given by one of the writers.** Two 
alterxmtives were favored, one corresponding to a certain allowed, the other 
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to ft certaiti forbidden transition. Caktdfttiotis ii^ the present work 
strongly support the second possibility, in agreement with the evidence 
mentioned atevc.^® 

The structure of the carbonyl group in its normal electronic state, so far 
as is essentia] for understanding the long wave-length spectrum, may be 
described by the following electron configuration; 

iV^; (3) 

The two pairs of electrons (zty and (xxy form the G=0 double bond, and 
correspond to of 0=w=C (cf. equation (1)). The symbol yo repre¬ 

sents a pair of relatively loosely held non-bonding electrons in a 2py AO of 
the oxygen atom. The letters Xy y and z denote 2p AO's with axes respec¬ 
tively, along the direction perpendicular to the )>C=0 plane (a:), in the 
plane and perpendicular to the )>C=0 axis (y), and along the ^C=0 axis 
(s). The zt MO has a form which can be approximated by combining a 2/>, 
oxygen AO and a t (trigonal) carbon AO. The xx can similarly be built 
from 2px AO's of oxygen and carbon. These MO's are polarized in favor 
of the oxygen in accordance with the considerable negative charge on the 
latter.^’ 

There seem to be only two important possibilities for the upper state of 
the X 2900 absorption region, namely, the singlet states of the following 
electron configurations:'® 

A: - B: - {ziy{xxyyo{zJ)- (4) 

In A one yo electron has been excited to the antibonding MO xx, in B to the 
zj antibonding MO.'^ Transitions from state iV to either A or B should 
produce weakened C=0 bonding. This is in harmony with the observed 
structure of the X 2900 region in formaldehyde.'®* 

The absorption transition from iV ^4 is forbidden, that from A' J? is 
allowed, by the electronic selection rules.'* However, because of elec¬ 
tronic-vibrational coupling, "forbidden" transitions are not really excluded 
in polyatomic molecules,'® although they should be much weaker than 
similar allowed transitions. 

Recently it has been found possible to make significant absolute intensity 
calculations for electronic transitions in molecules.'® Comparison of calcu¬ 
lated with observed intensities should oftefi make it possible to decide be¬ 
tween alternative interpretations of observed absorption regions. 

For the present problem, calculations have been made for the transition 
N B (and for certain other transitions) using both the AO and the 
LCAO MO approximations.'® These calculations indicate that the 
strength of the transition N ^B must be of the order of 50 times that ob- 
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served for iht X 2900 region. This gives strong support to the identification 

of the X 2900 region with the forbidden transition iV'i4. 

On the other hand there exists in the spectra of aldehydes and ketones 
near X1800 or \ 1900 a region of absorption®^ which (at least in acetone”) 
is known to have an intensity of the same order of magnitude as that calcu¬ 
lated for N ^ B. It seems probable that the X1800 region is actually due 
to the transition N B. The assignment of the X 1800 absorption to a 
transition of the —> F type, analogous to the intense longest wave-length 
absorption in ethylene, is excluded because the calculated intensity of such 
a transition* is much greater than that observed for the X 1800 region. 
Further, a tlieoretical estimate of the position of the V level of )>C===0 
indicates that the N V transition should lie at shorter wave-lengths in 
saturated aldehydes and ketones than in ethylene and its derivatives. 

One thus concludes that the relatively loosely bound pair of non-bonding 
electrons present in the oxygen atom of the carbonyl group, and not present 
in the ethylenic linkage, is responsible for the existence in saturated alde¬ 
hydes and ketones of a characteristic absorption region of the carbonyl 
group near X 2900 and probably a second one near X1 800. The X 2900 region 
is at much longer wave-lengths than the first absorption of the ethylenic 
linkage. 

If one or more groups are substituted in place of C=C groups in a 
conjugated system of carbon atoms, one or more weak absorption regions 
appear at longer wave-lengths than when no =0 group is present. Thus 
in diacetyl (with two conjugated C^O groups) a weak absorption region is 
found near X 4000 (and a second near X 2900) while in butadiene (two con¬ 
jugated C=C groups) the longest wave-length absorption is a strong region 
near X 2200. The evidence available indicates that this weak absorption 
shifts toward longer wave-lengths as the number of conjugated bonds in¬ 
creases. Since conjugation lowers the energy of the first excited xx type of 
MO while not greatly affecting that of the zf type, this shift of the weak 
absorption toward longer wave-lengths constitutes strong evidence that the 
transition is of the N A and not of the N B type in conjugated (and 
also in saturated) aldehydes and ketones. 

In carboxylic acids and esters the absorption corresponding to the X 2900 
region of the ]]>C==«eO group appears at shorter wave-lengths (near X 2100 in 
acetic add). Estimates on the relative positions of the normal and lowest 
excited states for these molecules seem to explain this behavior satisfac¬ 
torily. ® 

The chromophoric power of the ^C==S group is explainable in the same 
way as that of )>C=»0; the absorption is here shifted toward even longer 
wave-lengths because the non-bonding pair is more loosely bound in sulphur 
than in oxygen. 

It appears then that the characteristics of Burawoy's R chromophores 
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can be explained in many cases in terms of transitions of the N A type 
discussed above. 

' Burawoy, A., Jour. Chom. Sac., 1177 (1939). 

* Burawoy attributes the two types of spectra, respectively, to *'K chromophores'* 
and chromophores/* which he believes cannot occur in the same molecule. He as¬ 
sumes the presence of a mixture of electronic Isomers when a single substance gives both 
spectra. The quantum-mechanical discussion shows, however, that the same molecule 
can give both types of spectra. 

» MulUkctt, R. S., Jour, Ckem, Pkys„ 7,22,121.364, 670 (1039). 

^ Sklar and Fdrster have also explained some of these spectra using the AO method 
of approximation (cf. Fdrster, T., Zoii. EUctrochemU^ 45, 548 (1939) for an excellent re¬ 
view and bibliography). Pauling, L. (these Procbbdings 25,677 (1939)) has recently ap¬ 
plied the same method to the K spectra of dyes. The present paper employs the MO 
method of approximation. 

‘ These (so-called LCAO) forms arc of the type (Ai ** i4*)/(2 **» 25)*^* where A\ and 
At stand for AO's of the two carbon atoms, and S » SMA^. In the present connec¬ 
tion the A may stand for x or else for t (see text). The + signs apply for the bonding 
MO's XX and ti, the — signs for antibondingMO^s xx and it, 

* Pauling, L., The Nature of the Chemical Bond, p. 88, footnote. (Cornell University 
Press (1930).) 

** Actually the longest wave-length region in C1H4 and Us derivatives contains also a 
Rydberg series transition superposed on the JV V transition discussed here. R. S. 
MuUiken, Jour, Chem. Phys,, 7,30 (1939); W. C. Price and W. T. Tutte, Proc, Roy, Soc., 
174Af 212 (1940). In the conjugated polyenes also there are Rydberg transitions, but 
probably all at shorter wave-lengths than the longest wave-length JV F transition. 

^ See Hdckel, Erich, Zeit, Electrochemie, 4J, 762, 827 (1937); a general review dis¬ 
cussing the electronic structure of unsaturated organic molecules. 

* Eastwood, B., and Snow, C. P., Proc, Roy, Soc,, 140A, 434 (1936); Scheibe, G., 
and Frdme!, W., Eucken-Wolf Hand* und Jahrbuch der ch^ischen Physik, 0, Part IV 
(1936), especially from p. 164 on; International Critical Tables, Vol. 5, and Landolt- 
Bdmstein, Physikalisch-Chemische TaheUen, These references give absorption curves 
and further references relating to these and other molecules. 

« Henri, V., and Schou, S. A., Zeit, Phys„ 40,774 (1928). 

» Herzberg, G., and Franz, K„ Ibid,, 76,720 (1932). 

» Gcadstein, 8 ., Zeit, phys. Chem., B22,384 (1983). 

Dieke, G. H.i and Kistiakowsky, G. B., Proe. Nat, Acad, Set., 18,367 (1932); Pkys. 
Rev., 4$, 4 (1934), 

» Herzberg, G., and Teller, £„ ZeU, fd^ys, Chem,, B21,410 (1933). 

Similar features and a similar abs^tion strength are found in the X 2000 region of 
benzene, recently established as a forbidden transition. (Sponer, H.; Kordhetm, O., 
Sklar, A. L., and Teller, £., Jour, Chem, Phys,, 7,207 (1939).) 

» MuUiken, K, S., Ibid,, 3, 664 (1935). 

^ Also Scheibe, G,, and FrOmel, W. (see ref. 6, p. 169) point out that iha intensity of 
this transition in saturated aldehydes and ketones is sensitive to changes in the sub^ 
stituents in harmony with wiiat is expected for a transition of the loribldden type. 

The LCAO forms of the at, xx, xx, J MD^s here are similar to those lor tlueanalogoiis 
M0*8 of Cs»C given in ref. 6. Now, however, Ai refers to 2p« or of oxygen. Fur¬ 
ther, the coefficient of At in the UCAO form is, lor the bemding MO*s, no^r somewhat 
larger than that of At. This oorresponds to the existence ol net negative charge on the 
oxygen. For the antibonding MO*8 xx and d the polarity is reversed* 

^ Reference 3 and foUowing peapm, espedally Jour, Chem, Phys,, March, May, 1940. 
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These calculations will be reported in detail elsewhere by one of the authors. 

•0 Scheibe, G., Povenz, P.. and Linstrdm, C. F., ZtU. pkys. Chmt., B20, 283 (1933); 
Noyes, W. A., Jr., Duncan, A. B. F., and Manning, Winston, /ear. Chem. Phy>., 2, 717 
(1934); Duncan, A. B. P., BlUs, V., and Noyes, W. A., Jour. Amor. Chem. Soc., SB, 14M 
(1936): Price, W. C., Jour. Chem. Phys., 3, 256 (1936). 

» Ley, H., and Arends, B., Zeit. phys. Chem., B12,181 (1931). 

See Ref. 8; particularly Schei^ and Pidmel. 
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SIMULTANEOUS MEASURES OF HUMAN RELATIONS AND 

EMOTIONAL ACTIVITY 

By Eliot D. Chapple and Charles F. Harding, III 
Department of Anthropology, Harvard University 
Communicated April 15, 1040 

The quantitative description of human relations is based upon the 
measurement of the interaction of individuals. This description involves 
the continuous measurement of the durations of actions and inactions of 
observed persons as one acts and another is silent, and also includes all 
instances of interruptions (when both act) and of failures to respond 
(when both are silent). The methods of measurement and the discrimina¬ 
tions used have been described elsewhere, but it must be repeated here 
that in these measurements no attempt is made to evaluate the subjective 
experience of the individuals by interpreting the ‘'meaning” of the words 
and gestures making up the actions. It is believed that a satisfactory 
description of human relations (the adjustment of individuals) is to be 
obtained from the quantitative analysis of the measured values of the ac¬ 
tions and inactions in interaction in terms of the changes in synchronization 
of the interacting individuals. Since the actions of organisms, whether 
”q>ontaneou6” or in response to stimuli, clearly involve modifications of the 
internal environment, we should expect that the “emotions” which play 
such a pronainent part in our subjective experience of relations with other 
people would be directly associated with the interaction. Hence, simul¬ 
taneous measures of human relations and emotional activity ought to 
provide a test of this hypothesis. 

Estimates of the degree of adjustment of individuals to one another and 
of the associated emotions have always played a large part in the accounts 
at human behavior by social and psychological investigators. Ordinarily, 
these accounts have had a frankly subjective character, but in some in¬ 
stances various measures of physiological response have been utilised. 
These have included (to name only those most frequently used) the measure¬ 
ment of the Metrical activity of the brain,* the dectro-galvmiic response,^ 
the heart rate,* the respiration rate,* blood fnessure,* muscular tension/ 
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In eaph case, however, the stimulus elictiag the measured response has al¬ 
ways been qualitative—the presentation to the subject of selected symbols 
supposed to have “emotional” significance. Not only is there no precise 
evidence of the connection of any given symbol with the behavior even of 
a single individual, but the conditions of experiment, when involving inter¬ 
action, introduce further difficulties if interaction can be shown to produce 
alterations in emotional response. In any case, the use of operations to 
obtain a measurement of the magnitude of a physiological response is liable 
to conceal the fact that the nature of the stimulus is such that we are not 
comparing our measured values with measured values (for the stimulus) 
of known dimensions, but rather with qualitatively discrete phenomena 
whose only quantification derives from the measured response. 

In laboratory studies of emotion by physiologists, where the purpose of 
the experiment is to describe the changes in the organism associated with 
the overt manifestation of emotion, there is more evidence, from the nature 
of the experiments, of the relationship between interaction and emotional 
activity. In these studies the laboratory animal, usually a cat, is tied to 
an animal board and then put into a state of rage or fear. This is often 
done by taking advantage of the previous conditioning of the animal and, 
for example, bringing in a dog who barks at and tries to attack the cat. 
The cat responds to the succession of stimuli provided by the dog's actions, 
and the overt activities of the skeletal muscles of the cat in interaction are 
associated with changes in the internal environment produced by the acti¬ 
vation of the autonomic nervous system, measured by changes in heart 
rate, blood sugar and adrenalin concentration, and so on.®*® These mani¬ 
festations of emotional activity involving changes in the neuro-humoral 
system are regarded as the response of the organism to disturbances of its 
equilibrium, or of what Cannon calls homeostasis.'® These disturbances 
may be divided into stimuli of “high” intensity and stimuli which are re¬ 
peated a number of times. In each of these divisions the factor of the 
durations of the periods of the stimulus and the frequency of presentation 
of the stimulus are implicit in the experimental situation, but are ordinarily 
unspecified. 

The use of the electroencephalograph as a measure of emotional activity 
developed from the observations of Hoagland, et a/., on schizophrenics 
undergoing insulin treatment." In 8tud)dng the brain wave records 
marked variations in the so-called delta waves were noticed. It was found 
that an estimate of the amount of delta activity provided a useful and 
quantitative account of changes in the patient’s condition, not only during 
hypoglycemia but also from day to day. In a number of cases studied, 
ch^ges in the state of the patient as reported from the clinical history were 
correlated with changes in the values of the delta index (the measure con¬ 
trived by Hoagland" to quantify the delta waves)* In the course of these 
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observations, it wa*s also observed that marked increases in the delta index 
were associated with emotional crises, and a series of observations was then 
made to test the hypothesis that delta wave activity is directly associated 
with emotion. The technique used was the so-called psychic probe, in 
which material taken from the patient's case history is repeated in the form 
of questions to the patient. These questions referred to situations ap¬ 
parently having strong emotional connotations. Between each question, 
there was a period of silence. Marked increases in the delta index were 
correlated with the periods of questioning.’* 

It was then suggested that the principal source of the delta waves was 
the hypothalamus, since the work of Cannon, Bard and others has demon¬ 
strated that the hypothalamus is the controlling mechanism in the neuro- 
humoral system (responsible for emotion).^*** Using a method developed 
by Grinker,'’* simultaneous records of psychic probe observations were 
made from the occipital region and from a region tiear the hypothalamus. 
Not only does the evidence indicate the strong predominance of the delta 
waves in the hypothalamic record, but Hoagland, et a/., were able to show 
that the delta waves at the hypothalamic lead preceded the corresponding 
delta waves at the cortical lead by an average of about four milliseconds.^^ 

During the summer of 1939, Dr. Hoagland kindly brought to our labora¬ 
tory his electroencephalograph, a new instrument built by Grass, with which 
three simultaneous records could be taken. After preliminary experimen¬ 
tation with the subjects sitting upright, it was decided, in order to avoid any 
possibility of muscle artefacts, to have the subjects in the standard posi¬ 
tion for taking electroencephalograms, namely, lying down on cots with the 
eyes closed. "I'welve conversations between pairs of individuals were then 
recorded, each lasting between fifteen and twenty minutes. After a pre¬ 
liminary control period to obtain the. brain wave record in the resting posi¬ 
tion, the subjects were instructed to talk, and the beginning of the inter¬ 
action marked on the tape. At the same time, Mr. Lin recorded the be¬ 
ginning of the action on the recording apparatus. When the interaction 
ended, another control period was taken and tests were also made to 
eliminate the possibility that any of the muscle activities in interaction 
produced muscle artefacts in the record. The analysis of the records has 
brought out clear-cut relationships between the interaction records and 
brain waves not only for the delta waves but also for the alpha waves 
(Berger rhythm). 

On each electroencephalogram tape, the values of the durations of ac¬ 
tions and inactions for each person were plotted in the order of occurrence. 
This included the double actions (interruptions) and double silences (failures 
to respond). We thus obtain concurrent records of the electrical activity 
of the brain and of the interactions of the individuals. 

After the record of the resting period taken as control at the beginning of 
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the observation was completed, the operator of the electroencephalograph 
gave the command to start talking. In all records, a characteristic “startle 
spike” occurred of which an example is given in of figure 1. In this 
figure, the upper curve represents the brain wave of one individual, the 
lower curve the simultaneous curve of the other individual with whom he 
interacts. The center line has plotted on it the actions and silences of the 
two persons, the upper being the action-silence record of the individual 
whose brain wave record is given above, the lower sequence belonging to 
the individual having the lower brain wave. The vertical lines cutting the 
center line indicate the point at which a change of action takes place. 
The approximately similar position on the records for both individuals, 
and the fact that it is found in all records at the point marked in pencil on 
the tape where the command to begin was given, indicates that this may be 
regarded as an instance of a “startle pattern” in electrical activity. 

(It should be explained, for the benefit of those not familar with electro¬ 
encephalogram records, that alpha waves have a frequency of about ten a 
second and trace out fairly regular sine curves. Delta waves are slower in 
frequency, commonly about four a second, although they may approach 
about one second in their duration. Usually the term delta wave refers to 
all waves slower than alpha waves. In figure 1, where the scale is 3.0 centi¬ 
meters to the second, examples of alpha and delta waves are pointed out.) 

In double silences and double actions predominantly, and ordinarily at 
the beginning and ending of actions and silences, marked changes in the 
electroencephalograph were found. The kind of change seemed to de¬ 
pend upon the amount of alpha activity that the individual was manifesting 
on the given day. Although in a rough approximation, individuals may be 
classified in terms of the proportion of alpha activity on any given meter of 
tape during the resting period, the variation for the individual on different 
days or even within the same day is so great that one cannot properly speak 
of individuals having a high or low alpha predominance since differences of 
twenty-five to thirty per cent or higher occur on different days. When an 
individual, who at the time of observation has a per cent time alpha fre¬ 
quency of about fifty per cent, interrupts or is interrupted or when a double 
silence occurs or when he begins or ends an action or silence, there occurs a 
characteristic damping of the alpha waves, an example of which is to be 
seen in the top record in JE of figure 1 as well as in the bottom record of C 
after the startle spike. Less frequently, besides the damping of alphas a 
marked delta wave wiU appear. In individuals who have a low per cent 
time alpha, and this includes individuals who on other days manifest a 
high alpha frequency (above 60%), there occurs a characteristic flattening 
of the low irregular waves into what is almost a straight line which may 
often be maintained to one side of the abscissa. Examples of this phenom¬ 
enon are given in the lower records of JS and E in figure 1. (It is of inter- 
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est to point out that these two records as well as the bottom record of C 
where there is much alpha activity are taken from the same individual.) 
In other cases, just as for individuals having higher alpha frequencies, clear- 
cut delta waves appear. Two examples of the appearance of delta waves 
are given in the bottom records of D and F in figure 1, the first for a double 
action and the second for a double silence. The waves associated with a 
change from an action to a silence, or vice versa, are illustrated by the upper 
record of D in figure 1 as well as in the extraordinary activity in the upper 
record of C. This latter record also illustrates clearly a further uniformity 
which we have observed. There is always an increase in delta activity 
(recorded by the delta index) at the beginning of interaction. In the 
upper record of C in figure 1 the subject, in a highly excited state, had a 
delta index of 30 during the resting period. This jumped at the beginning 
of interaction, marked “talk," to an estimated 90, where, as is clear from the 
record, the ink writer was forced continuously to the limit of its freedom of 
swing. One further observation is illustrated in the lower record of C in 
figure 1. At the beginning of an action or silence, the alpha waves damp 
out in individuals. (It must be remembered that all individuals had their 
eyes closed so that visual activity was eliminated as a factor in the fading 
of the alphas.) In long actions and in long silences, after a period of fading, 
the alphas came in again. In the record just referred to, at the end of the 
strip shown during all of which time the individual was silent, the alphas 
reappear on the tape. Tliis also happens at longer intervals for cases in 
which the individual is acting rather than being silent. 

Not only did changes of the sort described occur in association with 
double actions and silences and the beginning and ending of actions and 
silences, but changing values of the interaction rates (to be described else¬ 
where) were associated with changes in the frequency of delta waves. 
An individual arrived at the observation room and manifested a given value 
of the delta index in the resting period. Throughout the interaction these 
values changed accompanying changes in the interaction rates. The 
repetition of double actions, for example, and their associated delta waves, 
were followed by trains of delta waves which gradually disappeared, unless 
further stimulation took place. Although these changes may be roughly 
estimated by the use of the delta index, no precise method is available for 
quantification, since it is impossible in all cases to know how the irregular 
activity in the alpha waves or the long swells of over a second are related 
to the delta activity. Moreover, the delta index is not convenient when 
used in association with measures of interaction because of the difference 
in the operations used in the two measurements. 

Characteristic of the interaction record of any individual is the cyclical 
fluctuation in the duration of the actions and silences. The quantitative 
analysis of interaction is based upon the description of these fluctuations 
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and the variations that occur as a result of double actions and double silences 
and the changes in the phase relations of the action and silence values. 
The measurements are all taken in durations of seconds, while the delta 
index is taken in terms of the excess distance traveled by a map measure 
over the long waves (more than 0.10 in period) over the meter distance 
(33.3 seconds). Since actions and silences vary in duration, the arbitrary 
application of the meter provides measures not based on homogeneous 
values of the actions and silences whose relationships provide the basis for 
the analysis. This matter and a preliminary solution will be discussed in a 
future publication. Nevertheless, it should be pointed out that increases 
in delta activity, as one might expect from the discussion in this paper, 
measured in terms of the delta index, vary with the double actions and 
double silences and the relationship of the actions to the silences. 

The precise relationship of brain waves and interaction can only be dem¬ 
onstrated when parameters derived from the quantitative analysis of 
each type of measurement can be shown to be functionally related. Never¬ 
theless, the evidence indicates that changes in the electroencephalogram— 
damping of alphas for high per cent time alphas, flattening in low per cent 
time alphas, as well as the occurrence of delta waves—are associated with 
double actions and double silences and the beginning and ending of actions 
and silences, I'he occurrence of delta waves at these points, and the ap¬ 
pearance of levels of delta activity following changes in interaction, suggest 

that “emotion," if delta activity is a satisfactory measure of these changes, 

¥ 

is produced by changing values of the interaction of individuals. The 
relationship of delta activity with the neuro-humoral system is not only 
indicated by experiments with a hypothalamic lead and the studies on the 
hypothalamus, but also by simultaneous measures of changes in heart rate 
and blood sugar concentration and the delta index.* It therefore seems 
probable that changes in the bodily states (as the physiological evidence 
indicates) must be regarded as activated by the stimulus-response situation 
set up in interaction. In any case, care must be taken in studies of emotion 
to control the interaction of the individuals taking part in the experiments. 

1 Chappie, E. D.. Proc. Nat, Acad, 5«., 26,10 (1940). 

* Chappie, E. D. (with the collaboration of C. M. Arensberg), ‘‘Measuring Human 
Relations,"' Genet, Psychol. Monographs, 22, 3-147 (1940). 

* Hoagland, H., Cameron, D. E., Rubin, M. A., Jour. Gen. Psychol., 19, 227-245 
(1938). 

* landis, C,, Expressions of Emotion in Murchison, C., A Handbook of General Rxperu 
mental Psychology. Worcester: Clark University Press (1934). 

* Boos, E. P., and Ckiidschmtdt, B. F., 7'he Heart Rate. Baltimore: Thomas, 1932, 
pp* xi + 166. 

* Landis, C., Jour. Compar, Psychol., 4, 447-601 (1924). 

^ Luria, A. B., The Nature of Human Confiicis, New York; Liveright, 1932, pp. 431. 

* Bard, P., The Neuro-humoral Basis of Emotional Reaction in Murchison C., A 
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(1934), 

* Cannon^ W. B., Bodily Changes in Pain, Hunger^ Fear, and Rage. New York: 
Appleton (1936). 

Cannoni W. B., The Wisdom of the Body. New York: Norton (1939), 

Hoagland, H., Cameron, E., and Rubin, M. A., Am. Jour. Psychiatry, 94, No. 1, 
183-208 (1937). 
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GALACTIC AND EXTRAGALACTIC STUDIES,VII. MAGNITUDES 

OF FORTY CEPHEIDS IN THE LARGE MAGELLANIC CLOUD 

By Harlow vShaplky. Virginia McKibbkn and Jenka Mohr 

Harvard Cou.egk Observatory 
Communicated April 15, 1940 

1. Introduction. —The Large Magellanic Cloud, with more than thirteen 
hundred known variable stars, offers an excellent body of homogeneous 
material for the study of light-curve characteristics of classical Cepheid 
variables. Of particular interest are the problems of the correlation of 
period with form of light curve and the variation of amplitude with period 
and absolute luminosity. The interpretation of stellar atmospheres will 
obviously be assisted by any reliable evidence on relations between period 
length and the details of light variations that result from pulsations in the 
interiors or in the surface layers of stars. 

On the basis of data obtained for galactic Cepheids. a number of observ¬ 
ers, especially Ludendorff,^ Hertzsprung.^ Lundmark^ and Gaposchkin,* 
have discussed the appearance and location on the light curves of abrupt 
changes in the rate of increase or decrease of light—that is. the occurrence 
of humps or secondary maxima and minima. Although the number of 
adequate light curves has been small, and the observations not altogether 
homogeneous, the indication of variation of form of curve with period has 
been fairly consistent, at least over a considerable range of period. 

We turn to the wealth of material in the Large Magellanic Cloud for a 
further examination of the question for two reasons in particular: 

,(a) We have here a uniform system of apparent magnitudes, suitable 
for many Cepheids that are near together and show a wide variety of 
periods. 

(i) A large number of plates made with the 24-inch Bruce refractor are 
now available. 
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' The faintness of the Cepheids in the Large Cloud, and the various 
photometric confusions arising from the Cloud's background of rich star 
fields and bright and dark nebulosity, make it difiicult to obtain accurate 
magnitude estimates. The results in the present study ore therefore not as 
precise as we had hoped, and our light curves must be considered as a con¬ 
tribution to the study of a question not yet wholly settled. 

2, The Observations .—Space cannot be taken to list and describe the 
two hundred and ninety-seven Bruce plates that are the basis of the in¬ 
vestigation, nor is it possible to publish the individual magnitudes, eighty- 
two hundred in number, of the forty variables measured. The observa¬ 
tions can, however, be made available to any investigator desiring to use 
them. Mean magnitudes will be published soon in Harvard Annals, 90, 
No. 10 (1940). 

The plates used are predominantly in the homogeneous series made in 
the decade of 1926-1936 at Bloemfontein under the supervision of Dr. J. S. 
Paraskevopoulos; but some date back to 1896. The early plates were 
included in order that the periods might be checked and improved, and evi¬ 
dence sought for changes of period. By decades, the numbers of plates 
employed are: 1890-1906,31; 1906-1916,7; 1916-1926,41; 1926-1936, 
195; since 1936, 23. 

In table 1 the stars are listed in order of increasing period. The positions 
can be obtained, if desired, from the coordinates published in Harvard 
Annals, 90, No. 1 (1933). Periods have been carefully examined by Miss 
McKibben, and those of the thirty-four variables previously published in 
Harvard Bulletin 905 (1937) have been revised or determined to a higher 
degree of accuracy. The only revisions necessary, however, were in the 
last decimal places of the values as published; some of the periods had been 
determined only approximately. The corrections to period are given in 
the third column of table 1. For six of the stars the periods had not been 
determined heretofore. 

The magnitudes given in columns five, six, seven and eight are based on 
smooth curves drawn through normal points of five observations each. 
The magnitude estimates were based on five sequences that have been 
thoroughly intercompared and standardized.^ For one star, H. V, 2809, 
the distance from the nearest sequence may have introduced a systematic 
error of two-tenths of a magnitude, but no correction has been made for 
this possible error. The number of observations in the ninth column 
varies because of varied plate-centering and also because plate quality has 
occasionally made advisable the omission of measures on fednt stars. 

In the last column of table 1, the description of the field is intended to 
indicate possible causes of unusual scattering in the observations, unusual 
ranges of variation or faintness produced by obscuring nebulosity. The 
letters h^ve the following meanings; 
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pf poor star field on edge of obscuration 

f, rich star field o, in obscured area 

it average star field (?/, very dense obscuration 

Ct clear of nebulosity d, faint companion star in contact 

d! doubling distorts image and decreases range 


3. The Period-Luminosity Relation .—^From columns four and eight of 
table 1 we find the period-luminosity relation as defined by this limited but 
homogeneous collection of material (Fig. 1). The line through the plotted 
points is 

log P == 7.32 - 0.42W, 


where m is the median apparent photographic magnitude; the relation 
holds in the interval between periods of 2.5 and 50 days. 

The dispersion about the mean period-luminosity curve can be attributed 
to various causes—thickness of the Cloud, intrinsic dispersion, absorption, 
doubling, photometric measuring errors. This scattering, and the period- 
luminosity relation in general, will be discuased in some detail in another 
paper, involving a treatment of the periods and median magnitudes of more 
than four hundred clavSsical Cepheids. 

4. Amplitudes, Periods and Median Magnitudes ,—In figure 2a the rela¬ 
tion of period to range of variation is shown, and in figure 2b the relation of 
range to median apparent magnitude. Except for the small but unknown 
correction for thickness of the Cloud, this second plot could be taken as 
range against magnitude on the absolute scale. 

Again there are outstanding residuals. The three stars H. V. 5954, 
H. V. 2432 and H. V. 999 (circles in both diagrams) have small observed 
ranges which, according to the field description in table 1, are caused by 
doubling—the inclusion of a companion star in the measures. There is 
some evidence (Fig. 1) that these stars also suffer strong absorption, for 
otherwise their median magnitudes should be brighter than shown by the 
circles on the plot of the period-luminosity relation. The three deviating 
low-weight points have been allowed for in drawing the mean curves, which 
are given by 

I 

logP = 1.32.4 - 0.68 
m = -2.63 A + 18.56 

where A is the amplitude in magnitudes, and the relations are applicable 
only in the interval from 2.5 to 20 days in period and from 14.7 to 16.5 
in median magnitude. 

That the amplitude of a Cepheid generally varies with the period has 
long been known,' but a quantitative derivation of the dependence has 
been hindered heretofore by the difficulties of reducing the scattered light 
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curves to a uniform system. The smallest ranges shown in our material 
may be produced by companion stars, but some galactic Cepheids (Polaris, 
for example) exhibit small ranges for which this explanation is less 
acceptable (see Hertzsprung's discussion, loc, cit.), 

5. Period and Form of Light Curve ,—Light curves of the forty Cepheids 
will be published with the observations in the Harvard Annals, Here it 
will suffice to summarize our somewhat indefinite conclusions concerning 
the relations of light-curve forms to period lengths, 

ia) The most distinct relation found in this material is the tendency of 
amplitude to vary with period (and magnitude), illustrated in figure 2. 

{b) Although there is no unambiguous dependence of shape of curve on 
period, the results of Ludendorff and Hertzsprung are roughly confirmed. 
Only three curves show distinctly double maxima, and they are the three 
with periods between 9.5 and 11,3 days. Less distinct secondary maxima 
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Log P 
FIGURE 1 

Period-himinosity relation. 

or humps on the descending branch of the light curves appear throughout 
the series, but are most conspicuous for periods just shorter than those of 
the double-maximum stars. In his discussion of thirty-seven galactic 
Cepheids Hertzsprung finds the nearest approach to double maxima be¬ 
tween 7.6 and 8,4 days, where our light curves are nearly smooth. This 
shift of the phenomenon to longer periods in the Large Cloud may be sig¬ 
nificant in Cepheid theory, if further work definitely establishes the differ¬ 
ence, 

(c) As also noted by Ludendorff and Hertzsprung, the light curves 
approach a symmetrical form when the periods are between 9.5 and 12.0 
days; but the steep ascending branches are rather widely scattered through¬ 
out the whole range of periods, with highly asymmetrical light curves pre- 
vafiing for all periods between 15 and 30 days. 
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(d) If we designate by a the interval of time between maximum and the 
moment of median magnitude on the ascending branch, and by b the in- 

TABLB 1 
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0.612 

10.03 

16.98 

0.95 

16.51 

178 

it e 

2472 

3.606661 


0.657 

15.71 

16.49 

0.78 

16.10 

189 

p.c} 

2795 

3.913320 

+0.00(K)80 

0.693 

16.48 

16.68 

1.10 

16.03 

187 

it e} 

2788 

4.365729 

+0.000271 

0.639 

16.16 

16.20 

1.05 

16.67 

192 

itC} 

2334 

4.691411 


0.671 

15.76 

16.66 

0.91 

16.21 

191 

it tf? 

2826 

4,709949 

+0.000161 

0.673 

16.39 

16.28 

0.89 

16.83 

193 


051 

4.8806486 


0.688 

15.66 

16.67 

1.01 

16.16 

186 

P*c 

2861 

4.93822 


0.684 

15.50 

16.49 

0.99 

16.00 

198 

it c? 

2727 

5.94997 

+0,00063 

0.775 

14.95 

16.16 

1.21 

16.56 

237 

PtO 

2619 

6.97746 

+0.00014 

0.777 

14.72 

16.10 

1.38 

15.41 

214 

pt Ot d} 

5954 

6.13695 

-0.00696 

0.788 

15.61 

16.07 

0.56 

15.79 

237 

P, Ot d 

2773 

6.349005 

-0.000006 

0.803 

15.03 

16,08 

1.06 

16.56 

232 

it c? 

2536 

6,37076 

+0.00025 

0.804 

14.61 

16.82 

1.31 

15.17 

238 

it «? 

2685 

6.6416 

0.0000 

0.816 

14.86 

16.94 

1.08 

15.40 

237 

et d} 

2790 

6.60615 

+0.00015 

0.820 

16.66 

16.46 

0.90 

16.01 

186 

Tt e 

2358 

6.67690 

-0.00690 

0.826 

16.32 

16.02 

0.70 

16.67 

218 

it ^td} 

2337 

6.86365 

-0.00065 

0.837 

14.85 

16.02 

1.17 

16.44 

207 

it el d? 

035 

7.0674 

-0.0003 

0.849 

14.63 

16.82 

1.19 

16.23 

249 

it c? 

2401 

7.1327 

+0.0003 

0.863 

14.80 

15.92 

1.12 

16.36 

218 

PfC 

2762 

7.1943 

-0.(K)43 

0.867 

16.78 

17.04 

1.26 

16.41 

191 

P*o 

927 

7.6282 

-0.0002 

0.877 

14.87 

16.07 

1.20 

16.47 

199 

pt o\ 

2722 

8.02062 

-0.00062 

0.905 

14.47 

16.73 

1.26 

16.10 

220 

it e? 

971 

0.20619 

+0.00581 

0.968 

14.66 

15.66 

I.IO 

16.11 

200 

it el 

952 

9.6716 

+0.0006 

0.981 

14.95 

16.02 

1.07 

15.48 

197 

it e? 

2432 

10.9245 

+0.0005 

1.038 

14.36 

14.97 

0,62 

14.66 

201 

p* Ctd 

099 

11.2363 

+0.0247 

1.051 

14.66 

16.16 

0.69 

14.86 

201 

it cl d\ 

2787 

11.442 

-0.042 

1.068 

14.48 

15.61 

1.03 

14.99 

200 

it el 

905 

11.86787 

+0.00013 

1.074 

14.26 

15.60 

1.40 

14.96 

236 

ft Ot d} 

2463 

13.06235 

-0.00235 

1.145 

13.80 

15.41 

1.61 

14.60 

201 

ptC} 

1006 

14.21141 

+0.00069 

1.163 

14.25 

16.76 

1.50 

16.00 

197 

r ,0 

933 

16.5441 

+0.0009 

1.192 

14.66 

16.16 

1.49 

16.40 

198 

P,e 

1005 

18.709769 

+0.000241 

1.272 

13.96 

16.42 

1.46 

14.69 

199 

it 0? 

1003 

24.388061 

+0.006339 

1.387 

13.22 

14.44 

1.22 

13.83 

201 

it c} 

934 

28.18648 

-0.00648 

1.450 

14.00 

15.60 

1.60 

14.76 

220 

it c? 

963 

47.82607 

-0.12607 

1.680 

12.60 

13.87 

1.87 

18.18 

201 


2447118.0304 

-0.1394 

2.074 

12.66 

13.66 

1,01 

13.16 

201 

P»c^ 


terval between maximum and the moment of median magnitude oa the 
descending branch, the ratio a/b is a measure the asymxaetxy of the 
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light ctirve at maximum. In groups of five stars, in order of increasing 
period, we have: 


Mean P 

2f88 

4f26 

6^68 

6f6l 

7fl6 

9^81 

* 

13^40 

# 

47^55 

m 

Mean a/b 

0.49 

0.87 

0.60 

0.39 

0.35 

0.70 

0.64 

0.38 

Av. dev. 

0.09 

0.05 

0.10 

0.07 

0.08 

0.34 

0.19 

0.13 


Selecting from the sixth and seventh groups the five stars with periods 
between 9.5 and 12.0 days, the values are llfOl, 0.88 and 0.20, showing 
that in this interval of period the asymmetry at maximum is least. If we 


hog P 



16 16 14 13 


in 

VIOURK 2 


Amplitude against (a) logarithm of the period and (b) median photo¬ 
graphic magnitude. 


omit the five stars H. V. 953, 2344, 2447, 2752 and 2796, for which the 
scatter of the individual observations is the greatest, and for which the 
form of light curve may therefore be least securely determined, we have: 


Mean P 

3f30 

4f72 

0''16 

• 

6‘'75 

8^31 

P 

ll'^SS 

• 

20^21 

■ 

Mean a/b 

0.43 

0,40 

0.47 

0.36 

0.41 

0.92 

0.34 

Av. dev. 

0.07 

0.07 

0.12 

0.03 

0.09 

0.17 

0.08 


(^) Evidence for a decrease, with increasing period, in the separation of 
maximum and hump, suggested by Ludendorff and Lundmark, is not 
strong in this material. At the best the shifting is a tendency, not an 
invariable rule; and it is not likely that by increasing the accuracy of the 
individual observatians the exceptions will be comptetely removed. 
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6. Summary,—W\ih what appears to be a homogeneous system of 
magnitude standards, the light curves of forty classical Cepheids in the 
Large Magellanic Cloud have been determined from estimates made on 
plates with the 24-inch Bruce refractor. The whole range of known pe¬ 
riods, from 2.5 to 118 days, is represented, but special attention has been 
paid to stars with periods between four and twenty days. 

Light elements have been found for six of the variables, and the earlier 
values of the periods for the other thirty-four have been revised. 

Abnormally small amplitudes for three variables are attributed to the 
influence of close companion stars. 

Throughout intervals of median magnitude and period that include most 
of the classical Cepheids in the Large Cloud, the amplitude increases with 
period and therefore with absolute magnitude. 

The variation of the form of the mean light curve with the period is 
summarized in Section 5. 

^ Ludendorfl, Astr, Nack.^ 20Q, 217 (1919), and SUzh. Preus. Akad. W'wi,, No. 6 (1929). 

* Hertzsprung, B. A. N., 2, 83 (1924), and 3, 116 (1926); cf. Sohon, B. A. iV,, 3, 204 
(1926). 

* Lundmark, Lund Obs. Circ„ No. 5 (1932). 

* Gaposchkin, these Procbbdinos, 24,1 (1938). 

* For a discussion of the magnitude system, see J. Mohr, Harv, A nn., 105, No. 11 (1937), 
and Shapley, Harv, Circ. 265 (1924). 

* For example, see Landmark’s discussion, Lund Medd.^ Ser. I, No. 128 (1931). 


FURTHER REMARKS ON THE COSMOLOGICAL TIME SCALE 

Bv F. ZWICKY 

Norman Bridge Laboratory of Physics, California Institute of Technology 

Communicated April 5, 1940 

Recent investigations on clusters of nebulae with the 18-inch Schmidt 
telescope on Palomar Mountain suggest that many large clusters of neb¬ 
ulae such as the Coma cluster represent skUisticaUy stationary configura¬ 
tions.^ Calculations show that, if one starts from originally random dis¬ 
tributions of nebulae, the formation of stationary large clusters requires 
periods of time exceeding 10^* years. ^ Consequently, if the process of 
clustering of nebulae has actually reached a stationary state, it follows that 
the short-time scale demanded by the hypothesis of an expanding universe 
is untenable. 

Objections to the considerations just sketched have recently been ad¬ 
vanced by M. S. Vallarta* on the ground that G. Lemaitre's theory® of the 
formation of clusters in an expanding universe was not taken into account. 
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The following lines are intended to show that Lemaitre's considerations in 
no way affect the calculations which I have advanced ‘ in order to demon¬ 
strate that a stationary state of the process of clustering of nebulae can be 
reached only in periods longer than 10^* years. Indeed, the speed with 
which stationary clusters are formed has nothing whatever to do with 
Lemaitre's theory.* The problem of the speed of clustering is entirely of 
a statistical nature and the results obtained depend solely on the number of 
effective encounters among nebulae—that is, on those encounters during 
which appreciable amounts of the linear momenta of the involved nebulae 
are exchanged. Since the number and the effectiveness of such encounters 
depend only on the number of nebulae per unit volume, on the average 
velocity of these nebulae and on the law of interaction between nebulae 
(for which I assumed Newton's law of attraction), Lemaitre’s considera¬ 
tions, which are also based on Newton's law of interaction between neb¬ 
ulae, cannot contribute anything to shorten the period necessary to achieve 
statistically stationary conditions in a large cluster of nebulae. As long as 
the law of interaction among nebulae is assumed to be Newton’s law or 
any law of force not radically different from this law, a large cluster of 
nebulae can reach a stationary state only in a period far in excess of the 
time available in an expanding universe. The conclusion, therefore, re¬ 
mains intact, that the existence of statistically stationary conffgurations 
among clusters of nebulae is in contradiction with the hypothesis of an ex¬ 
panding universe. 

1 F. Zwicky, these Procbedings, 25, 604 (1939). 

* M. S. VttUarla, these Procbbdinos, 26, 116 (1940). 

’ G. Lamaitre, these Procbbdinos, 20, 12 (1934). 

* Lemaitre’s theory as far as 1 can sec merely attempts to delineate the size and the 
material content of clusters of nebulae which may be formed in an expanding universe. 
It is not at all concerned with the question how long it takes for a large cluster to reach 
statistically stationary conditions. 
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THE THEORY OF THE VISUAL THRESHOLD. IL ON THE 

KINETICS OF ADAPTA TION 

By W. J. Crozier 

BioiytKiiCAL Laboratories, Harvard University 
Communicated March 29, 1940 

L The production of a neural effect resulting in visual discrimina¬ 
tion on the basis of brilliance requires the summation of a very 
large number of elements of effect produced by a large number of excit¬ 
able neural units. The expression of the cumulative resultant is in terms 
of “elements of action" which are definable by the analytical relation 
of excitability to time, intensity and other experimentally controlled vari¬ 
ables. Sufficient objective evidence already exists to support the proposi¬ 
tion that the intensity threshold of any one excitable unit intrinsically 
fluctuates. So also does its contributive efficiency in the production of the 
elements of effect. Excitability is defined as the reciprocal of the exciting 
intensity; it exhibits properties justifying the conclusion that, as so defined, 
it is proportional to a simple velocity constant. ^ From these considerations 
it is deduced® that the relation of photic excitability (1/A/o) to exposure¬ 
time must appear as a probability integral in log 4 ,^.. This is thoroughly 
in accord with the experimental data.® 

IL By homologous reasoning it is deduced that threshold excitability 
(1/ A/o) should appear as a probability integral in log tpt where tp is elapsed 
time during dark adaptation. The argument, condensed, is that at any in¬ 
stant the units potentially excitable form a frequency distribution of d(ife), 
where fc is a velocity constant governing excitability; over the finite interval 
required for a measurement of excitability the production of elements of 
effect by units in a given d(k) class will decline with and the frequency 
distribution of elemental effects will then be one of ^texp. d(k), or ’-Itxp. 
d(l/^o)» since k is proportional to a reciprocal time on the organism's time 
scale (/o) ; hence, a frequency distribution oi ad log L Reasons have been 
given* for expecting that this distribution must be Gaussian. If i^xp. w con¬ 
stant, the total effect obtainable is a probability integral in log 1} During 
recovery from light adaptation the frequency distribution of the excita- 
bilities is conceived to form at any moment a frequency distribution of 
d{K), where X is a momentary recovery velocity constant and proportional 
to 1/4; with passage of dark-time, the number of elements in a given d(K) 
class will decline, forming as a function of dark-time a frequency distribu¬ 
tion in terms of —Ipdil/t), and thus of d log tp. At any time tp during 
dark adaptation, the excitability, measured by 1/ A/o, must then also be 
measured by the integral of d log Ip up to log ip. We may take this* like¬ 
wise, to be Gaussian. The tests made are of two kinds; the ability of 
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this function to describe the data, and (more significant) the rational be¬ 
havior of its three parameters when definite experimental conditions are 
modified. 

The examination of this situation supplies a proof of the existence of 
random fluctuations in the individual excitabilities of elements of neural 
effect. Under various conditions of intensity and exposure time for light 
adaptation, the dark adapting elements of effect defined by d(l/ A/)/d log to 



FIGURE 1 

Dark adaptation contours from several sources, put on a prob¬ 
ability grid. The abscissa is log (dark-time, minutes); the 
ordinate is 1/ A/q as per cent of the maximum; A Jo is the threshold 
intensity. 

i—Foveal dork adaptation (red light); Kohlrausch.^ 

^ —"Rod” dark adaptation; Dieter.* 

3 —"Rod” dark adaptation; Hecht, Haig and Chase* (”C. H.”) 
violet light; after light adaptation to 400,000w/. 

The "cone” data are of course relatively more magnified; for 
/, (AJo)m<». is taken as 4616 fiL; for 2, (A/a)«<«. • 6.766 lux; for 
Si (Aj||>)fn<n, 2.76. 

do in fact form a complete symmetrical frequency distribution as a function 

Moreover, the examination^ of measurements of the retinal elec¬ 
trical response R shows that i? is a probability integral in log I for different 
dark-times. This is impossible unless the individual thresholds fluctuate 
at random. 

It has been shown that when area of test-spot is enlarged’ the S. D. of 
the function relating threshold intensity to exposure time increases for the 
**cone'' dements but decreases for the elements. Similar contrasting 
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changes occur with the S. D. of the dark adaptation function.® This sup¬ 
plies a means of showing that dark adaptation is not a matter of increasing 
numbers of neural units available, but depends on the increasing potential 
production of elements of effect. 

III. The visual threshold ATq follows the probability integral law as a 
function of dark-time in all available series of measurements with man and 
all other animals that have been tested. For these measurements, in 
general, no quantitative formulation has been available hitherto. The non- 



lO)t„ 


FIGURE 2 

Data from Mailer,for dark adaptation of *'rod’* elements 
after light adaptation for 1, 2, 5, 10, 20 and 40 min, to 300 lux. 

The minimum value of increases systematically, log ( 
being (in the same order); 0.18, 0.20, 0.20, 0.24, 0.28, 0.32. The 
value of decreases in this order. Note also with increase of 

light-time the decrease in the width of the band measuring the 
statistically constant value of the relative scatter of /j> for each 
light-time; cf. 

(The lines for f^ 20 and 40 min, have been moved, respectively, 

0,1 and 0.2 log units to the right for clearness.) 

specific form of the rule indicates that a general fact of biological organiza¬ 
tion determines its exhibition. This is found in cellular organization and in 
the known spontaneous but lawful fluctuation of cellular performance. 

Several examples are given in figure 1. The three parameters of the 
probability summation are modified by the conditions of observation, but 
this does not alter the analytical form of the descriptive function. 

The changing forms of the dark adaptation contours under various 
experimental conditions are also adequately described by this equation. 
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Systematic modifications of one or another parameter, or of several, are 
found as retinal region, test~spot area, antecedent adaptation, temperature, 
oxygen pressure and other variables are controlled. It is illustrated in this 
way*^ why these 3 parameters are necessary and apparently sufficient for the 
description of the dark adaptation contours. At the same time, there is 
provided a means of precisely and conveniently characterizing the nature 
of the influence exerted by each of these variables. 

Several instances are given in figures 2, 3 and 4. For simplicity, the data 
illustrated in figures 2 and 3 refer only to the *‘rod” portions of the dark 



FIGURE 3 

'"Rod” dark adaptation after light adaptation to different in¬ 
tensities (photons) for a fixed time (2 win.), from Hecht, Haig and 
Chase;* averaged monocular determinations of A/o with violet 
light (data on S. H.). The values for log (AJo)m<i,./ from left to 
right, are: 2.40; 2.37; 2.63; 2.78; 2.74. The slope (i,e., 1/^') 
decreases with increasing light adaptation, the abscissa of inflection 
increases and the horizontal breadth of the band decreases. The 
plots are shifted laterally for clearness. 

adaptation contours. When the time of exposure to an adapting light is 
increased, or the intensity of the adapting light, the homogeneity of the 
frequency distribution of effect thresholds in terms of log tp is increased, 
although its total size (maximum 1/A/o) is less. Under reduced oxygen 
pressure” the population also becomes more uniform but is of decreaised 
total size. This is directly accounted for by the elimination of the most 
light-sensitive, and consequently the most slowly adapting, elements as a 
result of the lowering of oxygen pressure. 

The action of reduction in vitamin-i4 intake is of a slightly different 
character (Fig. 4). Here, the total number of available units is decreased 
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and its standard deviation (“rods'O is decreased or ("cones”) increased, 
but the abscissa of its inflection point changes comparatively little. The 
detailed examination of these matters is considered in another place.* 

IV. The photochemical hypothesis of the visual threshold^ postulates 
that its quantitative properties are determined by the receptive mechanism 



figure 4 

The effect on "cone" (to the right) and "rod" (to the left) dark 
adaptation produced by experimental restriction of dietary 
vitamin^A. These data have been published graphically by Wald, 

Jeghers and Arminio.** The lines 1 refer to the initial normal 
state, the points being read from a graphical analysis’ of a number 
of sets of the measurements with the left eye of one subject. The 
lines 2 carry single observations after 15 days’ restriction of vita- 
min-A; lines 5. after 22 days. Note that the increase of slope 
(i.e., decrease of found in the "rod” data is reversed for the 

"cones;" this is characteristic of the "integration effect" for these 
2 populations of elements,* and is the typical result of increasing 
their number. Here, however, it is accompanied by a decrease of 
total number, and points merely to a facilitation of the integration 
effect accompanying incipient neural injury. 

at the retina, and that these properties describe the reaction-velocity 
kinetics of a physicochemically homogeneous system involving a photo- 
labile substance in equilibrium with its decomposition products. The use 
of this hypothesis has involved further suf^xMtitions, for ezanqple that the 
reciprocal of the exciting intensity, or of its logarithm, is a measure of the 
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sensory effect produced; and basically and explicitly that the occurrence of 
threshold effect (‘^absolute” or differential) corresponds to a fixed, “con¬ 
stant" amount of sensory and photochemical effect. No reason is found 
for the acceptance of any of these assumptions, and the assumption of 
threshold effect constancy is contradicted.* The statistical theory makes 
none of these assumptions, provides an accurate description of the data of 
dark adaptation, and interprets quantitatively the changes induced by 
experimental treatments. This the photochemical hypothesis does not do. 

The statistical theory also accounts automatically for the facts that the 
same analytical form of the dark adaptation contour obtains with all 
animals tested, and that the same kinds of changes are produced—for ex¬ 
ample, by the conditions of light adaptation—in insects and in man. 

V. Summary. The kinetics of dark adaptation, as expressed in the 
change of intensity threshold with dark time, displays the statistical result 
of fluctuating recovery of excitability as regards the elements of neural 
effect produced from excited units with variable thresholds. The form of 
the dark adaption contour does not reveal the physiochemical nature of the 
metabolic process governing receptor excitation. It is simply a Gaussian 
probability integral in which I / A/o is the ordinate and log (dark4ime) is 
abscissa. This can be arrived at deductively. The behavior of its three 
parameters (maximum [1/ A/o|; abscissa of inflection; standard deviation 
of the first derivative) under different experimental conditions of adapta¬ 
tion and of its testing, in various animals, is in accord with this. 

I Crozier, W, J.. Proc. Nat. Acad. Set., 25, 78 (1939); Crozier, W. J., and Wolf, K., 
Ibid., 171 (1939). 

* Crozier, W. J.. Proc. Nat. Acad. Set., 26, 64 (1940). 

* Crozier, W. J,, *The Kinetics of Adaptation,’* to be published elsewhere (1940). 

* E.g., data by Riggs, L. A., Jour. Cell. Comp. Physiol., 9,491 (1937); analyzed in *, 

* Crozier, W. J., “The Kinetics of Adaptation,” to be published elsewhere (1940). 

« Hecht, S.. Physiol. Rev., 17,239 (1937). 

^ Kohlrausoh, A., Pfl. Arch. ges. Physiol., 196,113 (1922). 

« Dieter. W., Pfi. Arch. ges. Physiol., 222,381 (1929). 

» Hecht, S.. Haig. C., and Chase. A. M.. Jour. Gen. Physiol., 20,831 (1936-1937). 

» Muller. H. K., Arch. Opih. Berlin. 125,624 (1931). 

** Measurements by: McFarland. R. A., and Evans, J. H., Amer. Jour. Physiol., 127, 
37 (1939); cf.*, 

** Wald. G., Jeghers. H., and Arminio, J., Amer. Jour. Physiol., 123,732 (1938). 
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EFFECTS OF CERTAIN CHEMICAL TREATMENTS ON THE 
MORPHOLOGY OF SALIVARY GLAND CHROMOSOMES AND 

THEIR INTERPRETATION 

By M. Calvin, M. Kodani and R. Goldschmidt 
Dbpartmknts of ZoOlogv and Chemistry, Univbrsitv of California* 

Communicated April 2, 1940 

The difficulties met with when trying to relate the morphological stnic- 
ture of salivary and other chromosomes to known physico-chemical facts 
regarding the constituent proteins and nucleic acid molecules have sug¬ 
gested an attack involving the observation of chemical reactions within the 
chromosomes. 

We subjected the salivary gland chromosomes of Drosophila melanogaster 
to treatment with solutions of varying pH ranging from 14 to 1 (i.e., 1 N 
base to I N acid). The results of these experiments, in the light of what 
is known about the behavior of proteins and nucleic acids toward acid and 
alkali, have enabled us to make some suggestions regarding the morpho¬ 
logical as well as chemical structure of the salivary gland chromosome. 

We shall present first the experiments (Kodani and Calvin), then the 
morphological interpretation (Goldschmidt) and finally the chemical inter¬ 
pretation (Calvin). 

I. Experimental .—A series of buffered NaOH solutions were made up 
between pH 9.2 and pH 14. The solutions of pH 9.2, 9.6, 10.0 and 10.4 
were borate buffers; those of pH 11.0,11.4 and 12.0 were phosphate buffers; 
those of pH 12.4, 12.7 and 12.9 were glycine-NaCl buffers prepared accord¬ 
ing to S0renson’s method;* and those of pH above 13.0 made by diluting a 
normal solution of NaOH. The salivary glands were di.ssected from larvae 
in Ringer solution and then transferred to a drop of solution of given pH 
on a slide and treated for various lengths of time. The glands were then 
stained with aceto-carmine for several minutes and smeared on the slide. 
The time of treatment varied from 1 to 150 minutes. About 700 glands 
were studied. 

The first observable change in structure of chromosomes after treatment 
is a longitudinal condensation and slight swelling which occur ^multane- 
ously so that the chromatic bands come closer to each other and break up 
into discrete dots (Fig. 2, A and ^41). Thus the chromosomes lose their 
characteristic striations entirely, although they still retain a more or less 
clear outline. The time required to produce tihis structure is different for 
different pH’s. The relative times and concentrations necessary to initiate 
this change are shown in figure 1. It should be noted that various points 
on the curve indicate merely the average times for corresponding pH’s. 

The area above the curve represents the region of chromosome change. 
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Within this area it may be noticed that the chromosomes undergo a defi¬ 
nite sequence of changes as the time of treatment is increased. It is also 
found that tlie type of sequence is different in three different ranges of pH, 
namely, above 13.1, between 13.0 and 12.6 and below 12.6. The points of 
division into these pH ranges are not critical but represent simply the range 
in which there appears a definite preponderance of one type of sequence 
over the others. Each sequence is essentially the same for all pH's within 
each range, and each sequence can be divided into stages. 



pH 


FIGURE 1 

The curve indicates the relation between time and pH 
required to produce initial change. 

The initial change described above is common to all three ranges of pH. 
Within the highest range of pH (above 13) this is succeeded by the following 
three stages. The first of these may be called the lampbrush stage because 
of its striking similarity to the situation in lampbrush chromosomes* At 
the beginning of this stage the chromosome typically shows two longitudinal 
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FIGURE 2 

At photomicrograph of chromosomes in Stage 1. Al, camera-lucida drawing of 
a part of chromosome in the same stage. B, photomicrograph of typical lampbrush 
chromosomes. camera-lucida drawing of the chromosome structure at very 
early lampbrush stage. B2t cameraducida drawing of the structure subsequent 
to J9I. J93f camera-lucida drawing of a part of a chromosome showing difiFerential 
contraction. B4, camera-lucida drawing of lampbrush structure .from photomicro¬ 
graph B. C, photomicrograph of the ladder stage. Cl, cameraducida drawing to 
show details of the early ladder stage. C2, camera-luckla drawing of a part of a 
chromosome in the late ladder stage. X ca. 1350 for all camm-lucida drawings and 
X ca. 1000 for all photomicrographs. 
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beaded strings (chromatids), paired throughout their length, with each 
pair of homologous chromomeres connected by a thin, sometimes beaded, 
transverse thread, which extends on either side to the margin of the chromo¬ 
some (Fig. 2, 31). Subsequently the chromatids synapse, with the lateral 
threads still remaining in the same position (Fig. 2, 32). Although these 
steps may be seen in the same preparation, the proper sequence is indicated 
by relative frequencies of occurrence with respect to time and by the 
synapsed chromatids of the succeeding steps. The chromosome now begins 
to contract longitudinally. This process is suggested by the appearance 
in different parts of the chromatid of groups of larger chromomeres, from 
each of which there extend a number of lateral threads (Fig. 2, 33). 
Each of these larger chromomeres is composed of a number of smaller 
chromomeres, as indicated by the direct correlation between size of chromo¬ 
meres and number of lateral threads. The longitudinal contraction of the 
chromatid proceeds irregularly at first but finally assumes the uniformly 
shortened appearance indicated in figure 2, 34 and 3. This typical lamp¬ 
brush structure marks the end of the stage. It should be noted that al¬ 
though only four strands are shown in figure 2,33, the presence of a quadri¬ 
partite structure may be seen very early in the lampbrush stage and may 
be considered to be present throughout. 

In the next stage the chromosomes lose their lampbrush structure and 
finally become invisible. Occasionally, however, the chromosomes retain 
the outline in faint red color after the chromatic strings disappear, but 
after prolonged treatment these also dissolve without further change in 
structure. 

Within the middle range of pH (13.0-12.7) the following three stages are 
observed. (1) Same as stage 3 in the previous range of pH. (2) At the 
beginning of this stage the chromosome is characterized by two thick 
strings which are connected by a number of fine bridges along their length, 
with numerous short hairs, which may be absent in some preparations, ex¬ 
tending from the strings to the outer side. This structure of the chromone- 
mata is retained until the next stage sets in, except that toward the end 
of this stage the hairs often become very much extended (Fig. 2, C and C2). 
This stage may be called the ladder stage because of its ladderlike struc¬ 
ture. (3) The chromosome loses the ladderlike structure and finsdly be¬ 
comes indistinct. 

Within the lowest range of pH (below 12.6), the chromosomes go through 
the following two stages only. (1) The same as stage 1 of the previous 
ranges of pH. (2) The chromosomes disappear in the nucleus without 
further change in structure. In some chromosomes, however, it is oc¬ 
casionally observed that the achromatic regions dissolve without previous 
condensation or swelling, so that the chromosomes fall apart into bands and 
granules. 
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The time required to initiate various stages varies with pH, and for all 
three ranges the higher the pH the earlier the stages begin. Within the 
highest range of pH the lampbush stage begins within five minutes for all 
pH’s and ends within about two hours and a half. In the middle range the 
ladder stage starts ten to thirty minutes after the beginning of the treat¬ 
ment and seems to persist about the same length of time as the lampbrush 
stage. The times stated here were determined at room temperature. 
Change of temperature considerably alters the occurrence and persistence 
of stages. A detailed investigation of this problem is now being made. 

The presence of nucleic acid in the regions which take acetocarmine 
stain in treated chromosomes was confirmed by staining with Feulgen- 
Rossenbeck reagent. The existence of protein in treated chromosomes is 
shown by the fact that they are stained with ninhydrin. The exact distri¬ 
bution of the proteins at various stages of the treated clnomosomes is now 
being studied. A number of preparations stained with Sudan IV indi¬ 
cated the presence of small amounts of lipoid in the native chromosomes, 
which were removed immediately on contact with alkali. 

There seems to be no specific effect of the various ions used in the several 
buffers, Treatment with 1 N NaCl solution produced no changes in struc¬ 
ture comparable to those of the alkali. There is, however, a general shrink¬ 
age of the chromosome after prolonged treatment with this concentrated 
salt solution, without any definite change in the relative orientation of the 
various parts. This shrinkage seems to be due simply to the dehydration 
resulting from the hypertonic character of the salt solution. On the other 
hand, normal HCl produced no visible changes even after prolonged treat¬ 
ment. Alkalis, such as KOH and NH 4 OH, were found to produce the same 
effect as that of NaOH, indicating that it is the OH ion that produces the 
effect. 

2, Morphological Interpretation. —How can these facts be interpreted 
morphologically in connection with known facts? Two major possibilities 
become visible: either the lampbrush structure is not preformed in the 
salivary chromosome but is an artefact produced by the treatment, or the 
structure is present in the salivary chromosome and made visible by the 
treatment. A comparison with the typical lampbrush chromosomes of the 
ovocytes of lower vertebrates (Riickert,* Carnoy-I^brun,* Mar4chal,^ 
Koltzoff‘) strongly suggests the second assumption. It is, moreover, 
made practically a certainty by Painter’s® discovery, published while this 
paper was being prepared for the press, that in nurse-cell nuclei of Diptera 
a lampbrush structure of the chromosomes is present normally. As all 
the figures of the lampbrush chromosomes indicate, they consist of a central 
single or double chromonema with chromomeres, which, in ovocytes, is 
undoubtedly the stretched prophase chromosome, which later contracts 
into the metaphase chromosome of the meiotic division. The bristles of 
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the lampbrush may appear as loops attached to tlie chromomeres and, if 
covered with chromatin, may even look like transverse discs (see especially 



FIGURE 3 

Diagrammatic representation of the arrange¬ 
ment of chromonemata and nuclein in the salivary 
chromosomes. With minor changes the diagram ap¬ 
plies also to lampbrush chromosomes of ovocytes. 
One-half chromosome represented; the two main 
chromatids in thick lines; part of the bundle of 
other chromonemata in thin lines; nuclein, dark 
without referring to detailed structure. Two possi¬ 
bilities discussed in text are shown on right and left 
side of the diagram. 


Carnoy-Lebrun and Koltzoff). The interpretation of Riickert, later elab¬ 
orated by Goldschmidt,' yras that in this condition trophochromatin ie 
separated from idiochromatin and sloughed off into the nucleus, to be used 
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as material for the growth of the egg. This old interpretation was elab¬ 
orated in a more modem way by Koltzoff, who considers the sloughed-off 
loops as replicas of the chromonexna. The recent knowledge regarding 
intranuclear multiplication of the chromatids by division without nuclear 
division as visible in salivary and other gland nuclei (Geitler, a.o.®) sug¬ 
gested a similar interpretation for the lampbrush chromosomes, namely, a 
multiple division of the stretched chromatid into a bundle of chromone- 
mata of which always one (or two) remain intact as the future meiotic 
chromosomes (idiochromatin) and retain their not completely stretched 
condition, whereas all others stretch completely, therefore form loops and 
are sloughed off as troph<x:hromatin. This slight modification of Kolt- 
zoff^s description was used in the lectures of one of the authors. The 
recent paper by Painter contains the part of this interpretation which re¬ 
lates the lampbrush to multiple division of the chromonemata, which he 
assumes to lead to a storage of nucleinic material in the cytoplasm to be used 
during development for the synthesis of chromosome material. (Painter 
points here to the physiologically identical but morphologically different 
behavior in those cases in which eggs grow by assimilation of nurse cells. 
Much important material pointing in the same direction can be found in 
Goldschmidt's old papers on trophochromatin and idiochromatin,^ as well 
as viewpoints which deserve reinvestigation, starting with our present 
knowledge.) 

Confronting, now, the facts regarding the morphology of the lampbrush 
chromosomes with both the experimental and morphological facts reported 
in the first part of this paper, as well as with Painter's recent discoveries, 
we come to a picture of the morphology of the salivary chromosomes as 
represented in the diagram (Fig. 3). The double chromonema (four in the 
combined salivary chromosomes), which represents the actual chromatid, 
is present but not visible in the untreated s^vary chromosome on account 
of the distribution of the chromatic material (the discs). It becomes visi¬ 
ble only when the action of the alkali concentrates the nucleic acid upon 
these primary chromonemata (Fig. 2). The other chromonemata form the 
loops (the bristles of the lampbrush), being stretched to full length and 
therefore coiling into loops between the serial points of attraction to the 
main chromonema, presumably its chromomeres. These bristles or loops 
are invisible in the normal condition in the salivaries (though visible in the 
ntirse cells, according to Painter) because of their incrustation with nuclein. 
(Again, as in the lampbrush chromosomes of the ovocytes, the main chromo¬ 
nemata represent the idiochromatic part of the chromosome and the un¬ 
folded lampbrush chromonemata the trophochromatic part, functioning 
in the special function of the gland cell.) 

One point, however, cannot be decided yet, i.e„ the details of the ar¬ 
rangement of the nuclein (nucleic add) in the form of dark bands. The 
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facts, as represented in the figures, suggest that the loops are attached to 
the chromotneres of the central chromonema and therefore represent the 
core of the chromatic discs. But it is possible that this picture is a result 
of the contraction after treatment and that in the natural condition the 
chromatic discs would be found between the loops, as indicated as an alter¬ 
native possibility on the left side of the diagram. This latter assumption 
could be brought in line more easily with some morphological observations 
(Bauer®) os well as with the polariscopic facts (Schmidt^®). Further ex¬ 
periments might furnish the decision which is hardly to be reached by pure 
observation. It might finally be pointed out for future use that the 
individual loops of the lampbrush might represent individual polypeptid 
chains (see also Koltzoff). In this case their order of magnitude would be 
10-30,000 A and the whole chromonema would be a superchain of ca. 1000 
such chains. 

3, Chemical Interpretation .—Keeping in mind the spectroscopic and 
enzymatic experiments of Caspersson'^ and his co-workers, the optical 
experiments of Schmidt,^® the stretching experiments of Buch^® and the 
enzymatic experiments of Mazia and Jaeger,’^® we can extend somewhat the 
suggestions based on tlie x-ray work of Astbury and BelF* regarding the 
molecular organization of the chromonema in the light of the present 
results. Other models, e.g,, Wrinch,*^® based upon other suggestions of 
protein structure, have been discussed by Gulick^® and are rejected, since 
they cannot be brought into accordance with all the various facts just 
noted.' 

The essential facts derived from the present experiments are the follow- 
ing: (o) the sensitivity of the chromosome to alkali, together with its 
comparative stability toward salt and acid; (b) the sharp decrease in the 
rate of disintegration as the pH falls below 10; (c) the initial breaking up of 
the transverse nucleic acid bands into discrete spots; (d) the subsequent ’ 
condensation of the nucleic acid into longitudinal strings (four strings in 
each chromosome pair; (c) the appearance of a lampbrush-like structure of 
the protein around the longitudinal strings; (/) the occasional appearance 
at certain pH*s of a comparatively undisturbed chromosome skeleton con¬ 
taining no nucleic acid. (Compare with Mazia and Jaeger.) 

FoUowing Astbury and Bell, the most important elements in the molec¬ 
ular organization of protein fibres are the partially folded and partially 
extended polypeptid chain, together with the fitting of the nucleic acid 
onto the extended portion of the chain. These chains are held together by 
at least two different kinds of bonds. On the one hand there must be large 
groups of chains held together in a bundle by essentially primary valence 
bonds through the various amino acid side groups of the polypeptide chain; 
and on the other hand there must also operate between these primarily 
bound groups of chains, secondary weaker bonds which are very susceptible 
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to chemical or other agents. These secondary bonds are the ones which 
are released by alkali, and the fact that the pH at which this effect begins 
to occur corresponds quite well with the isoelectric point of nucleoprotein 
seems to indicate that we are here dealing with a neutralization of the 
guanidinine ion of tlie arginine residue which is so prevalent in nucleo- 
proteins. The fact that this initial reaction of the chromosome to alkali 
has practically no temperature coefficient (a result of a part of our experi¬ 
ments not included in this paper), whereas the following reactions do, is 
confirmation of the suggestion that we are indeed concerned with a neu¬ 
tralization reaction. This also may account for the fixing property of 
acids. It is interesting to note in this connection the suggestion of Dra- 
wert^^ that the chromosome is actually in a very acid condition, the pH 
being between 3 and 5, so that, in alkaline solutions the hydrogen atom 
forming the bond would be neutralized and so reduce the attraction be¬ 
tween groups of chains, and thus destroy the forces mainly responsible 
for the gross visible structure of the chromosome. The conditions of the 
experiment are much too mild to attack a peptide link or an ester. The 
initial contraction along the length and swelling of the chromosome, to¬ 
gether with the breaking up of the chromatic bands (nucleic acid), is thus 
understood in terms of the relaxation of the forces maintaining the poly¬ 
peptide chains in their relationship to one another and to the nucleic acid. 

It should be kept in mind that none of the various structures herein de¬ 
scribed resulting from the treatment with alkali represent a condition of 
equilibrium of the chromosome or its constituents at the particular pH of 
the solution in which it was immersed. The contact with alkali doubtless 
started a number of parallel or consecutive chemical reactions which the 
fixation in acetic acid stopped at some particular point. I'he resulting 
observable condition is thus the product of several reactions whose rates 
most likely have quite different dependencies upon pH as well as tempera¬ 
ture, so that it is not necessary that the identical sequence of changes be 
observable at different pH’s differing only in the rate of their appearance. 
The unraveling of the various possible reactions, for example, the hydroly¬ 
sis of the esters as well as the breaking of hydrogen bonds or salt links, 
awaits further experiment. 

The next major stage in the sequence of changes is the condensation of 
the nucleic acid into dense longitudinal strings. This tendency of flat 
aromatic molecules to associate with each other, plane upon plane into 
long threads, is characteristic and has been observed for aqueous solu¬ 
tions of sodium thytnonucleate as well as larger flat molecules. This 
takes place after the restraining forces have been released and the nucleic 
acid is free to move, either remaining attached to a loosened polypeptide 
chain, or entirely free of it. The fact that this condensation of nucleic 
add always results in two longitudinal strings for each chromosome pair 
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may mean, as has been suggested in the morphological discussion, that 
these two strings have a primary independent existence in the untreated 
chromosome, or that there are simply two types of pol)rpeptide chains to¬ 
gether with their corresponding acids, and that there is no mixing of the 
two in the condensation process. 

It is hoped that these and many other questions will receive an answer 
as further chemical experiments of this t)q)e are performed. 

* Services rendered by the personnel of Works Progress Administration Official IVoj- 
ect No. 05-1-08-113 are hereby acknowledged. 
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ABELIAN GROUPS WHICH CONTAIN NO MORE THAN 25 

PROPER SUBGROUPS 

By G. a. Millbr 

Department of Mathematics, University op Illinois 
Communicated March 25, 1040 

If a group G is not the identity it contains at least two subgroups, viz., 
the identity and the entire group. These two subgroups arc said to be im¬ 
proper subgroups of G while each of its other subgroups, when the order of 
G exceeds 2, is called a proper subgroup of 6r. The identity is known as an 
actual or real subgroup of G so that G has always one more actual subgroup 
than its proper subgroups, whenever G is not the identity. When G is 
abelian and has an order which is not a power of a prime number it is the 
direct product of its Sylow subgroups and the number of its subgroups is 
the product of the numbers of the subgroups of its Sylow subgroups. If G 
is the cyclic group of order p being an arbitrary prime number, then it 
contains exactly w — 1 proper subgroups. The following elementary 
theorem is frequently useful in the determination of the number of the 
proper subgroups of a given group. A necessary and sufficient condUUm 
that there exists at least one cyclic group whose order is not a power of a prime 
number which contains k but no more than k proper subgxoups^ where k is an 
arbitrary positive integer ^ is that k + 2is not a prime number. 

From ^e preceding paragraph it results that in order to determine the 
number of the abelian groups which separately involve a given number k of 
proper subgroups we may first find the prime power abelian groups which 
contain exactly k proper subgroups, then find the different possible sets of 
positive integral factors of + 2 and determine the number of prime power 
abelian groups for each of these sets of factors. Hence we shall first deter¬ 
mine the numbers of the subgroups of prime power abelian groups which 
separately involve no more than 25 proper subgroups. The simplest case 
is the one in which the abelian group is of order p”* and of the type I* since 
in this case there is a well-known formula for the number of ithe subgroups. 
When w > 3 the number of the distinct subgroups exceeds 26 for every 
value of the prime number p. This is also true when m « 3 except when 
p « 2. In this special case it is known that G contains 14 proper subgroups. 
When w « 2 there are p + 1 proper subgroups in G and for our purpose it 
may be assumed that p < 29. The number of the subgroups as p varies 
from 2 to 23 is os follows: 3, 4, 6, 8,12,14,18,20, 24. 

When G is of type 1 the number of the proper subgroups of Cr is hp + A, 
where it may be assumed that 1 < Jb < 9. As A varies from 2 to 8, andp is 
restricted to values so as to make the total number erf proper subgroups less 
than 26, the number of proper subgroups is as follows: 6, 8, 12, 16, 24; 
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9, 12, 18, 24; 12, 16, 24; 15, 20; 18, 24; 21; 24. When G is of type A, 2 
the value of k is either 2 or 3 since otherwise there would be more than 25 
proper subgroups. When A *= 3 then p — 2 and there are 20 proper sub¬ 
groups in G. When jfe — 2 there are p + I subgroups of order p,p^ + p+l 
of order p^, and /> + I of order p*, making a total of p^ + Sp + 3 subgroups. 
This exceeds 25 whenever p > 3, and is 13 or 21 as /> = 2 or 3, respectively. 
The only case that remains to be considered is when p 2 and G is of type 
2, 1, 1. In this case there are 25 proper subgroups in G since there are 7 of 
order 2, 11 of order 4 and 7 of order 8. 

By means of these results and the theorem stated at the close of the first 
paragraph of this article it is easy to determine all the abelian groups which 
separately contain no more than 25 proper subgroups. When the number 
of these subgroups is less than 15 the corresponding abelian groups are in¬ 
cluded in the lists of all the possible groups which involve a given small 
number of proper subgroups, which were published by the present writer 
in recent numbers of these Proceedings, beginning with volume 25, page 
367 (1939). If an abelian group contains exactly 15 proper subgroups it 
follows from the preceding paragraphs that it is either the abelian group of 
order 64 and of type 5, 1 or the cyclic group of order p being any prime 
number. From the lists noted above it results that there are exactly three 
prime power abelian groups which separately contain exactly l6 proper 
subgroups. Besides the cyclic group of order p”, where p is an arbitrary 
prime number, these are the abelian group of order 7® and of type 2, 1 and 
the abelian group of order 3* and of type 4,1. 

If an abelian group whose order is not a power of some prime number 
contains exactly 16 proper subgroups it contains 18 subgroups altogether. 
It may therefore be any one of the three cyclic groups whose separate orders 
are pipi?p%{pu P% and p% being distinct prime numbers), pip*? or Pi^p?. 
It may also be the direct product of the non-cyclic group of order 9 and the 
cyclic group of order p*, where p is an arbitrary prime number with the 
exception of 3. Hence ther€ are seven abelian groups which separately con¬ 
tain exactly sixteen proper subgroups. One of these is composed of a triply 
infinite system of individual groups* two of them are composed of doubly 
infinite systems, two of simply infinite systems, while two are individual 
groups. If an abelian group contains exactly 17 proper subgroups its order 
is a power of a prime number since 17 + 2 is a prime number. It is there¬ 
fore the cyclic group of order p“, where p is an arbitrary prime number. 

It was noted above that there are fotur prime power abelian groups which 
separately contain exactly 18 proper subgroups. These arc the cyclic 
group of order p**, where p is an arbitrary prime number, the non-cyclic 
group of order 17®, the abdian group of order 5* imd of type 3, 1, and the 
abel^ group of order 2^ and of type 6,1. If an abelian group which con¬ 
tains exactly 18 proper subgroups has an order which is not a power of a 



352 


MATHEMATICS: G. A. MILLER 


Proc. N. a. S. 


prime number it may be the direct product of the cyclic group of orders Pu 
pt and ^8*, pu pi and pz being distinct prime numbers. Whenever its order 
is divisible by three distinct prime numbers it may also be the direct prod¬ 
uct of the four group and the groups of orders and pzt respectively, where 
px and Pz are arbitrary distinct odd prime numbers. When its order is 
divisible by only two distinct prime numbers it may be either the cyclic 
group of order pi^pz^, where pi and pz are arbitrary distinct prime numbers 
or the cyclic group of order pipz^. 

It may also be the direct product of the four group and the cyclic group 
of order p^, where p is any odd prime number, or the direct product of the 
non-cyclic group of order 49 and the group of any prime order except 7, or 
the group of order 27 and of type 2, 1 and the group of any prime order 
except 3. Hence there are eleven distinct abelian groups which separately 
involve exactly eighteen proper subgroups. One of these is a triply infinite 
system of groups, three are doubly infinite systems, four are simply infinite 
systems, while the remaining three are individual groups. If an abelian 
group contains exactly 19 proper subgroups and its order is a power of a 
prime number it is the cyclic group of order p^. If its order is not a power 
of a prime number it is the direct product of two Sylow groups which involve 
3 and 7 subgroups, respectively. It is therefore the cyclic group of order 
Pi^P^y pi and p% being distinct prime numbers. 

The 4 prime power abelian groups which separately contain 20 proper 
subgroups are the cyclic group of order p being any prime number, the 
non-cyclic group of order 19^, the abelian group of order 3* and of type 5, 1, 
and the abelian group of order 2* and of type 3, 2. If an abelian group 
whose order is not a power of a prime number contains 20 proper subgroups 
it is either the cyclic group of order pipz^^^ pi, and Pz being distinct prime 
numbers, or the direct product of the group of any odd prime order and the 
abelian group of 16 and of type 3, 1. Hence there are six abelian groups 
which separately contain exactly twenty proper subgroups. If an abelian 
group contains exactly 21 proper subgroups it is a prime power group and 
hence it is one of the following three groups: the cyclic group of order 
p being any prime number, the abelian group of order 2* and of type, 7, 1, 
or the abelian group of order 3^ and of type 2, 2, If a prime power abelian 
group contains exactly 22 proper subgroups it is the cyclic group of order 
p being any prime number. If the order of such a group is not a power 
of a prime number then it is the direct product of prime power groups in¬ 
volving one of the following sets of numbers of subgroups such that the 
subgroups in each set have orders which are powers of distinct prime num¬ 
bers; 2,2, 2, 3; 4, 2, 3; 8, 3; 2, 2, 8; 4, 6; 2,12. 

The fourfold infinite system of cyclic groups of order piptpzpAK pu pt, pit 
pi being distinct prime numbers, is composed of groups which separately 
contain 22 proper subgroups and will be regarded as a single group in accord 
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with the enumeration employed above. Similarly, the triply infinite sys¬ 
tem of cyclic groups of order pipt^p^^ is composed of groups which sepa¬ 
rately involve 22 proper subgroups. There is a doubly infinite system of 
cyclic groups whose order is of the form p\ and p 2 being distinct prime 
numbers which separately contain 22 proper subgroups. The direct prod¬ 
uct of the abelian group of order 8 and of type 2, 1 and the cyclic group of 
order p^^ p being any odd prime number, and the direct product of the non- 
cyclic group of order 25 and the cyclic group of order />*, where p is any 
prime number besides 5, also contain 22 proper subgroups. 

The triply infinite system of cyclic groups of order pip%pz^^ pu p2 and pz 
being distinct prime numbers, is composed of groups which separately con¬ 
tain exactly 22 proper subgroups. This is also the case as regards the doubly 
infinite system composed of the direct product of the non-cyclic group of 
order 9 and tlie cyclic group of order pjpz, pi and pz being any distinct prime 
numbers except 3. The doubly infinite system of cyclic groups of order 
pi^pz^f pi and p2 being any distinct prime numbers, is also composed of 
groups involving separately 22 proper subgroups. This is also true with 
respect to the simply infinite system composed of the direct product of the 
non-cyclic group of order 9 and the cyclic group whose order is the cube of 
any prime number besides 3. Finally, when G is the cyclic group of order 
pih^K pi and pz being any distinct prime numbers, it contains 22 proper sub¬ 
groups, The total number of the abelian groups which separately contain 
exactly twenty-two proper subgroups is therefore eleven, infinite systems of 
groups of the same structure being regarded as individual groups. 

If an abelian group contains exactly 23 proper subgroups and has an 
order which is a power of a prime number it is the cyclic group of order 
p being an arbitrary prime number. If its order is not a power of a prime 
number it is the direct product of two Sylow subgroups which separately 
involve 6 subgroups. It is therefore either the cyclic group of order 
pi and P% being distinct prime numbers, or the direct product of the four 
group and the cyclic group of order p\ p being any odd prime number. 
It was noted above that there are 7 prime power groups which separately 
contain exactly 24 proper subgroups, viz., the cyclic group of order p 
being any prime number, the non-cyclic group of order 23®, the abelian 
group of order 11 * and of type 2,1, the abelian group of order 7^ and of t3rpe 
3, 1, the abelian group of order 5^ and of type 4, 1, the abelian group of 
order 3^ and of type 6, I, and the abelian group of order 2® and of type 8, 1. 
If an abelian group contains 24 proper subgroups and has an order which is 
not a power of a prime number it is the direct product of two Sylow groups 
which involve 2 and 13 subgroups, respectively. Hence it is the cyclic 
group of order pipz^^, pi and pz being distinct prime numbers. 

It remains only to consider the abelian groups which contain exactly 25 
proper subgroups. It was noted above that there are exactly two prime 
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power groups which have this property, viz., the cyclic group of order 
p being any prime number, and the group of order 16 and of t3TH5 2, 1, 1. 
If an abelian group whose order is not a power of a prime number contains 
eitactly 25 proper subgroups it is the direct product either of two prime 
power groups whtch separately contain 3 or 9 subgroups or of three prime 
power groups each of which contains three subgroups. In the former case 
it is the cyclic group of order pi and pt being distinct prime numbers, 
while in the latter case it is the cyclic group of order px^p^^p%^f PuPtt pz being 
any three distinct prime numbers. Hence there are four abelian groups 
which have the common property that each of them contains exactly twenty-five 
proper subgroups. 


ON THE INTERSECTIONS OF IRREDUCIBLE COMPONENTS IN 
THE MANIFOLD OF A DIFFERENTIAL POLYNOMIAL 

By J. F. Ritt 

Department op Mathematics, Columbia University 
Communicated March 19, 1940 

1. Formulation of Theorem. —Let S be a system of differential poly¬ 
nomials in yi, ..., yw* An essential irreducible manifold in the manifold of 
Z will be called an irreducible component (often simply component) of the 
manifold of 2. 

Let F be a form in yi, ...» y„. Two components of the manifold of F 
may have solutions in common. We are going to present a simple sufficient 
condition for a solution of Fto belong to only a single component. 

For t « 1, a letter y^, (j ^ 0), will be called a letter in F if the 

order of F in y,- is at least j. We prove the following theorem. 

Theorem : Let Fbea form in yi, ..., y„. Let 

yit * • *»y» (1) 

be a solution of F, If there is a letter yij in Fsuch that dF/dyij w not annulled 
by (i), the solution (i) is contained in only a single irreducMe component of 
the manifold of F. 

In particular, if F vanishes for y^ » 0, f 1, ..n, and, considered as a 
polynomial in the y^, contains at least one term of the first degree, the 
solution y^ « 0 belongs to only one component. 

2. Proof, —Let F^ denoted the jth derivative of F. We know that F 
con be decomposed into irreducible systems by dioosing a sufficiently large 
integer p and resolving the system 

(2) 
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considered as a set of simple forms, into indecomposable S 3 r 5 tems. We 
shall show that, for any p ^ 1 , ( 2 ) yields only one essential indecomposable 
system which vanishes when each yy in ( 2 ) is replaced by yij as determined 
by (1), This will prove our theorem. 

Reassigning the subscripts of the y, if necessary, let us assume that one 
or more dF/&yy do not vanish for ( 1 ) and let m be the greatest value of j 
for which vanishing does not occur. Putting the forms in (2) equal to zero, 
we secure a set of equations which we shall regard as equations to be solved 
for those yi, „ + y for which 0 ^ J ^ p, in terms of x and the other y,* in ( 2 ). 

Let { be a vsJue of x at which the coefficients in F and the functions in ( 1 ) 
are analytic and at which bF/dyim does not vanish for (1). Let (ji 1 repre¬ 
sent, collectively, the values at x = { of the yij in the solution of ( 2 ) derived 
from ( 1 ). 

The forms in (2) vanish at the point [i;] in the space of jc and the yij in 
( 2 ), We shall examine, at f, [n]» the Jacobian with respect to yi„, 
yu m Jr p ot the forms in (2). In the first row of this Jacobian, which row we 
understand to consist of partial derivatives of F, only the first term dF/^i„ 
fails to vanish at [n]. To treat the other tows, let us imagine the forms in 
(2) expanded in powers of the various differences yij — yy. The expansion 
of F will contain a term — yi^) where a is the function of x to which 
dF/dyifn reduces for (1). By the nature of m, Fj must contain the term 
o(yii m +1 - yn « + 1 ) can have no term fi(yu - y^) with j > m + 1 , 
Thus, in the second row of the Jacobian, the value of the second element at 

[if] is that of i>F/i>yiftt and the elements which follow have zero values. 
Continuing, we find the value of the Jacobian at f, [ 17 ] to be the (p +■ l)th 
power of the value of SF/dynH. 

Thus, for the neighborhood of f, [n], yim» • •» yi» m + p are determined by 

our equations as analytic functions/«. f^^pofx and the remainingy^^. 

By specializing the y^y in the / as functions of x, we can construct solutions 
of (2). Indeed, we secure in this way all solutions of (2) which, in an area 
contained in a small neighborhood of ap approximate closely to the 
solution of ( 2 ) derived from ( 1 ). 

Some essentid indecomposable system—call it S—in the decomposition 
of (2) must vanish when y^,,,, . . ., yi, „ 4. ^ are replaced by their/. This 2 
must vanish for the y^y. If an indecomposable S 3 rstem 2 ^ which 2 does not 
hold vanishes for the yyy, 2 ' has solutions which are not in the manifold of 2 
and which approximate closely to the y>y* Thus, by what precedes, 2 is 
the only indecomposable system secured from ( 2 ) which has the y^,* as a 
solution. Q. £. D. 

3. The Higher Cases. If one allows all of the bF/dyij to vanish and 
requires the non^vanishing of one or more partial derivatives of the second 
order, there is no upper bound to the number of components to which e 
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solution may belong. We illustrate this by an example in the single un¬ 
known y. Let 

F - ys* + n [{x + j)yi ■» y] 

j « 1 

where m is any integer greater than unity. Now (x + j)yi — y has 
{x + i)y 5 t as derivative and therefore has, for every j, a manifold which is a 
component of F, The solution y == 0 belongs to every such component. 


DIFFERENTIALS OF FUNCTIONS WITH ARGUMENTS AND 
VALUES IN TOPOLOGICAL ABELIAN GROUPS^ 

By a. I). Michal 

Department of Mathematics, California Institute of Technology 

Communicated April 16, 1940 

1. Introduction, —By a topological abelian group T (t.a.g. T) we shall 
mean an abstract abelian group—written additively—such that (a) the 
function ac + y and the inverse function — are continuous functions 
(neighborhood continuity) of both variables x and y and of the variable oc, 
respectively, with respect to a postulated Hausdorff topology; (ft) given 
any y tT and any Hausdorff neighborhood of 0 € T, there exists a “posi¬ 
tive integer" n such that* ytnU. 

In this note we shall give brief indications of a differential calculus for 
functions/(ic) with x € t.a.g. Tx and values in a t.a.g. Ji. Proofs and further 
developments will appear elsewhere. 

The real number system has entered into the various differential calculi 
studied so far in one or more of three ways: (1) through the independent 
and dependent variables; (2) in the topology via a numerically valued 
metric or norm; (3) as a multiplicative domain. The differential calculus 
announced in the present paper does not employ the real numbers^ thus giving a 
new flavor to an ancient subject and its modern generalizations» 

2, First Order Differentials, —A first order differential/(^Co; fix) is defined 
as follows. In the definition of an M-differentiaP given in the paper LTS 
interpret Tx and Tg to be t.a.g. and not necessarily linear topologies spaces. 
Then replace condition 2 (6) by the condition 

«{ro, »i, wJCa) « n €(*o, Xu xi} 

for all ^'Positive integers'* n^ for all Xi in some Hausdorff neighborhood ofOe Tu 
and for all xt e Tt, To complete the definition add the following condition: 

2 (d). There exists a Hausdorff neighborhood W of 0 e Tx with respect to 
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which the following property holds: given a Hausdorff neighborhood V of 
0 6 7 2 , there exists a Hausdorff neighborhood U{V) of OtTi such that 

Xu x^z) e V for c U( V) and X 2 f W. 

The h)llowirig theorems have been proved. 

Theorem I. Let f{x) be a function with values in a t,a,g. and defined 
on a Hausdorff neighborhood of e 7\. If fix) has a first order differ¬ 
ential fixo; 6x) at X — Xot thenfixoi 53c) is unique* for all bx€T\, 

Corollary. If fix) has a first order differential at x — xo, then fix) is con- 
tinuous at x — xo. 

Theorem II. Iffiix) andfiix) have first order differe^ttials at x — Xo, then 
fiix) — ^nffiix) ^ fhfiix) (w] and positive integers) has a first order 
differential at = :ro given by 

fiixo; dx) = ^nfiixu; 6x) ^ ttif^ixo; Bx). 

Theorem III. Let Tu T'a* he txi.g,, not necessarily distinct, and a 
Hausdorff neighborhood of Xq e 1\. If fix) on to I\ has a first order 
differential atx — Xo and if <l>iy) onfi Ux) to Ts has a first order differential at 
Vo — fix{\), then rf'ix) — </>ifix)) has a first order differential at x — X\i given by 

\pixo\ 5x) = /(xm; 6x)). 

Theorem IV. The property of first order differentiability of a function 
with arguments and values in topological abelian groups is invariant under 
topological isomorphisms of the topological abelian groups. In particular, 
the invariance^ is maintained under a passage to equivalent Hausdorff topolo¬ 
gies of the topological abelian groups. 

Theorem V. If the topologfcal abelian groups T\ and are linear topo¬ 
logical spaces and if f{x) has a first order differential at x — x^tTi, then the M- 
differential of fix) at x ^ x^ exists and the two differentials are equal. The 
validity of the converse statement is an open question. 

Theorem VI. If the topological abelian groups Ti and are complete 
normed linear spaces {Banach spaces) and if fix) has a first order differential 
at X = Xo e Tu then the Frichet differential of fix) at x ^ Xo exists and the two 
differentials are equals Conversely if fix) has a Frichet differential atx ^ Xo, 
then a first order differential {in our sense) affix) at x — Xq exists and the two 
differentials are equal. 

We remark here that if we dispense with condition 2 (c) in the definition 
of a first order differential, then all the above theorems except Thec^rem V 
continue to hold. 

3, Second Order Differentials .—»th successive, first order differentials 
can be defined inductively whenever the (n — 1 )st successive first order 
differential exists for x in a neighborhood of an element Xo. In this section, 
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however, we shall turn our attention to an inductive definition of «th order 
differentials at x == Xq by assuming the existence of the (n — l)st order 
differentials and the preceding differentials merely at the element x ™ Xo. 
For the purposes of our brief exposition, we shall do this here only for second 
order differentials. 

Let Fi be a t.a.g. and T 2 a t.a.g. with 0 as the only element of finite order. 
Let /(x) possess a first order differential /(xo; 5x) at x =* Xo. A function 
/(xo; 6 ix; 52 x) will be called a second order differential of /(x) at x = Xo with 
increments 6 ix and 5aX, if 

( 1 ) /(xo; fijx; 5ax) is a 2 -uniform symmetric bilinear function; 

( 2 ) there exists a function €(xo, Xi, X 2 , Xa) with arguments in 7\ and 
values in T 2 such that 

(a) e (xo, 0 , Xa, Xg) == 0 for all Xj, X 3 e Ti, 

(b) € (xo, Xi, «xa, wxa) — nm €(xo, Xi, Xa, Xs) for all “positive integers" n 
and w, for all Xi in some Hausdorff neighborhood of 0 € Tu and for all 

X2, Xg € T'if 

(c) €(xo, Xi, X 2 , Xi) is continuous in (xi, X 2 , X 3 ) at Xi = 0 , Xj = Xa, xg = xg 
for all X 2 , Xg € Tu 

(d) there exist neighborhoods Wi and Wi of 0 € Ti with respect to which 
tlie following property holds: given a neighborhood F of 0 € Fa, there 
exists a neighborhood i[ 7 (F) of 0 € Ti such that c (xo, Xi, xa, Xg) « V for Xi « 
U(V),X2^WuXz€W2; 

(3) there exists some neighborhood iV of 0 « 7\ such that for all Bx t N, 
/(xoi 6 jx; 5ax) is a second order approximation to the difference/(xo + 

" fM i« the sense that 2[/(xo + Bx) - /(xo) -*• /(xo; Bx)] — /(xo; 
5x; Bx) = « (xo, 5x, 5x, Bx) for all 5x e N, 

Theorem VII. If a second order differential f{x()\ 5ix; Sax) of f(x) exists at 
X = Xo, then it is unique^ for all 5ix, B^x e Tu 
Theorem VIII. ///i(x) and ftix) possess second order differentials at 
X = Xo, then the second order differential of »*=«i/i(x) =** «j/a(x) exists at x xo 
and is given by *«i/i(xo; 5ix; Sax) ^ W 2 /*(xo; S\X] B^x), 

Theorem IX. Let Ti be a and T% and Tz hvo La.g, without ektnenls 
of finite order other than their 0 elements ^ and let £ 7 * be a Hausdorff neighbor¬ 
hood of Xo e Tu If f{x) on Ux to T% possesses a second order differential at 
X Xo and if <p(y) on f{Ux) to Tz possesses a second order differential at 

yo “ /(^o), then p(x) « <l>{f(x)) possesses a second order differential of x » xo 
given by the formula 

Pixo] Six; Bzx) « ^(/(Xo); /(xo; Bix); /(xo; 5«x)) + <;^(/(xo); /(xo; 6ix; 6jx)). 

Corollary. The correspondent of Theorem IV for second order differ¬ 
entiability of a function. 

In conclusion, we wish to remark that with the aid of the concept of a 
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product topological space it is possible to treat total differentials of func¬ 
tions of several t.a.g* variables, 

^ The results on first order differentials were presented to the American Math. Society 
at the Pasadena meeting, Dec. 2, 1939. 

* By nx we understand the group sum je + a: 4* ... 4 x with n summands. Similarly 

~nx will stand for the group difference —x — ae x. If 5C 7\ then by nS we 

mean the set of a^ elements nx with x c 5. Clearly, condition (A) in the definition of a 
t.a.g. r become!! redundant whenever T is specialised to be a linear topological space 
with real number multipliers. It is of interest to note here that throughout the whole 
paper, the Hausdorff separation axiom can be replaced by the weaker Fr6chet separation 
axiom. 

* Michal, A. D., “Differential Calculus in Linear Topological Spaces,” these Procebd- 
INOS, 24, «340"342 (1938). The abbreviation LTS will be used to refer to this paper. 
See also Michal, A. D., “General Differential Geometries and Related Topics,” Bull. 
Am^. Math. Soc., 45, 529-568 (1939). 

* Condition (h) in the definition of a topological abelian group is used in this paper 
only to prove the uniqueness of the differentials for all values of the increment. More¬ 
over the uniqueness Theorem I continues to hold even if Tt does not satisfy condition 
(A). This makes possible a treatment of differentials of set-valued functions of a t.a.g. 
variable. We also plan to study differentials of functions of point set variables. 

* If 7\ and 7"* are Banach spaces, then PYfehet differentiability is invariant only under 
a passage to equivalent Banach topologies of T\ and Tj whereas our differentiability is 
invariant under a passage to equivalent Hausdorff topologies of Tx and T^. 

* We treat briefly polynomials and their polars with t.a.g. variables and then apply 
them to the proof of Theorem VII and its extensions. 


TRIANGULATED MANIFOLDS WHICH ARE NOT BROUWER 

MANIFOLDS 

Bv Stewart S. Cairns 

DEPARTME>fT OP MATHEMATICS, QUBKNS COLLBOE, NeW YorK 

Communicated March 29, 1940 

The following results, which will be elaborated elsewhere, grew from a 
study of Brouwer's definition^ of a manifold, in its connection with ques¬ 
tions of differentiability, analyticity and polyhedral imbedding. We first 
enumerate several definitions: 

(1) Topological m-mamfold: A connected topological space which can 
be covered by a denumerable set of neighborhoods, each of which is an m- 
ceU. 

(2) TfiangtdabU manifold: A topological manifold which can be sub¬ 
divided into the cells of a complex. 

(3) Star m-manifold: A triangulated m-manifold on which the region 
covered by the star of any vertex is an m-cell. 
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(4) Brouwer m-manifold:^ A star m-manifold for which the star of each 
vertex can be mapped homeomorphically into a euclidean w-space, so 
that the image of each w-cell of the star is an w-simplex. 

(5) Differentiable [analytic] m-manifold: A topological w-manifold 
which can be covered with local coordinate systems having w-cells for do¬ 
mains, such that the transformation between any two of the systems on the 
intersection of their domains is differentiable [analytic] witli a non-vanish¬ 
ing Jacobian. 

A few results can be stated in partial answer to the general question 
whether any two of the above classes of manifolds are topologically equiva¬ 
lent in the sense that an arbitrary member of cither class has a homeo- 
morphic image in the other. For w < 3, all the classes are known to be 
equivalent. Whitney’s work^ shows that differentiable and analytic 
manifolds are topologically equivalent. In a forthcoming paper,® the 
writer shows that the classes numbered (2) to (5) are all equivalent for 
m = 3. Each of the classes, as arranged above, is topologically equivalent 
to a subset of each preceding class.^ The following theorem is new. 

(A) For ei^ery m > 3, there eocist star m-manifolds which are not Brouwer 
manifolds. This is equivalent to saying that there existst Jar every m > 3, a 
star of simplexes which is an m-cell but cannot he mapped into an ET by a 
homeomorphism linear on each simplex of the star. 

This result is but one of the implications of a triangulation, r, of an (m — 1 )- 
simplex, 5 (w — 4, 5, constructed by the writer in such a fashion 
that T is not homeomorphic to any rectilinear triangulation of 5. Other 
results depending on the existence of such a triangulation are stated below. 

By a polyhedral representation of a triangulated manifold, we mean the 
image of the manifold in a euclidean space under a homeomorphism which 
sets each cell of the triangulation into correspondence with a euclidean 
simplex. The following theorems then hold. 

(B) Every triangulated m-sphere, m < 3, has a convex polyhedral repre¬ 
sentation in E*” \ For every m 3, there exist triangulated m-spheres 

which have no convex polyhedral representations in \ 

(C) Given a finite simplicial complex, K, let n be the smallest number such 
that K has a polyhedral representation in Ef. Then n is not, for every K, in¬ 
variant under stMivisions. In some cases, n can be made alternately to in¬ 
crease and decrease during a sequence of successive subdivisions. 

A polyhedral w-manifold, P^, in is said to be in normal position, if 
there exists a continuously varying transversal (« — m)-plane'^ w** ~ ^{p) as p 
ranges over P*". A Brouwer m-manifold, M, is characterized by the fact 
that it has a polyhedral representation, P^, in an JE”, such that transversal 
(n — w)-planes exist at each vertex. The writer has partly treated (see H) 
the question of the possibility of extending the definition of these trans¬ 
versal planes over the whole of P*”, thus showing it to be in normal position. 
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If and only if this can be done, it is possible (see If) to apply Whitney's 
method® of constructing an analytic approximation to and hence a 
homeomorphic image of M in the class of analytic manifolds* Hence part 
of the significance of the following statement* 

(D) The star manifolds of Theorem (*4) above do not admit polyhedral 
representations in normal position. For every m > 3, there exist stars of 
simplexes which are m-cells but do not admit transversal (n — myplanes no 
matter how they are polyhedrally represented in any JE“. 

It is uncertain whether, by changing the triangulation, these same star 
manifolds can always be made into Brouwer manifolds. If not, then there 
exist manifolds which cannot be made differentiable.^ 

{E) Bromver's definition^ of an m-manifold is not invariant (m > 3) under 
subdivisions. 

Some of the above results have interesting interpretations in the space, 
n, of (« ~ w)-planes through a point, O, in jB”. A subspace of TI is the 
space IT(5) of planes transversal to a given star, 5, of m-simplexes incident 
with 0. The space 11 can be defined with the aid of Vahlen's relations 
among the determinants of a matrix, and 11(5) is then definable by supple¬ 
mentary conditions on these determinants. For the cases where 5 admits 
no transversal (w — w)-plane, we have the algebraic result that the system 
of equations and inequalities defining n(5) is inconsistent. 

^ L, E. J. Brouwer, "Obcr Abbildungen von Mannigfaltigkcitcn,” Math. Ann., 71, 
,97-116 (1912). 

* Hasslcr Whitney, “Differentiable Manifolds/’ Ann. Math. 37, (>45-680 (1936), 

* S. S, Cairns, “Honieomorphisms between Topological Manifolds and Analytic 
Manifolds/’ to appear in the Ann. Math. This paper is hereafter referred to as H. 

* For every differentiable manifold can be triangulated into a Brouwer manifold. 
This follows, with the aid of Whitney's imbedding theorem (loc, cit.), from certain results 
obtained by the writer. See S. S. Cairns, ''Polyhedral Approximations to Regular 
Loci/' Ann. Malh. 37, 409-415 (1936). 

* Such a plane is characterized by the conditions that it pass through p and make 
angles bounded away from zero with the secants of a neighborhood of p on P”. 
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MUTATIONS AND REVERSIONS IN REPRODUCTIVITY OF 

ASPERGILLI WITH NITRITE, COLCHICINE AND d-LYSINE 

By ’R.aBvsLT A. Stbznbbro and Chaklbs Thom 

BimsAtr OP Plant iMDUffriiY, U. S. Dbparturnt op AGRicuLTintB 
Read before the Academy, April 23, 1040 

Claims for the chemical production of mutants in species of fungi have 
existed in the literature for many years.*-* The major obstacle to their 
acceptance has been the rarity with which positive results were obtained, 
hence the failure of subsequent workers in reproducing them. Under 
these circumstances the mutations described might be considered to have 
occurred without any specific relation to the experimental conditions 
set up. The most striking evidence for chemical induction of mutation 
has been obtained with colchicine in the production of polyploidy in 
phanerogams, ‘ but so far all investigators, including ourselves, have re¬ 
ported negative results with this alkaloid on ftmgi. 

Our first successful use of chemical induction of mutation with fungi 
was by means of sodium nitrite in add solution, i.e., nitrous add. "In¬ 
jury’' mutants in which differentiation, and therefore reproduction, was 
suppressed in varying degree were readily formed by the action of nitrite. 
Base of production and duplication of results with the Aspergilli iq>proached 
those ot a chemical reaction. Positive results were obtained with selected 
strains of Aspergillus niger and A. Amstdodami;* and were later extended 
to indude A. mriecolor, A. fumigatus, A. fischeri, A. flams, A. aUiaceus 
and A. nidulansi Though the propriety of referring to these artificially 
produced forms as mutants may be questioned, some evident was ob¬ 
tained that they persist through the ascosporic stage. 

Since the regularity and ease with which mutants ?pere induced by 
nitrite suggested the smoothness of action of a chemical process, the sug- 
gestimi was made that the effect of this compound consisted in the destruc¬ 
tion of a varying number of free amino groups in proteins included in the 
hereditary mechanism. Polyploidy, it was considered, was contra- 
indireted by the type of mutants obtained, nm was it believed to explain 
the uniformity in response to meatment 
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We have attempted to submit the h3rpothesis of amino group destruction 
to test. Present difSculties prevent cytological studies to ascertain the 
effect of the nitrite process upon the nuclear mechanism. The fact that 
these forms are unsuitable for such studies is not the least of these diffi¬ 
culties. Determination of the amino nitrogen content of the fungus 
proteins might be feasible but also could not be undertaken under present 
conditions. It seemed probable, however, that if this hypothesis had any 
basis in fact, the use of other compounds suitable for removal of amino 
groups should also lead to formation of mutants of the same type. 

The compounds selected for trial included ninhydrin, chloramin T., 
potassium iodide and hexamethylenamine (formin). All are stable in 
neutral solution but become reactive under the influence of the acidity 
accompanying growth. The last compound was included because for¬ 
maldehyde is gradually liberated from it by the steadily increasing acidity 
in the cultures and would be capable of combining with free amino groups 
of the fungus proteins. All these compounds gave a sterility type mutant 
with A , niger, the only organism investigated in this respect. 

Another test of the hypothesis consisted in an attempt to reverse the 
results of the process of nitrite treatment. The possibility existed that 
replacement of amino groups in the proteins of the mutants would, if 
feasible, lead to reversion of mutants toward the original strains. Two 
conditions seemed favorable for inducing this reverse mutation. First, 
the use of high concentrations of d-lysine in the expectation that in some 
instances the added amino acid would be introduced intact into the modified 
proteins during their synthesis. This amino acid was chosen because 
free amino groups in proteins are known to be associated with the presence 
of d-lysine. Second, the use of solutions of neutral or slightly alkaline 
reaction containing ammonium and strong reducing agents, on the chance 
that chemical conditions favorable for the formation of amino acids from 
corresponding hydroxy or keto acids would promote recovery to the 
original strain. The organisms tested in this manner included A. niger 
and A. Amstelodami. Reversion mutants showing partial to complete 
recovery in reproductivity were obtained with A. niger using d-lysine or 
sodium thiosulfate; whereas A. Amsielodami as yet has given forms show¬ 
ing only recovery of both conidia and ascospores, but of quite different 
colony appearance. In both instances an excess of calcium carbonate was 
introduced into the culture medium. 

We have at last succeeded in obtaining positive results with fungi 
through the use of colchicine. The explanation of the many unsuccessful 
attempts to obtain mutants of fungi with cokhtcine is believed to have a 
simple chemical basis. Colchicine is hydrolyzed by acid to form colcbi- 
cein, which is apparently of little or no effect The use of acid nutrient 
solutions, or the free acids formed through metabolism of fungi, would 
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serve to nullify the presence of this alkaloid. Addition of excess calcium 
carbonate to the nutrient solution prevents destruction of colchicine ap¬ 
parently, since mutants were readily obtained with A, fumigatus^ A. 
nidulans^ A . flavus, A. fischerit A . variecolor and A . aUiaceus. No mutants 
were obtained with A. Amsitlodami, or A, niger, though indications of a 
positive action were given by these species also. Concentrations of colchi¬ 
cine greater than one per cent may be found necessary with the latter 
species, therefore. Whether disturbances in metabolism because of a 
fixed neutrality are contributory factors remains to be determined. 

The types of mutants obtained with colchicine included forms similar 
to those obtained with nitrite. Intermediate forms were more plentiful, 
however, and a few forms showing increased fruitfulness were also found. 
Partial reversion of mutation in A. Amstelodami has also been accom¬ 
plished witli colchicine. 

The changes in inheritance brought about experimentally in the eight 
species of Aspergilli with which we have worked are departures from the 
normal inheritance of these forms that have in some instances proved 
stable over more than a score of years. These artificially produced strains 
again could be duplicated in large measure from a collection of forms from 
natural sources geographically widely distributed and covering a collecting 
period of more than thirty years. Conidia and ascospores, moreover, if 
produced at all in these mutants, persisted unchanged from those of the 
original strains in form and markings. The chemical facts may also be 
briefly'summarized. The action of nitrite results in the formation of 
mutants in which the ability to differentiate, and therefore to reproduce, 
are injured in varying degree. Other reagents known to be destructive of 
the amino group in amino acids and proteins have a similar effect. The 
presence of high concentrations of d-lysine, the amino acid presumably 
affected by nitrite, brings about a reversal in mutation. Chemical condi-* 
tions conducive to re-introduction of amino groups also bring about a 
reverse mutation. 

Nevertheless, the precise nature of the underlying process is by no means 
certain as yet in the absence of cytological and analytical data. Nor is 
the formation of similar type mutants by colchicine particularly helpful 
to the interpretation of amino group destruction. The mode of action of 
colchicine on fungi itself needs elucidation, since pol)rploidy need not 
necessarily or entirely enter into the observed responses with fungi. 

It must be considered that nitrite and other destructive agencies acting 
on amino groups need not necessarily be the only means of bringing about 
the formation of this type of mutation. Presumably conditions may be 
brought about under which the metabolic introduction of ammonia to form 
amino groups is hindered to a greater or less extent. 

Specific mention might be made in conclusion of an important implica- 
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tion that follows from this interpretation of the mechanism of nitrite 
mutation and of reversion by d-lysine. An important, if not most im¬ 
portant rdle is here assigned to d-lysine in the process of differentiation and 
reproduction, and concomitantly as a possible basis for strain differences 
in fruitfulness and certain growth characteristics. Pn^^ressive increase 
in sterility in successive transfers of fungi may, in some instances, have its 
origin in this process, and may be found possible of counteraction in the 
presence of excess calcium carbonate by means of d-lysine or of ammonium 
salt mid thiosulfate. 

‘ Blakestee, A. F., and Avery, A. G., Jowr. Heredity, 2S, 303-411 (1037). 
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• Thom, C., and Steinberg, R. A., Proc. Nat. Acad. 5c>., 25, 320-336 (1030). 

• Waterman, H. J., ZeUs. Gaerungs. Physiol., 3,1-14 (1013). 


A COMPARISON OF CHROMOSOMAL ABERRATIONS INDUCED 
B Y X-RA Y AND ULTRA- VIOLET RADI A TION 

By Carl P. Swansok 
Biological Laboratoriss, Harvard UmvBRUTV 
Communicated May 8, 1040 

The investigations of Stadler and Prague ^ on maize, following that of 
earlier workers,*’’ have confirmed and furthered our knowledge as to the 
genetical effects of ultra-violet radiation. They showed that like x-ra}rs, 
ultra-violet radiation could materially increase the mutation rate, but 
that on the contrary it differed from x-rays in that no increase in the fre¬ 
quency of translocations was found. Besides point mutations affecting 
seed and seedling (Characters, numerous entire and fractional endosperm 
deficiencies were found, being similar in nature, although differing in rela¬ 
tive frequency, from those produced by x-rays. Later Singleton,’ and 
Singleton and Clark,’ showed that plants with defective pollen segrega¬ 
tions frequently revealed deficiencies that were chromosomal in nature 
and not simply gene mutations. These deficiencies were cytoiogically 
demonstrable at pachytene, and invariably involved the terminal deletion 
of a chromosome segment. Muller and MacKensie* confirmed the results 
of Stadler and Prague in so far as translocations were concerned. 

The accumulated evidence to date therefore points to a qualitative dif¬ 
ference existing between the effects of altza’-vkdet and x-ray radiation. In 
all previous ultra-violet experiments, however, examination of individuals 
for chromosomal changes was made only after many cell generations had 
intervened since the time of treatment. A direct comparison of the results 
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of ultra-violet and x-ray radiation, i.e., examination before the interven¬ 
tion of a cell generation between the time of irradiation and that of ob¬ 
servations, might serve to settle the question of whether or not a truly 
qualitative difference does exist between the effects resulting from these 
two kinds of radiant energy. It is with this purpose in mind that the pres¬ 
ent study has been undertaken. 

A direct x-ray analysis of chromosomal aberrations is a comparatively 
easy matter because the extreme penetrating power of these rays permits 
them to reach cells whose division cycle is fsurly accurately known and 
timed,’ facilitating in this manner the collection of an extensive amount 
of data before the elimination of non-viable chromosome alterations. A 
direct suialysis of the effect of ultra-violet treatment has not been too suc¬ 
cessfully carried out to date because of the drastic absoiption of the ultra¬ 
violet rays by overlying tissues. However, with the development of 



FIOITRE 1 

Camera lucida drawings of chromosomes in pollen tubes 
of Tradescantia. Ca. 2000 X. A. Six normal chromo¬ 
somes in pollen tube. Illustrates manner in which they 
pass down the tube following acenaphthene treatment. 

B and C. Chromatid deletions induced by ultra-violet 
radiation. D. Chromatid dicentric induced by x-rays. 

E and F. Chromatid exchanges induced by x-rays. 

methods for growing pollen tubes on cultural media,^ a singularly simple' 
yet effective means is available for carrying out a direct cytological analy¬ 
sis of any chromosomal aberrations or rearrangements induced by ultra¬ 
violet radiation (figure 1.4), In this manner, the generative nucleus can 
be irradiated in the pollen tube, absorption, therefore, being at a minimum. 

The plants used in this study were from a clonal line of a diploid species 
of Tradescantia. The source of the x-rays was a Coolidge tube equipped 
with a tungsten target. The source of the ultra-violet radiation was a 
Hanovia mercury arc lamp operating at 4 amperes and 110 volts d. c. 
tie light was unfiltered, and the treating distance was 10 cm. The heat¬ 
ing effect was reduced by the use of an electric fan. 

X*Ray Ejects on Microspores .—An extensive analysis of x-ray induced 
chromosomal aberrations in Tradescantia mterospores has been carried 
out by Sax’ and others. These induced changes fall into two readily dis- 
tinguiehable classes, their nature depending upon the conditions of the 
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chromosomes at the time of irradiation. Chromosome breaks result from 
treatment given when the chromosomes are in the form of single threads; 
chromatid breaks are induced at prophase after the chromosomes have 
become functionally split into two sister chromatids. 

Chromosome breaks are of several kinds, depending upon the number 
of effectively broken chromosomes concerned. A single break generally 
involves the deletion of a portion of an arm, the deleted segment lying in 
the cytoplasm as an acentric fragment. Dicentric chromosomes, ring 
chromosomes and exchanges between non-homologous chromosomes are 
also frequently observed. 

Chromatid breaks can likewise be classified as to their one-hit or two- 
hit nature. Single breaks may include one or both of the sister chroma¬ 
tids. If one is broken, this is visible as a shortened chromatid accompanied 
by a deleted fragment; if both are broken, lateral fusions between the 
broken ends of sister chromatids give a dicentric chromatid and a U- 
shaped fragment. Independent hits in two adjacent chromosomes may 
result in a chromatid exchange; if in the same chromosome, a ring will be 
produced. 

X-Ray Treatment of Dry Pollen Grains .—Open flowers were given doses 
of 200 r, and the pollen grains germinated on a cultural medium. The data 
are given in table 1. 


TABLE 1 

X-Ray Data on Pollen Grains Irradiated Dry. 200 r 
Figures represent number of chromosomes examined 

CHItOMATlD CHROMATID CHROMATID DlCBNTRXC 

NORMAL DBLRTIONS DICBNTRICS BXCBANORtt CHROMOSOMBA TOTAL % RRHABB 

979 4 15 2 2 1002 2.29 

Chromosome changes induced at this stage of pollen maturity are very 
similar in nature to those resulting from irradiation of early prophase 
nuclei in the microspores. The presence of two dicentric chromosomes indi¬ 
cates that the chromosomes of the generative nucleus at the time of pollen 
maturity are not all effectively split into sister chromatids. Dicentric 
chromosomes are never found when microspores are irradiated in pro¬ 
phase, so that their presence in the pollen tube is a valid criterion of the 
singleness of some of the chromosomes. 

X-Ray Treatment of Pollen Tubes.—PoMm tubes were subjected to x-rays 
at approximately two hours after germination. As will be seen later, this 
particular time for irradiation was chosen so that a strictly comparable 
set of data might be obtained to test for the presence or absence of a 
qualitative difference between the effects of x-ray and ultra-violet radia¬ 
tion on chromosome breakage. The dosage was 240 r. The pollen tubes, 
however, were inadiated while still in the glass moist chamber in which 
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they were growing so that the actual dosage reaching the nuceli was some¬ 
what lower due to partial absorption of the rays by the glass. The data 
are given in table 2. 


TABLE 2 

X-Ray Data on Pollbn Tubes. 240 a 

CHROMATID CHROMATID CHROMATID 

NORMAL DKt.BTtONIl D1CRNTR1CA BXCHANOKS TOTAL % BRBAKH 

946 29 22 5 1002 5,58 

Under this treatment, chromatid deletions are more numerous than 
chromatid breaks (figure ID), although both are undoubtedly the result 
of single quantum '*hits.*’ The high percentage of deletions is consider¬ 
ably above that found in x-rayed microspores whether rayed in prophase 
or resting stage, Sax^ reporting that only five per cent of the aberrations 
induced at resting stage are of this type as opposed to over fifty percent¬ 
age here. It is quite probable that an explanation may be sought in the 
spatial relationships of the sister chromatids at this time. The threads 
are without doubt farther apart when the generative nucleus has passed 
out into the tube than when it lies passively in the ungerminated pollen 
grain. Also a considerable tension is exerted on the chromosomes as they 
pass down the tube. This may be deduced from the fact that frequently 
the nucleus becomes separated into two or more independent groups of 
chromosomes, and also from the fact that occasional chromosomes are 
stretched almost to a breaking point as they move downward. This ten¬ 
sion is probably set up by rapid protoplasmic streaming. Internal move- 
ments in the individual chromosomes as the result of prophase contrac¬ 
tion may also be another factor in keeping broken ends from refusing into 
their original positions once they have become separated from each other. 
If this be the case, we might expect that the number of deletions found in 
irradiated pollen tubes reflects more nearly the actual percentage of breaks 
induced by this treatment than does the observed percentage of breaks in 
the microspores, where, according to Sax,’' the frequency of actual breaks 
undoubtedly is much greater than the observed frequency, the majority 
of them reuniting back into their original positions. 

In addition, chromatid exchanges (figure IB, F) between non-homologous 
chromosomes are also present. No dicentric chromosomes were found. 
Evidently completion of the effective splitting had taken place by this 
time, and all aberrations could be classified as chromatid breaks. 

UUra-Violet Treatment of Pollen Tubes .—Pollen grains were germinated 
on slides and the generative nucleus irradiated two hours after sowingt 
Exposure was for 30 seconds. Ix)nger exposures were found to be in¬ 
advisable because the film of medium soon becomes desiccated, inhibiting 
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the growth of the pollen tubes and finally causing death. Three different 
groups of slides were analyzed (table 3). 


TABLE 4 

Ultra-V ioLBT Data on Pollbn Tubbs 
30-second exposures at distance of 10 cm. 


NOXMAl. 

CHMOMATLD 

CKKOMATfD 

mCRKTRICS 

TOTAL 

% m.AK. 

(o) 2166 

23 

0 

2178 

1.05 

(b) 1273 

n 

0 

1284 

0.80 

(c) 1666 

n 

2 

1578 

0.82 

Con. 1687 

2 

1 

1690 

0.18 


Experimental evidence reveals that the chromosomal aberrations in¬ 
duced by ultra-violet radiation are almost exclusively of the chromatid 
deletion type (figure IB, C). So far as could be determined cytologicaDy 
all deletions were terminal in nattire, and of varying length, the breaks 
not being localized in any particular regions. All gradations from free 
fragments to achromatic lesions were found. However, only those breaks 
which unquestionably showed broken ends were considered in this study, 
although some of the achromatic lesions were undoubtedly true deletions 
which had not as yet become separated from the remainder of the chromo¬ 
some. No lesions were found that extended across both chromatids at the 
same locus. 

Only two chromatid dicentrics were observed in the ultra-violet treated 
material (figure ID), Unlike the deletions, these aberrations involve 
breakage of both chromatids at the same locus, followed by latend fusion 
to give the dicentric chromatid plus the U-shaped fragment. One of the 
two breaks lacked the usual fragment, and an examination of the entire 
length of the pollen tube and grain failed to reveal it lying in the cytoplasm. 
Evidently the above dicentric chromatid was the result of some previous 
microspore aberration which had been carried over into the generative 
nudeus. The only other chromatid break was similar to that found in the 
control, and probably was of spontaneous origin. 

Discussum ,—It has thus been possible to obtain a direct analysis of 
ultra-violet induced chromosomal aberrations, confirming in this manner 
the genetical results of Stadler and Sprague^ and of Muller and Mac- 
Kensie.* Cytologically observable defidendes occur, but no increase in 
the percentage of translocations was found. The fact that a single ef¬ 
fective ultra-violet “hit” can only break a single thread at any one locus 
while a single x-ray “hit” can break both threads seems best explained 
by assuming that the sphere of influence of an absoited ultra-violet quan¬ 
tum is an area no greater in diameter than the width of a single chtomatid, 
while tibat of an x-ray quantum is suffldendy wide in extent to indude 
both. On the basis of energy values this becomes dcplicabk, for as Gobdr 
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speed and Uber® point out, the, energy of an ultra-violet quantum is from 
4 to 6 electron-volts, whereas that of an x-ray quantum may range from 
10,000 to 200,000 or more, the value increasing Inversely as the wave¬ 
length. 

The difference in the width of this so-called “sphere of influence*' may 
perhaps be thought of as an expression of the difference in the physical 
behavior attending the absorption of these quanta. The curves obtained 
when breaks^ or survival ratios^®* are plotted against dosage imply the 
effectiveness of single quantum absorptions. It is now well established 
that the ionization created by x-rays is responsible for the chromosome 
breakage. Ultra-violet, on the other hand, because of the low energy values 
of a single quantum, cannot create a path of intense ionization. Instead, 
it derives its effectiveness from the fact tliat it can excite the absorbing 
molecules to higher energy states by affecting the electrons in only the 
outer orbits. Ultra-violet has, on this account, been frequently spoken of 
as “chemical rays,” This ionization is therefore highly localized, and does 
not extend across the distance between the sister chromatids to cause a 
similar reaction at the same locus in the other thread. 

This, however, does not explain the absence of translocations under 
ultra-violet treatment. The question arises as to whether or not chromo¬ 
some breaks induced by ultra-violet radiation are capable of reuniting 
back into their original positions or into new associations. Sax^^ has 
shown that x-ray induced breaks can remain in an unstable condition and 
capable of re-fusion for as long as an hour after the time of irradiation. 
Does the absorption of an ultra-violet quantum leave a broken end in such 
a labile condition, or does the chemical action of these rays leave a satis¬ 
fied bond at the broken end such that re-fusion is impossible? For the 
present this question must remain unanswered, but its solution might serve 
to explain the absence of gross chromosomal rearrangements with ultra¬ 
violet treatment under circumstances where comparable doses of x-ray, 
as judged l^m the frequency of endosperm deficiencies^ and lethals,® 
pmduc^ 1^ of these types of aberrations. 

Ultra-violet radiation of maize ;pollen^ yields two kinds of endosperm 
deficiencies, entire and fractional, as judged by the absence of dominant 
endosperm characters. The fractional deficiencies generally consist of 
kernels showing 1/2 of the tissue recessive and the other 1/2 dominant, 
with about eq^ numbers of larger and smaller proportions. If we as¬ 
sume that the aM^tion induced by the treatment consists of the dele¬ 
tion of a'segxnent of the chromosome arm when the chromosome is in the 
two-thread state, the production of fractionais becomes readily under¬ 
standable. This is indicated by Stadler and Sprague’s data which show 
that losses of C and Wx are usually associated, eliminating the possibility 
tiiat these are simple point mutations. The first division of the endosperm- 
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fusioti-nudeus, resulting from fertilization ,by such an altered sperm cell, 
would therefore give one cell with a normal, and one with a deleted, 
chromosome. The amount of endosperm derived from each of these cells 
would be approximately equal, giving kernels chiefly of the “1/2’* class, 
but if the products of the two cells were unequal, as well might be the case 
since division in the endosperm is an irregular process, then equal numbers 
of larger and smaller proportions would be expected. 

The production of entire endosperm deficiencies by ultra-violet treat¬ 
ment is not so easily explained. There are four possible ways by which 
this might be brought about: (1) ultra-violet induces breaks in both 
chromatids of a single chromosome arm by two independent absorptions, 
although on a random basis this seems very unlikely if all breaks are 
simple deletions; (2) a single “hit” can induce a chromatid break involving 
both chromatids at the same locus, a situation not yet demonstrated cyto- 
logically; (3) a single quantum might be absorbed in the region of the 
centromere where the thread is effectively single although the chromatids 
are split, giving a deletion for both of the chromatids of an arm; (4) if all 
of the chromosomes in the sperm nuclei or generative nucleus are not ef¬ 
fectively split at the time of irradiation an opportunity is provided for a 
single “hit” to delete the entire end of a chromosome arm, thus giving an 
endosperm-fusion-nucleus deficient for that particular segment. At pres¬ 
ent this explanation seems to be the most satisfactory, and is not without 
some experimental evidence, for, as has been pointed out above, the ap¬ 
pearance of dicentric chromosomes in pollen grains irradiated dry is good 
factual evidence for the presence of single threads at the time of irradiation. 
Furthermore, in maize, where division of the generative nucleus to give 
two sperm cells takes place in the grain instead of in the pollen tube as in 
Tradescantia, the possibility of having single threads in the sperm nuclei 
is obviously greater than in the generative nucleus of Tradescantia since 
no further division of the sperm nuclei takes place before fertilization. 

X-ray induced endosperm deficiencies^ are generally of the “entire” 
kind, while those induced by ultra-violet are largely fractionals. The 
experimental data obtained in this study are in good agreement with these 
conclusions since the chromatid deletions resulting from ultra-violet radia¬ 
tion would give genetically observable fractional deficiencies while the 
greater proportion of chromatid dicentrics induced by x-rays would result 
in entire endo^rm deficiencies. 

Summary. —^X-ray radiation of the generative nucleus in Tradescantia 
pollen grains reveals that most of the chromosomes are effectively split 
into sister chromatids. A great proportion of the chromatid aberrations 
involve deletions of both chromatids of a chromosome at identical loci, 
thus confirming the genetic data in maize in respect to endosperm de- 
ficknctes. Irradiation of the generative nudeus in the pollen tube results 
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in only chromatid aberrations including a considerable number of simple 
chromatid deletions and occasional chromatid exchanges 

Ultra-violet radiation of the generative nucleus in the pollen tube induces 
only simple chromatid deletions. The loss of only one of the two chroma¬ 
tids is in accord with the genetic observations that ultra-violet radiation 
produces primarily fractional endosperm deficiencies in maize. No con¬ 
figurations representing an interchange of chromatin between non-homolo- 
gous chromosomes were found. 

The qualitative difference between the types of breaks induced by x-ray 
and ultra-violet radiation is tentatively explained by assuming that the 
sphere of influence of a single x-ray quantum is much greater in area than 
that of a single ultra-violet quantum. The vast difference in energy values, 
and the difference in the physical behavior attendant to absorption of the 
respective quanta supply a possible physical and chemical basis for this 
variation in degree of effectiveness. 
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CYTOLOGY AND DEVELOPMENT OF THE EMBRYOS OF 
X^RA YED ADULT DROSOPHILA MELAN06ASTER 

By B. P. SONNBNBLICK 

Washington Square College, New York University 
Communicated May 15, 1940 

In 1927 Muller^ conclusively demonstrated that mutations could be 
induced in animals by means of x-ra 3 rs. Exposure of the germ cells of 
Drosophila melanogasler to relatively heavy doses of x-rays resulted in the 
production of large numbers of mutations of different types, including re¬ 
cessive lethals, semi-lethals and visibles of various kinds. “In addition, 
it was also possible to obtain evidence in these experiments for the first 
time, of the occurrence of dominant lethal genetic changes, both in the X 
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and in the other chromosomes. Since the zygotes receiving these never 
developed to maturity, such lethals could not be detected indivldually» 
but their number was so great that through egg counts and effects on the 
sex ratio evidence could be obtained of them en masse. ’ * Dominant lethals 
are, thus, a class of lethals which can effect the death of zygotes even though 
present in single dose, i.e., introduced by but one of the gametes. 

Hanson,^ shortly thereafter, subjected Drosophila males to x-rays and 
made counts to determine the extent of the effects of the radiations. Mor¬ 
tality of the F\ eggs, Isirvac and pupae when compared to the death rate 
among the controls was found to be significantly increased. He inferred 
that dominant lethal mutations had been induced in the treated sperm, 
resulting in death of the zygotes at various stages in their ontogeny, 
Timofeef-Ressovsky,* Gowen and Gay,^ Sonnenblick,® Demerec, Kauf- 
mann and Hoover,* Kaufmann^ and others have also noted the marked in¬ 
crease in mortality among the progeny of irradiated adult Drosophila. 
Furthermore, the induction of non-transmissible dominant lethals in Habro- 
bracon has been reported.*' * 

Although the progeny of treated Drosophila die at various levels of de¬ 
velopment, the high death rate among the embryos is especially striking. 
In those zygotes which initially commenced development with one haploid 
complement of untreated chromosomes and with one irradiated chromo¬ 
somal complement, the majority of the inviable alterations and rearrange¬ 
ments introduced by the treated gametes are thus eliminated prior to 
hatching of the young larvae. This report, based on egg counts and the 
study of preparations of approximately one thousand eggs and embryos, 
will indicate the nature of the inviable chromosomal alterations and their 
effects on embryonic development. 

A wild type Oregon-R strain of Drosophila mdanogaster was used in the 
e3q>eriment8. Tests with this vigorous stock indicate that more than 96 
per cent of the deposited normal eggs hatch as larvae. But 55 of 1420 
zygotes deposited by tmtreated parents failed to emerge from the em¬ 
bryonic envelopes. Five-day-old virgins were employed throughout all 
of the work. The flies were put into small gelatin capsules which were 
placed on a sheet of cardboard at a distance of 34 cm. from the tungsten 
target. The tube was operated at 200 kv. and at 30 ma. current. Under 
these conditions, the output of the machine, as measured in air, was 390 r 
per minute. Dosages ranging from 195 r to 4680 r were used. The various 
exposures were given by stopping the machine at measured intervals and 
removing the samples in sequence. Males and females, in separate cap¬ 
sules, were simultsuieottSly subjected to the radiations and, following the 
exposure, mated to untreated vfagins. Bggs were collected on the moist 
inride surface of ripe banana skins and at timed periods of devdopment 
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were fixed and 3 ectioned» securing organisms which were representative of 
all levels of embryonic development for comparison with controb. 

I am greatly indebted to Dr. Paul S. Hen«^w, formerly of the Memorial 
Hospital, New York City, and now at the National Cancer Institute, 
Washington, D. C., for the x-ray treatments. 

Results: (a) Egg Mortality Counts .—^The testes of adult males cany 
an abundant supply of sperm^** which are passed to the mates during 
copulation. Thus, radiation of the males involves exposure of gametes 
which had already undergone maturation. In the females, however, the 
situation is different. The physiological condition of the chromosomes at 
the time of exposure is not like that obtaining in the males. With the ex- 



FioxmB 1 

Relation between dosage and the {percentage of egg mortality. (^) Adult fentUes 
irradiated. (B) Adult males irradiated. 


cq>tion of the one egg which may be present in the uterus, the other 
components of the ovarian strings are in a stage not ftuther advanced 
than metaphase of the initial meiotic division. Following exposure, 
therefore, the obcytes and odgonia have yet to pass through the two 
maturation divisions. Since almost all of the eggs used in this study were 
collected during the twenty-four-hour period after treatment (a few were 
co&ected on the second day), such eggs were the most mature, i.e., closest 
to first meiotic metaphase, when exposed to the radiations. 

Eggs were collected as described above and counts were made in order 
to determine the number which ^ntually hatched as larvae. The data 
are given in table 1, while in figure 1 the percentage of c|s mortality is 
sbown^plotted against dosage in roentgens. The curves suggested by the 
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4, 6, 6. Aberrant meiotic figures in eggs deposited by treated females. 
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points are non-linear and indicate the increase in egg mortality with 
increasing dosage. The Y intercept is at 3.9, representing the average egg 
mortality in the controls. 

There is a decided difference in the sensitivity of the sperm and mature 
oocytes to the radiations. The effects of small dosages on the female gam* 
etes are very striking. This is evident in the graph, for with dosages up 
to 780 r the curve A rises steeply; from this point the slope dimini^es 
and the curve gradually approaches the maximum. These data follow 
closely those of A. R. Whiting^^ who irradiated Habrobracon females and 
determined from daily egg counts that mortality was highest for eggs laid 
on the first day following the treatment. Curve B, representing the 
variations in egg mortality following exposure of the sperm, has a gradual 
slope and only at the highest dosage tends to approximate the other 
curve. The number of affected male gametes, while not directly propor¬ 
tional to dosage, increases gradually. 


TABLE 1 

AOULT KBMALEB tItXAOtATBD ADULT MALBA IKRADIATSO 

(X UNTRBATBD MALEB) (X UNTBBATBO PBMALKA) 


DUAAOJt IN 

nOGH 

KOO. NOT 

% »GOA NOT 

SOGA 

KOOB NUT 

% BOOB NOT 

roentokns 

depoaxthd 

HATCIIINO 

HATCHING 

DSPOAITKD 

HATCHING 

HATCHING 

195 

458 

192 

42.1 

* • * * 

* t A 


293 

752 

432 

57.4 

• • • * 

* A A 

• « « * 

488 

1080 

666 

60.7 

AAA 

36 

8.1 

780 

564 

448 

79.4 

296 

48 

16.2 

1365 

538 

464 

82.2 

498 

212 

42.6 

.1950 

568 

536 

94.6 

620 

360 

5S.1 

2340 

772 

734 

95.1 

740 

460 

62.1 

3120 

552 

628 

95.7 

1224 

928 

76.8 

3900 

530 

516 

97.4 

594 

628 

88.9 

4680 

144 

144 

100.0 

261 

242 

96.6 


(i) The Maturation Ditdsions .—Entrance of the sperm normally induces 
the completion of the first meiotic spindle. The chromosomes on the first 
polar spindle advance as far as metaphase and then pause until the sperm 
enter the egg, whereupon the divisions proceed. The anastral maturation 
divisions occur close to the dorsal surface of the egg in an island of proto¬ 
plasm situated approximately one-fourth of the distance back from the 
anterior end. The chromatic complexes which separate during the first 
meiotic division form no vesicular nuclei, but, after a few minutes pass 
directly upon the second polar spindles (Figs. 2 and 3). The second di¬ 
vision proceeds, resulting in four haploid nudei of which the innermost 
becomes the female pronucleus. The other three are the polar body 

FIOUIIBS a-16 (Confinutd) 

7-16. Types of deavage figures observed In eggs with treated chromosomes. 
Fragmentation, chromosome dumping, multipolar configurations are commonly 
seen. Similar aberrations are noted whether sperm or egg contributes the irradiated 
chromoscnnes. 
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nuclei; these are not extruded from the egg, but remain in the antero- 
dorsal island and there gradually disintegrate. 

In the sections of eggs laid by treated females and fixed between five 
and sixteen minutes after deposition, various distortions of the maturation 
figures can be observed. No {tchromatic figure (Fig. 4) may be present, 
while the fractured chromosomes are scattered about in the clear proto¬ 
plasmic island. That this egg was in the stage of polar body formation is 
indicated by the presence of an unresolved sperm head with its centriole 
and delicate sperm tail in another section. Occasionally a part of the 
spindle is missing. The remainder may not have formed at all or, having 
formed, disintegrated earlier. For example, in figure 5 only a half-spindle 
with a chromosomal mass at the remaining pole is present; several chro¬ 
matic elements are lying free in the cytoplasm. In the treated material 
multipolar spindle configurations rather than the normal bipolar arrange¬ 
ments are sometimes present (Fig. 6). No sperm tails were seen in the 
island in which the division represented by figure 6 was occurring, thus 
precluding the possibility that a supernumerary spermatozoon may have 
established an independent spindle which combined with the first polar 
body spindle to upset the process of meiosis. The chromosomes and 
chromosome fragments are distributed over all three poles and it is difficult 
to establish whether the complex at any one pole is a balanced one. While 
the maturation divisions are occurring, one of the sperm heads normally 
becomes large and vesicular and eventually fuses with the resulting female 
pronucleus. However, if as a result of (U>errant divisions no female pro¬ 
nucleus is formed, the sperm bead may resolve itself into its haploid com¬ 
plement of chromosomes, but no instance was ever observed in which a 
haploid sperm complement formed a mitotic figure and began to cleave. 
In one hundred preparations of early normal eggs, selected at random, 
only one aberrant meiotic figure was noted. Within the sections of sixty- 
nine organisms whose mothers had been treated with 2340 r, there were, 
on the other hand, sixteen with various meiotic abnormalities. 

(e) The Early Cleamges .—During the early cleavages, the egg is a 
sync}rtium with the nuclei uniformly scattered throughout the cytoplasm. 
The nuclei divide synchronously and, at the dghth cleavage, begin their 
migration to the periphery, arriving in the posterior polar plasm shgfatfy 
prior to their appearance in the other portions of the egg. Globules of 
posterior polar pliwn, each containing a nudeus and a number of the polar 
granules, are pinched off; these are the primordial germ cells. 

In these normal eggs the mitotic figures are bipolar and eqtiivalent 
chromosomal groups separate at anaphase. This orderly mode of 
is frequently found upset, however, in zygotat devdoping with treated 
chromosomes. “ In such zygotes, chromosome hegmentation, duomatin 
bridges, asymmetrical divisions, dumping of the dnomosomes, wmUHpH ar 
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figures of the tripolar and quadripolar types and cytoplasmic vacuolization 
have been observed. Within the sections of a single egg, there may be found 
chromatic and achromatic aberrations of various kinds, as well as appar¬ 
ently normal figures. Furthermore, similar aberrations appear in the eggs, 
regardless of whether sperm or ovum contributed the irradiated chromo¬ 
somes. It would be impossible to indicate all of the abnormalities noted in 
the zygotes and the varied modes of interference with the progress of nor¬ 
mal development. Therefore, a representative group has been selected 
for discussion. 

A first cleavage figure, with no evidence of gonomery, is indicated in 
figure 7. Fracture of one or more chromosomes had occurred, and elimina¬ 
tion of some fragments appears to be taking place, since some are off the 
spindle and lying free in the cytoplasm. Other fragments are passing to 
the poles and may be incorporated in a daughter nucleus. In a slightly 
later developmental stage, late prophase of the second division, the nuclear 
membranes are beginning to disappear but the chromosomes are distinct 
(Fig. 8), An asymmetrical distribution had evidently occurred during the 
progress of the first division, for the volume of chromatin present in one 
of the nuclei is definitely greater than in the other nucleus. Lying close to 
the lower figure are some fragments which stained lightly and which had 
not been included in the reconstruction nucleus. 

Irregularity in the mechanics of mitosis is well manifested through the fre¬ 
quently observed multipolar figures which are found in the sectitms of eggs 
of treated parents. Several of these atypical spindle arrangements may be 
observed within one egg. The chromosomes and fragments are usually 
found distributed over the various spindles (Figs. 9,10 and 11), but are also 
observed clumped at one of the poles (Fig. 12). With the exception of a 
rod-like fragment, all of the chromosomes in the latter figure are massed at 
one pole, forming an irregularly shaped clump which stained intensely. * 
Clumping of the chromosomes is often noticed in the experimental material. 
The radiations alter the consistency of the chromosomes and the change is 
usually manifested at anaphase when the viscid strands are about to 
separate. The pycnotic masses take various shapes (Figs. 12, 13, 14, 15 
and 16). At times the clumped masses may be connected by chromosomal 
strands, but often they appear as more or less solid complexes in which the 
identity of the individual components is lost. It has not been possible to 
determine whether the complexes at the poles in figures such as have just 
been referred to con continue to divide. If restitution nuclei do form and 
cleavage does continue, nuclei with varying chromosome combinations 
would result. 

Indication has already been given above that irregularities in the 
mitotic mechanism are by no means restricted to one particular type in 
any one organism. A tabulated presentation of the occurrence of such 
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abnormalities in five organisms which were fixed during the early cleavage 
divisions is given in table 2. It is interesting to note that among the de¬ 
generate ati^rant figtues lie some which are apparently normal and ap¬ 
pear to be capable of continuing to divide. 


TABLE 2 


8BX 

or 

TBBATKD 

rARBNT 

D08A0R 

Male 

3900 r 

Mole 

3900 r 

Male 

3120 r 

Female 

2340r 

Female 

2340 r 


NVMBBR AMD TYBB OT MITOTIC ABMORMALXTtBB 

XI figures contAining clumped chromatic masses; 1 quadHpolar figure 
3 figures with fractured chromosomes; 1 normal figure 

1 tripolar figure; 3 figures with clumped masses; 1 normal figure 
3 figures with chromosomes and fragments 

2 figures with diromosomes and fragments; 1 normal figure 


(d) Later Embryonic Stages ,—Development and morphogenesis pro¬ 
ceed at such a rate in Drosophila that after twelve hours of incubation at 
25®C. the egg has passed from first cleavage to a relatively highly complex, 
differentiated organism. During this period, the syncytial cleavages occur, 
the primordial germ cells are segregated, the malpighian tubules and ner¬ 
vous tissue have made their appearance, metamerism has occurred, the 
definitive number of salivary gland cells is present, the major portion of the 
yolk has been enclosed in the mid-gut and a pair of gonads are in their 
permanent position in the postero-dorsal region of the embryo. Later, 
other structures appear and during the twentieth and twenty-first hour of 
development a majority of the young larvae emerge from the embryonic 
cases. Among the offspring of treated adults are found organisms which 
apparently differ in no morphological aspect from controls of similar age, 
together with embryos in which extensive cellular proliferation but no 
differentiation has occurred. Although the latter are from twelve to six¬ 
teen hours of age, no sign of structural organization is noticed. Apart 
from the yolk inclusions which are concentrated in one or another region 
of the organisms, these embryos consist of massed aggregates of cells. 
The cells are of various sizes, often vacuolated and their membranes are 
frequently not intact, resulting in S 3 mcytial-like patches. The cells have 
no orderly arrangement, but are haphazardly dispersed throughout the 
cytoplasm. No embryo comparable to these was observed in the controls. 

Bggs which had not hatched by the third day following deposition, i.e., 
some forty-eight hours past the normal modal hatching time, were selected 
at random and dechorionated. In some of the decfaorionated eggs no evi¬ 
dence of development could be seen, but in others embryonic ddfeientia- 
tions were visible. These embryos were segmented and larval jaws and 
tracheae were noted. When removed from the membranes, suc^ embryos 
would sometimes move their jaws and muscles feebly; oth^ remained in 
the position in which they were placed and showed no activity at all. In 
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several instances, the larvae had difficulty in emerging wholly from the egg 
cases, for the envelopes still enclosed the posterior portion of these organ¬ 
isms. Careful removal of the membranes did not induce such individuals 
to move or show any other activity. 

Summary ,—When Drosophila males and females are exposed to x-rays 
and then mated with untreated flies, a high percentage of the embryos do 
not hatch as larvae. Especially susceptible to the radiations are the most 
mature odcytes. The treatments have affected the gametes to an extent 
that, in many cases, orderly development becomes impossible. Varied 
distortions of the meiotic and mitotic divisions have been observed. 
Within the sections of single eggs, distortions of various t 3 rpes as well as 
apparently normal flgmes have been found. At an age when normal 
embryos are highly differentiated, some of the embryonic offspring of ir¬ 
radiated parents consist of structureless masses of cells. It is likely that 
there is a direct relationship between the observed cytologic and develop¬ 
mental abnormalities and the greatly increased percentage of mortality 
among the progeny of treated adult Drosophila, 
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ON THE LAW FOR MINIMAL DISCRIMINATION OF 

INTENSITIES. IV. ^ AS A FUNCTION OF INTENSITY 

By W. J. Crozier 

BiOLOGiCAt. Laboratories^ Harvard University 
Communicated May 7, 1940 

The nature of the functional dependence of the sensorially least dis- 
criminable increment of intensity (AJ) upon the magnitude of the pre¬ 
vailing intensity level (li) has long been recognized as presenting a problem 
of fundamental interest. The literature concerning it, experimental and 
theoretical, is full of tantalizing curiosities, and is voluminous to the point 
of generating stupefaction. Although enormous labor, in the aggregate, 
has been <lirected toward establishing a rational basis for the data of 
differential sensitivity, no even approximately satisfactory solution has 
been proposed thus far. The chief reason for this is to be found, I suspect, 
in the curious fascination of the “Weber fraction” AI/I. The intensity 
of Fcchner^s realization of the psychophysical significance of the properties 
of AI largely succeeded in fastening attention on the seductive possibilities 
supposed to follow upon the fact that the “Weber fraction” might be (or 
“ought” to be) a constant. The chief consequence of this was that the 
academic and essentially artificial problem of the constancy or inconstancy 
of the ratio AI/I came to dominate a very considerable area of psycho¬ 
physics. 

A certain degree of sanity was introduced into this matter by Hecht*s 
insistence^ that the more realivStic problem, and the theoretical oppor¬ 
tunity, is found not in the “constancy” of AI/I but in the reasons for its 
systematic behavior as a function of intensity. The rational theory of 
intensive discrimination has continued to be very largely occupied with 
the consideration of the properties of AT/I*** or sometimes of J/A/. 

The reasons leading to a rejection of these considerations are of two 
general sorts. I am referring to the rejection of what I have just termed 
the current rational theory of intensive discrimination; I am not discussing 
those attempted formulations of the data which depend only on the use 
of more or less convenient but not experimentally support^ equations, 
because any number of such formulations can be found and consequently 
no one of them has of itself any real analytical significance; moreover, 
none of them thus far detected actually describes the data or takes adequate 
accotmt of their known properties. The current rational theory of in¬ 
tensive discrimination has had a considerable (although not a completely 
inclusive) success in giving descriptive formulae for the dependence of 
visual M/I upon I. The data of visual intensive dispritn itn,tinn cover a 
wider range of intensities, in more different kinds of organisms, are 
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availabie with other types of sensory excitation; and they are in some 
important respects less complicated by the mechanical conditions of sensory 
reception. For reasons which Hecht has discussed in detail* it has been 
attractive to suppose* that the quantity M is (visually) one which produces 
a certain amount or rate of decomposition of photosensory receptor sub¬ 
stance in a system adapted to h. The main reasons for rejecting this 
approach are (1) that there is no necessity for assuming that the magnitude 
or the properties of AJ are determined peripherally in the receptor,® and 



FIOURB 1 

Instantaneous'* thresholds (A/o) under conditions of adaptation to intensi¬ 
ties h: "white** lisht data from Blanchard;^* 6® field. At the left, "rod" 
curve, asymptotic minimum A/o * 0.00689; at the right, "cone" curve, 
minimum A/o » 0.100. The ordinates give 1/A/o as percentage of the maxi¬ 
mum value of this fraction, on a probability grid. 

(2) there is no reason whatever to accept the assumption that the threshold 
effect is a physically constant effect.® While the resulting equations pro¬ 
vide a certain (but incomplete) description of the data, this is surely no 
argmnent for their uniqueness and does not by itself validate the assump¬ 
tions {torn which they are derived.’ 

The matter may be approached in a quite different way, with the help 
of simple assumptions for which there is now considerable direct support 
of a totally different sort. These assumptions avoid most, if nqt indeed 
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allt of the general difficulties already referred to. The chief assumptions 
are: (1) the relation of sensory effect E to log I is given by a normal prob¬ 
ability integral; the various aspects of ‘‘effect produced” as a function 
of intensity, when objectively measurable, do adhere to this formulation,^** 
and the reason for it is deducible in an elementary way;* (2) the reciprocal 
of the exciting intensity measures the capacity to be excited under the 



FIGURE 2 

DaU (cf.«) from experiments (Croxicr and Holway) by the method 
of increasing A to Jfi, where Ij — A -« A/. Each point isthemeanof 
five measurements (left eye. W. J. C.. white Ught, field 30* square 
centrally fixated; for observational conditions The central Unes 

are probability integrals for 1/A/m as a function of log A. The sta* 
tisticaHy constant vertical width of the band corresponds to the fact 
that and A/*, are in direct proportion.*® For the lower (‘’rod") 
segment, asymptotic minimum hg A/^ «*• 3.63; for the upper aeg- 
ment. minimum log A/^ 3.80. 

conditions and with reference to the end-point of effect employed the 
types of justification for this assumption are numetous, and include 
especially the rational behavior of the three parameters of the probability 
summation involving 1/7, under various experimental treatments.* Vksved 
in this way the derivative curve of dE/d 7 as a function of icfg 7 is of 
couise a frequency distribution of elements of neural effects (and not of 
the intensity thresholds of excitable neural tmits). 
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If an assemblage of neural units is adapted to an intensity /i the corre¬ 
sponding mean total sensory effect is £i. Excitability with respect to the 
production of any further sensory effect by increasing / must clearly 
depend on the range of the distribution of d log I still open to activation, 
and the range of additional effect potentially achievable will be drawn 
from and wiU be equivalent to 

The increment of intensity producing a noticeable effect beyond that 
due to Ii is A/. It corresponds in quantitative properties to the ''absolute 
threshold*' A/o when /i « 0; the only difference is that with /i finite the 
test starts from a certain level of light adaptation and Ii is (usually) still 
present for comparison. Among important properties in which the essen¬ 
tial similarity of mean values of Al and A/o are manifest is the rectilinear 
proportionality to their indices of dispersion in repeated tests, the ho¬ 
mologous types of dependence on retinal area® and on exposure time,® and on 
the level of light adaptation.® Analysis demonstrates that 1/A/o, like 
effect Et gives a normal probability summation as a function of exposure 
time.® In a similar way, the “differential excitability" 1/A/ is regarded 
as determined by the summation of neural effects from that part of the 
total potential population not already excited by /i. In other words, the 
capacity to be excited, which is measured by 1/A/, is determined by (and 
thus measurable in terms of) the remaining number of unexcited elements. 
If effect £ is a probability integral in log /, then 1/ Al must be a similar 
probability integral with reversed slope, since at each h we wiU have 1/A/ 
equivalent to -Ei* 

It will be noticed that an essential part of this argument involves simply 
the number of elements of neural effect {dE/d log I) and makes no reference 
to any fixity of the individual unit thresholds in terms of log /; in the de¬ 
duction® of the probability summation for these cases it is explicitly pre¬ 
sumed that the thresholds of these units fluctuate at random. As a matter 
of fact, the relation^® between A/ and permits another method^^ of 
obtaining the form of the Al function, which emphasizes the significance 
of fluctuating variation of performance in the neural units concerned in 
statistically determining the nature of the law for sensory effect as a func¬ 
tion of intensity; its results are essentially the same as those about to be 
described. 

The tests of this formulation must ultimately involve a good deal more 
than its ability to apparently describe the data, particularly since cus¬ 
tomary criteria of curve fitting are of very doubtful utility for such data. 
Vidid tests must be particularly directed toward examining the properties 
of the parameters of the function. Among the most interesting of such 
tests are tiiose theoretically possible by altering the organism's tempera¬ 
ture. But certain other tests, although in some respects less decisive, can 
readily be applied. The derivation of the probability summation for 
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l/AJ makes no reference to anatomical specificities of receptor or central 
nervous organization; it makes no appeal to the photochemical (or perhaps 
photoelectric) basis of the primary excitation of individual visual cells; 
it is concerned solely with the fact that the determination of visual response 
is brought about through the activation of groups of neural units which 
fluctuate in performance and in accommodation. It should therefore 
be basically applicable to the data from a great variety of animals. More- 



FIGURE 8 

Data for small (foveal) fields, from Stcinhardt:’* (i), 56' teat 
field, no surround; (ii), with an illuminated surround, the effect 
of th^ surround is to lower the theoretical minimum log A/o 
from T.21 to T.IO; (iii) and (iv), 23.5' field with and without 
surround (illumination relatively greater than with (ii); with 
(Hi) the minimum log (A/o)«, • T.56, for (iv), T.46. The curves 
arc computed probability integrals for l/A/„ as a function of 
log/i. 


over, it should hold for “instantaneous thresholds" immediately after the 
removal of an adapting intensity,^* for A/ as obtained by the method of 
increasing I from h to /* (no contrast involved, as the illuminated field is 
uniform), and for the conventional AT experiment in which h is continu¬ 
ously present. The experiments of these three types form a graded series 
as to the operational r61e of Ji, which serves to emphasize the essential 
nature of A/ as a threshold intensity under different sets of conditions. 
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Further, the basic rule should in principle be equally applicable for auditory 
and other sensory modalities^ Mechanical complications due to the ex¬ 
istence of several sets of populations of overlapping neural effects may 
require an extended analysis of such data. Here, only illustrative cases 
need be given. 

Figure 1 is a plot of “instantaneous visual threshold” data from Blan¬ 
chard.^** These have been analyzed by Hecht^* and by Federov'* from the 



FIGURE 4 

Two series of determinations (from Hecht, Peskin and Patt‘’) with red lights 
(one observer), recalculated to give X/ as a function of log h for the ”cone*' 
segment (cf. Fig. 2, etc.), here shown on a probability grid. For X 605 
log « 1.62. For X 670 log « T.60. 

(These data actually include several points at lower levels of h which '"break** 
into the '"rod** segment. It is to be remarked that when d///i is studied as a 
function of I\ the breaking of the whole range of the measurements into two seg¬ 
ments is easily overloc^ed; this has sometimes occasioned the unwarranted sug¬ 
gestion of aberrant qualities in such data.) • 

photochemical standpoint, on the basis that the threshold effect is a photo- 
chemicd constant. Figure 2 contains data from experiments by Crozier 
and Hoi way using the method of increasing 1% to 1% at a constant relative 
rate. Figure 3 (from measurements by Steinhardt^*) and figure 4 (from 
data by Hecht^^ are from experiments involving the use of h and h in 
comparison fields. 




m 


PHYSIOLOGY: W. J. CROZIER 


Pftoc. K. A. a 


The probability integral in log 1% efficiently describes these data> which 
iUustrate the three main types of differential threshold measurements 
already mentioned. Advantages of dealing with A/*, directly, rather than 
with AJ//, are both theoretical and practical. It results that certain sub¬ 
sidiary questions are necessarily viewed in a new light. Thus the much 
discussed matter of the rise of A7 /I at high intensities, and the effect of a 
“surround*^ upon this, ceases to have meaning. The presence of a surround 
enlarges the comparison population of effects (and thus produces the ex¬ 
pected changes in the three parameters of the 1/ AI — log h integral), but 
merely pushes the terminal rise of the Weber fraction to higher levels of 

h 

Summary, —The differential threshold for the visual discrimination of 
intensities follows the same essential rules as are obeyed by the so-called 
'^absolute" intensity threshold. When Af involves the marginal recogni¬ 
tion of an increase of intensity above an adapted level, 1/ AJ is a declining 
normal probability integral as a function of log h. This is deduced on the 
assumption that at any given level of visutd accommodation the excit¬ 
ability measured by 1/ Al is determined by the not-already-excited portion 
of the total population of potentially excitable neural effects. There is 
obtained in this way, without unnecessary assumptions, a simple, efficient 
formulation of the existing data which is consistent with the statistical 
basis of neural discriminations in general. 
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DIFFERENCES BETWEEN MEN AND WOMEN IN THEIR 

RESPONSE TO HEAT AND COLD 

By jAifBS D. Hardy and Bdgbnb F. Du Bois 

Russbll Sage Institute of Pathology in Affiliation with the New York Hospital 
AND Department of Mbdicinb, Cornell University Medical College 

Read before the Academy, April 22. 1940 

There have been a large number of publications dealing with the reac¬ 
tions of men to changes of environmental temperature, but very few studies 
with women. Just why there has been such a neglect of half our popula¬ 
tion is not clear. Air conditioning is theoretically based on ph 3 ^iological 
studies, and politeness alone would demand more consideration of the 
ladies. It is well known that women in light clothing tolerate a wide range 
in temperature. This is not due to greater fortitude or vanity but rather 
a better physiological adjustment. 

Max Rubner in 1890 and 1902^'”’ outlined the factors concerned in the 
loss of heat and described the **physical regulation’* through changes in 
heat loss or voluntary activity. He also spoke of a rise in heat production 
through ^'chemical regulation” which is induced without visible changes 
in the activity of the animal. In previous papers from the Russell Sage 
Institute of Pathology^® presented before this Society we reported that 
the heat production of the two normal men studied by us in detail was uni¬ 
form when exposed to temperatures between 22® and 35°C. This is in 
accordance with the findings of Wiley and Newburgh® in Ann Arbor, 
WinaloWr Herrington and Gagge^ in New Haven, and others. Martin,® 
however, did note a falling metabolism in one man during a voyage to the 
tropics. There have been may reports indicating that the basal metabo¬ 
lism of men and women is lower in the tropics, but there are several fac¬ 
tors involved besides temperature. Miss Mason,® who eliminated all the 
factors excq)t climate, observed that the metabolism of a group of women 
was 5% lower in tropiical India than it was in the temperate zone. Hardy 
and hfilhorat,^® in a 1»ief preliminary publication from the Russell Sf^e 
Institute of Pathology last year, demonstrated that three normal women 
diowed a considerable drop in metabolism in a warm environment and 
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they analyzed the differences between these women and the two men that 
we had studied in the same manner. In this present report we can add the 
results on four more women. 

The men and women were studied in the respiration calorimeter of the 
Russell Sage Institute of Pathology^ which is now at the New York 
Hospital. They came to the laboratory at 9 o’clock in the morning without 
breakfast, sat quietly for an hour in the calorimeter room which had been 
kept at the desired temperature since the previous day, undressed and 
entered the calorimeter which was then sealed. During tlie preliminary 
period in the box the surface temperature was measured. The first experi¬ 
mental period was started at about 11 o’clock, and observations were 
terminated either at noon or at 1 o’clock. At the end of the experiment 
the surface temperature was determined once more. During the experi¬ 
mental periods the subjects lay almost motionless on a comfortable bed 
made of fish net with a folded sheet under the body. There was little 
movement of air in the calorimeter. The two normal men were 33 and 54 
years old, in good physical condition; and the seven women were artist 
models or technicians, in good physical condition, between the ages of 
21 and 35 years, with weights of 54 kg. to 77 kg. They were all intelligent 
and cooperative. 

The respiration calorimeter of the Russell Sage Institute of Pathology 
has been described many times. Since 1935 we have been using the Hardy 
radiometer^ to determine skin temperature. Combining these two in¬ 
struments the following quantities are measured: 

(1) The rectal temperature, measured every 4 minutes 

(2) The skin temperature in twenty points, at the beginning and end of 
each period 

(3) The calorimeter temperature (wall and air), at the beginning and 
end of each period 

(4) The total heat production during a period (usually one hour) 

(5) The total heat loss by radiation and convection 

(6) The total grams of water vaporized from skin and lungs 

(7) The surface area of the body 

From these data, according to procedures already described in detail, 
the following quantities could be calculated: 

(1) The average skin temperature 

(2) The effective radiating surface of the skin 

(3) The total heat loss by radiation 

(4) The total heat loss by convection 

(5) The total heat loss by vaporization 
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(6) The heat stored in the body 

(7) The conductance of the peripheral tissues of the body 

(8) The cooling constant of Newton's Law of Cooling 

Figure 1, which has already been described in previous publications**® 
shows the results on the two men. It will be noted that the heat produc¬ 
tion represented by the first blank column in each group of experiments 


CAL.PER HR. 



FIGURE 1 

Heat production and heat loss of two normal men exposed naked in the calorimeter 
to temperatures between 22-35 The first or blank column in each experiment 
shows the basal heat production (B) which was uniform throughout the range. The 
second column shows heat loss divided into radiation (B), convection (C) and vapori¬ 
sation (7)' 

remained constant throughout the experimental range. The heat loss 
shown in the second column of each group exceeded the heat production 
in the cold zone and equalled it in the comfort zone between 29^ and 31^C. 
Radiation (i!), given in the lower portions of each of these heat loss columns, 
decreased steadily with increasing temperature until it disappeared at 
35^C* when the skin temperature equalled the temperature of the wall of 
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(Figures 3 and 3.) Calorimeter data obtained in two normal women showing 
the fail In heat production in temperatures above 27*C. 


the csloriiaeter. Convection (C) plajred a tdativdy omall hawMfi. 
there tras slight air movement in ^ adc>rhneter and loss by convection 
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dtsappeared.when the air temperature was the same as the skin tempera¬ 
ture, Vaporization (V) remained fairly uniform until the air temperature 
rose above 30®C„ then increased rapidly until it assumed tie whole bur¬ 
den of heat loss at 35°C. 
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Hie results on three of the young women are shown in figures 2 ,3 and 4. 
The first two demonstrate a marked fall in heat production in the warm 
zone. The third woman was an exception, for there was practically no 
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The one woman in a series of seven who showed no fall in heat production sritb 
risinf temperatures. 

dumge in heat ptoduction between ahr temperatnies of 24.5* and 84*C. 
It ao h^ipena that this woman was being treated wttii hohnonea for 
amenorrhea. Whether or not this ia aignifioBat we doimt kacm:. 
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FIOURB 8 

A comparison of results obuined on men and women at calorimeter temperatures 
between 22-86'C, Note that the dotted line showing the heat production of the 

wsA*** j exactly the same as that of the men in temperatures between 23- 
27 C. and then falls, almost equaling the upper dotted line which shows the heat 
lois in women. 

ihoifs the diffeieneeg between the reaults obteined on the men and 
WWnen. The taeMupeinent* mute after about 2 Vs hours’ exposure^ naked, 
and motionleMt to the various temperatorea, M’s plotted according to the 
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calorimeter temperature in degrees Centigrade. Needless to say it re¬ 
quired many days to complete the tests on any one subject. 

(1) The rectal temperatures were the same for the men and women and 
were both slightly lower in the cold zone as a result of exposure to the cold 
air. There was a spread of about 0,6°C. in the individual measurements. 

(2) After exposure to the cold air for approximately 2 V 2 hours the 
average skin temperature of women was about 1.0®C. lower than that of 
the men. In the warmest zone skin temperatures after the same exposure 
were about 1,7®C. higher than those of the men. In environments colder 
than 33®C. the average skin temperature fell almost linearly with the 
calorimeter temperature so that a change of 1® in the calorimeter caused a 
change of 0.5® in the skin. The change in the women was greater than that 
observed in the men by 0.1®C. per degree fall in the environmental tem¬ 
perature. 

(3) The heat loss for women in the cold zone was about 10% lower than 
that of the men on account of the lower skin temperature. In the warm 
zone the heat loss of most of the women was about 14-20% lower than that 
of the men because the women did not sweat as much. 

(4) The heat production of the men was constant throughout the 
temperature range. In marked contrast to this the heat production of 
the women which was the same as that of the men in the cold zone showed 
a marked fall in temperatures about 27®C. Above this point the heat 
production of the women fell with the heat loss being almost equal to it 
at all times. Therefore, in temperatures from 30® to 32®C. under our 
standard conditions the metabolism of most of the women was 14“-20% 
lower than that of the men. 

(5) Vaporization in the cold zone is accounted for by the loss of water 
from the respiratory passages and by seepage of moisture through the skin. 
There is no appreciable activity of the sweat glands in the cold. In this 
zone the vaporization was approximately equal in men and women, but 
as the temperatures grew warmer the men started to sweat at 29®C. The 
women did not start imtil the air temperature had been raised to about 
32-33®C. They did not need to sweat as soon or as mudi because they 
had lowered the production of heat in their bodies. At temperatures around 
34-“36®C. both sexes lost all their heat through vaporization because the 
skin temperature had equaled the air and wall temperatures and radia¬ 
tion and convection had disappeared as channels of heat loss. 

(6) Conductance, (conduction, conductivity) represents the ease with 
which heat is transferred from the interior of the body at a temperature 
of 37®C. to the surface, which is at a much lower temperature. Con¬ 
ductance can be calculated from^ tot^ heat lost in hourly periods know¬ 
ing the rectal temperature and the average ddn temperature. Under all 
conditions heat is transferred by conduction through the skin and iubcii- 
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taneous tissues, which are about as good insulators as cork. In the cold 
these tissues are almost bloodless. Ihe lower conductance for women in 
the cold is due to the greater thickness of the subcutaneous tissues, and 
we calculate that the average difference represents a layer of fat about 4 
mm. thick. We have found that fat has about the same conductance as 
muscle, skin or cork. 

The upward swing of the curves in both sexes which begins at 28°C. is 
due to a new factor, the steadily increasing transport of heat by the blood 
stream. With rising environmental temperatures there is an increased 
vaso-dilatation. Although the hands and feet show the most dramatic 
changes in blood flow they play a relatively insignificant part since they 
represent only 12% of the total body surface. 

(7^ As an over-all check on the physical procedure and measurements 
we have calculated the thermal loss or constant for Newton's Law of Cool¬ 
ing. This represents the heat loss by radiation plus convection per unit 
area of skin per degree of difference between skin and air temperatures. 
As would be expected the constant is the same for the two sexes and does 
not change with calorimeter temperature. For radiation alone calcula¬ 
tion with the Stephan-Boltzman Law gives much closer results. 

In basal metabolism tests with men and women little attention has been 
paid to the environmental temperature as long as the patient was comfort¬ 
able. It is, of course, difficult to estimate or measure the actual environ¬ 
mental temperature of a person who is clothed or covered with a blanket. 
We have riot yet made determinations on clothed subjects, and it must be 
remembered that we have made our measurements only on persons at 
complete rest, naked and in an environment with minimal air movement. 
The results, however, indicate that it may be necessary to make changes 
in the standards of the normal basal metabolism, paying attention to the 
environmental temperature in the case of women. The lowering of the 
metabolism in the women in the warm zone speaks for the existence of a 
"chemical regulation" as described by Rubner for animals. This had never 
previously been established for the human species although it is generally 
accepted for animals. The physical regulation of temperature involves 
changes in the skin, sweating and other physical methods of heat loss imd 
the changes in heat production due to exercise or unconscious tensing of 
the muscles. The chemical regulation is supposed to be due to some non¬ 
physical factor such as a hormone, which changes the level of heat produc¬ 
tion. The prevailing opinion is that such regulation would appear as the 
environment began to grow colder and would increase metabolism. Our 
calorimeter data favor the idea of a factor which lowers the metabolism 
in warm atmospheres from the standard level established in a cooler zone. 

Summary ,—^The men and women whom we have studied under our 
limited standard conditions showed two points of agreement—Newton's 
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Law constant and the internal body temperature. In all the other adjust¬ 
ments to changes in the thermal environment the women have a physio¬ 
logical advantage. The comfort zone, in which the heat loss and heat 
production are equal, extends over a range of about 6*^ for women instead 
of 2-3® for men. The most important factor is the fall in heat production 
of women in warmer environments. Another factor is the thicker layer of 
insulation against cold. A third factor is a slightly better adaptation of 
skin temperature to meet thermal changes in the environment. In cool 
air women, lightly clad, may be comfortable when the men need woolen 
clothing. In the warm zone long before the women have started to per¬ 
spire or even ^‘glow” the men may be covered with beads of sweat. Many 
of these facts have been suspected for generations but all should be taken 
into consideration in the practice of air conditioning. 

^ Rubncr, MaXf Bezlehungen der atmosph&rischen PeuchUgkeit zur Wasser- 
dampfabgabe, Arch. Hygiene, U, 137 (1890). 

* Rubner, Max, Die Geselee de$ Energieverhrauchs, Leipzig and Vienna, Deutiche 
(1902). 

* Lusk, O., Science of Nutrition, Fourth Edition, Saunders and Company, Phila¬ 
delphia (1028), 

^ Hardy, J, D., and Du Bois, E. F., “Regulation of Heat Loss in the Human Body," 
Proc. Nat. Acad. Set., 23, 624 (1937). 

* Hardy, J. D., and Du BoU, B. F., “Basal Metabolism, Radiation, Convection and 
Vaporization at Temperatures of 22-36®C.,“ Jour, Nutrit., 15 , 477 (1938). 

* Wiley, F. H., and Newburgh, L. H., “The Relationship between the Environment 
and the Basal Insensible Loss of Weight," Jour, Clin, Invest,, 10, 689 (1031). 

^ Winslow, C.-E. A., Herrington, L. P., and Gagge, A. P., "Physiological Reactions 
of the Human Body to Varying Environmental Temperatures," Amer. Jour, Physiol., 
120, 1 (1937). 

> Martin, C. J.. “Thermal Adjustment of Man and Animals to External Conditions," 
219, 617 (1030) . 

* Mason, B. D., “The Basal Metabolism of European Women in South India and 
the Effect of Change of Climate on European and South Indian Women," Jour. Nutrit., 
% 696 (1934). 

Hardy, J. D., and Milhorat, A. T., “Basal Heat Loss and Production in Women at 
Temperatures from 23-36^C.," Proc. Soc. Exper, Biol. Med., 41 , 94 (1039). 

Du Bois, E. F., Basal Metabolism in Health and Disease, Tlurd Edition, Lea and 
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*» Hardy, J, D., “Radiation of Heat from the Human Body. An Instrument for 
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ON POSSIBLE CHANGES IN THE SOLAR ‘'CONSTANr' 

By Thbodokb Bugbnb Stbri^b, Karl Frbdbrick Gvtrb and 

Walter Orr Roberts 

Harvard Coddbce Obsbrvatorv 
Communicated May 8, 1^40 

1. JiUrodiiction .—In an earlier communication* (here called “paper 
1'0» ten periodicities suggested^ by Abbot were tested for statistical sig¬ 
nificance, in order to see whether any evidence could be obtained, from 
measures of the solar constant, of the possible existence of changes in the 
solar radiation. It was found that three harmonic components (with 
periods of 7, 8 and 34 months) could be attributed entirely to the effects 
of ordinary random errors. The other seven (of II, 21, 25, 39}, 46 
and 68 months) could not, and therefore they arose either from changes in 
the solar radiation, or from systematic errors. There was, accordingly, 
something that it might be profitable to study further. 

We describe in the present paper a thorough periodogram anal3rsis of 
the solar constant, made without regard to Abbot’s suggested periods, and 
with no assumptions about the lengths of any possible periods. We find 
ten pronounced harmonic components, statistically significant in the sense 
of their not arising from random errors, but not necessarily real in the 
sense of corresponding to changes in the solar radiation. Their periods 
do not correspond in detail to Abbot’s. They must exist either (a) in the 
true values of the solar constant, or else (b) in the systematic errors. It 
is not definitely determinable from which of the two sources, (a) or (A), 
they come. Yet the six longest periods, among the ten that are found, are 
submultiples of 10.2 years and correspond to terms in the Fourier expansion 
of a variation fundamentally periodic in a 10.2-year period. The average 
length of the two sun-spot cycles that most closely overlap the 15-year 
interval of observation is very nearly 10.0 years. The two lengths, 10.2 
and 10.0, are equal within the uncertainties of their determination. 
Therefore, either a fundamental periodicity (not necessarily permanent, 
but still pronounced over an interval of 15 years), equal in length to the 
sun-spot period, has somehow crept into the S3r8tematic errors, or else 
there are changes in the amount of the solar radiation. The latter changes 
must have been periodic during an interval of fifteen years, but they do 
not have to be of a permanently continuing sort. In this paper we are 
not interested in the permanency of periodicities. We make use of har¬ 
monic analysis, but only in order to see whether we can find evidepce, by 
doing so, for the occurrence of any real changes at all in the amount of 
the soliu-radiariom > 

Th$ Afkdy^s,~li the observed values of the solar 4:oiistant contain 
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any periodically varying part, then that part must be composed of sinu¬ 
soidal components whose periods are integral submtdtiples of the period 
of the variation. Mathematically, the situation is simple. Each perio¬ 
dicity in the values of the solar constant can be represented by a Fourier 
series, periodic in the period, lir/s, of the periodicity. Besides a trivial 
constant term, the Fourier series consists of pairs (harmonic components) 
of the form 6 sin + c cos nst where i is the time and «is a positive integer, 
not zero. It is easy to find, by least squares, the values of b and c for a 
harmonic component having any specified period. This was done, for 
periods specified by Abbot, in paper 1. Abbot does not appear to have 
chosen his periods through any systematic periodogram analysis, but 
rather through a process of inspection and trial. We have therefore sub¬ 
jected the material that was examined in paper I to a thorough periodo¬ 
gram analysis of a modified Schuster type. The material consists of 540 
ten-day mean values (strictly, “decade” means, over intervals of one 
thirty-sixth of a year) of the solar constant, covering the interval from 
1920 through 1934, and published by Abbot* from measures made by the 
Smithsonian Astrophysical Observatory. 

The analysis was carried out for each of 76 trial periods, having 
reciprocals, given by the formula 

« 0.0048 + 0.000926 u (1) 

in periods per decade, where u « — 1,0,1,2,3.74. The longest trial 

period was thiis about 86 months; it was considered unsafe to use longer 
trial periods with material covering only 180 months. Equation (1) yields 
a set of trial frequencies spaced at one-half the resolving power. The 
shortest trial period was 4.55 months, since the number of different trial 
frequencies that cotdd conveniently be employed was limited by the eighty 
columns of the punched-card computing machinery. The observations 
were numbered serially from 1 through 540. The phase (expressed as a 
fracti II of the trial period) of the ATth observation, according to the trial 
frequc.n was thiis the decimal part of Nv„, For each trial period, the 
observations were classified into ten phase-classes, with phases (rounded 
to the nearest tenth) running from 0.0 through 0.9. The means, Jkf^, of 
the values of the solar constant in the respective phase-dasses were then 
used as the right-hand members of observational equations of the form 

> * L ■ * L 

a + i sin 36®j 4- c cos 36°j ■» M/, j 0,1,2 . . 9. (2) 

There were thus ten obwrvational equations for each trial period. The 
ten equations were assign^ equal weights (.4) in a least squsMs solution 
for the coefficients a, b and c. 

It would have been slightly more accurate to have adcq>ted, for the 
weights (B) df the equation^, within each least squares solution, the pq|Mi* 
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lations of the respective phase-classes. The populations in question, how¬ 
ever, were all close to 54 and it is known, in general, that least squares 
valucis are fairly insensitive to changes in the weights. The adopted system 
of weights {A) therefore leads to almost exactly the same v^ues of the 
coefficients as would the system (JS), while it facilitates the computations 
by reducing, to a single form, all of the different least squares solutions* 
The results of the preceding analysis are shown in table 1, and in the 
diagram. Values of the amplitude, 4 == (5^ -f are listed in the table 
against the corresponding values of u, and are plotted against u in the dia¬ 
gram, which constitutes a periodogram. As it relates to w, the resolving 
power is constant and equal to two units throughout the diagram; as it 
relates to the resolving power varies. The straight lines joining the 
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Periodogram of the ten-day mean values of the aoUr constant, covering 15 years of 
observation. The amplitude is in units of 10~* calories per square centimeter per 
minute. 


computed points have been drawn merely to assist the eye, and have no 
other significance. 

Corresponding to any harmonic term having a frequency v', in the ob¬ 
served values of the solar constant, there exists a certain pattern in the 
periodogram. It is easy to show* that the pattern consists of a princ4>al 
maximum or "peak” at v v', flanked by secondary maxima located very 
nearly at v' * 3h/2, 5h/2, 7h/2, etc. The ordinate falls to minimum values 
between them, at v' * k, 2h, Zh, . . . etc. The quantity h, the resolving 
power, is the reciprocal of the interval of observation, and is here equal to 
0.001852 decades-*. The heights of the principal and secondary maxima 
are very nearly in the ratio of 1: (2/3ir): (2/6»): (2/7 t) : ..etc. The 
pattom is similar to one produced by a diffraction grating having a small 
number of lines. The occurrence of random errors in the material of course 
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tends to mask all the peaks to some extent, md the seenndwy maxima, 
being smaller than the principal maximum, are the more easily obscured. 

It will be noticed that in accordance with equation (1), a diange of 
unity in u changes the trial frequency v by an amount equal to one>half the 
resolving power. This spacing was adopted in order to cover the periodo- 
gram thoroughly, over the interval tested. With this spacing, each 
separate principal peak is covered by three or more points. 

S. Results .—The periodogram contains a considerable number of peaks. 
In order not to be distracted by the smallest ones, most of which are 
probably mere statistical fluctuations, let one consider only the twelve 
maxima on which one or more of the computed ordinates exceed 10 
calories per square centimeter per minute. By interpolation between the 
computed ordinates, which correspond to integral values of u, the fractional 
values of u may be estimated that correspond to the maxima of these 
peaks. Such interpolated maxima probably yield the best values of the 
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periods that can be found without the considerable labor of computing 
additional points on the periodogram, and they are listed in table 2, in 
the first column. The second column contains the corresponding frequency, 
V, in periods per decade; the third, the period in months; and the last 
column, the vdue of i’*e obtained as in paper I. The number is the 
probability, approximately, that statistical fluctuations in the random^ 
errors wo^d give rise to a value of + U* equal to or lai^ thmi the 
value observed for the greatest computed ordinate in the peak. Here 
It and te are the ratios of i and c to their (equal) meui errors, and thus the 
value of Pte depends both upon A and upon the reriduals of the observa¬ 
tional equations. It is difficult to estimate, accurately, the uncertahity 
in the interpolated u's. If one supposes that such a's have uncertainties of 
the order of 0.5, then the frequencies have uncertainties^ of the order of 
0.0005. The last two digits of the periods in column three are piobaldy 
doubtful. 
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The resolving power is two units in u; and if one supposes that there are 
thirty>eight independent trial periods between u 1 and » 74, then 

one should expect to find only one or two peaks, within this range, with 
P^’s that are equal to or smaller than 0.03, and that arise by dunce from 
the effects of random errors. The expected number is if anything fewer 
than two, and probably all but two or three of the above peaks must be 
considered to have statistical significance. 

The distribution and heights of the first six peaks in table 2, which ap¬ 
pear with the small doubtful seventh peak to form a related family in tte 
periodogram, do not allow the family to be readily explained as being due 
to the diffraction patterns of a few “prindpal” peaks. The first six peaks 
appear to have periods that are dosely equal to submultiples of a funda¬ 
mental period of 368 decades, or 10.2 years. With this fundamental period, 
a periodicity would have for the m's of its 2nd, 3rd, 5th, 6th, 7th and 8th 
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0.00493 

67.6 

7 X 10- 

3.64 

0,00817 

40.8 

4 X 10- 

9.31 

0.01342 

24.8 

1 X 10- 

12.43 

0.01631 

20.4 

3 X 10- 

16.44 

0,01910 

17.46 

1 X 10- 

18.80 

0.02193 

16.20 

4 X 10- 

22.23 

0.02638 

13.13 

3 X 10“ 

27.09 

0.02989 

11.16 

9 X 10- 

29.80 

0.03239 

10.29 

7 X 10- 

32.01 

0.03444 

9.68 

3 X 10-' 

87.76 

0.08977 

8.38 

2 X 10- 

62.36 

0.06329 

6.26 

3 X 10- 


harmonic Fourier components^ the values 0.69, 3.62, 9.50, 12.43, 15.37 
and 18.30, in dose agreement with the observed values. The value 368 
decades was obtained by least squsues fiwm the first six peaks. The peak 
at 13.1 months does not fit into this scheme, but it is low, its Ptc is the 
largest in table 2, and it is of no statistical or |di3rsical significance. The 
peak sd 17.4 months, although it fits into the scheme, has a P^t of 0.01, 
a value hardly small enough to be of statistical significance among so 
many trial periods. This value of Pu, however, corre^nds to the integer 
u 15; and it appears from the periodogram that if the ordinate at 15.44 
were exactly computed, its P^t would be consideraUy smaller. It is 
therefore consider^ that this peak is probaMy statistically significant. 

The eleventh Fourier component of a fimdamental period of 368 decades 
would have aw of 27.11, sufficiently dose to the high peeh observed at« * 
27.09 (11.2 months); but to find so large an an^pUtude for so high a har¬ 
monic would not be likely, and it may not be reasonable to attempt to 
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relate this large peak to the fundamental period of 10.2 years. The peaks 
at 10.3 and 9.7 months may be the first and second subsidiary maxima 
associated with the principal maximum at 11.2 months. The spacing is 
right for this interpretation, and the plotted heights, it should be remem¬ 
bered, are not the true heights since our analysis has been carried out 
only for integral values of «. The small peak at 8.4 months does not 
appear to have even statistical significance; that at 6.3 months appears 
to be statistically significant but it may not be related to any of the other 
peaks in table 2. 

The minimum to the left of the peak at 11.2 months appears at « = 
23 instead of at w — 25.09 where it ought to be, two units to the left of the 
maximum. There thus appears to be some evidence, from the periodo- 
gram, for the existence of an extra period somewhat longer than 11.2 
months. A period of one year would have a peak at « = 24.81, nearly 
at the first minimum of the pattern associated with an 11.2-month period. 
A significant was obtained for this annua! periodicity in paper I, 
Perhaps an annual period (a systematic error arising from the atmosphere) 
contributes to the periodogram a peak that merges with the diffraction 
pattern of the 11.2-month period to produce the observed peak as a re¬ 
sultant; if this is true then the interpolated value of 11.2 months may be 
slightly in error. 

To sum up, there appears to be a family of statistically significant har¬ 
monic components with periods of about 68, 41, 25, 20, 17.4 and 15.2 
months. These periods are equal to submultiples of 123 months, closely 
enough for it to be possible to regard them as the Fourier components of 
a fundamental period of 123 months. There are also significant harmonic 
components which, whether related to the preceding periods or not, have 
periods of about 11.2 and 6.3 months. Significant periods, indicated at 
10.3 and 9.7 months, may possibly be ^'diffraction’" phenomena associated 
with the pronounced period at 11.2 months. There is some evidence for 
a possible annual term. The present list of periods differs from Abbot’s. 
His 68-month period is the same as ours, but his 46-month period faUs 
upon the rising portion of the 41-month peak and does not appear to have 
a separate existence. His 39Vs‘*t>ionth period appears in our list as 41 
months. His 34-month period corresponds to a minimtun in the periodo¬ 
gram and does not seem to exist His 25-month period is in our list, and his 
21-month period is our 20-month period. Our 17.4 and 16.2-month periods 
are absent from his list; his 11-month period is our n.2-month period; 
our 10.3-month period is missing from his list; and his 9.75^month period 
is our 9.7-month period. His 7 and 8-month periods come close to minima 
and do not appear to exist, while our 6.3-month period is missing from his 
list. 

That m of the ten components diottld appear to be overtones of a fimda^ 
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mental periodicity of about 10.2 years suggests, to some extent, a de¬ 
pendence of the solar radiation itself upon the phenomena that underlie 
the sun-spc)t, and other solar periods. Over the 15-year interval during 
which the observations of the solar constant were obtained, the.average 
length of two sun-spot cycles appears to have been about 10.0 years. As 
pointed out in the Introduction^ this implies that unless a fundamental 
period equal to the sun-spot period has somehow crept into the systematic 
errors then there must be changes in the true solar constant itself. 

Dr. Abbot has kindly informed us that he plans to publish, shortly, 
values of the solar constant from 1920 through 1939—values computed 
by improved methods of reduction. The new systematic errors may be 
smaller, and in any case should be different. It is planned to obtain a 
periodogram of the new material when it is published. A comparison of 
that periodogram with the present one may possibly make more certain 
the origin of the periodicities—^whether they come from the systematic 
errors, or from real changes in the solar radiation. Until then, we wish 
to suspend further judgment on this most important question. 

The authors wish to thank the Harvard Graduate School of Business 
Administration, and in particular Professor Theodore H. Brown, for very 
kindly allowing us to use their punched-card computing machinery, of 
the Hollerith type. 

4. Summary .—A thorough periodogram analysis has been made of 
five hundred and forty ten-day mean values of the solar constant, published 
by Abbot. Seventy-six equally spaced trial frequencies have been used, 
corresponding to periods between 86 and 4.6 months. The analyzed 
material contains harmonic components (statistically significant in the 
sense of not arising from random errors, but not necessarily real in the 
sense of corresponding to changes in the solar constant), with amplitudes 
greater than 10""* cal./cm.* min., at 68, 41, 25, 20, 17.4, 15.2, 11.2 and 6.3 
months, The last digits are uncertain. Two other peaks, at 10.3 and 9.7 
months, may perhaps be subsidiary maxima associated with the 11.2- 
month component. The new list of periods differs in detail from Abbot's, 
and the six longest members appear to be the Fourier components of a 
fundamental periodicity having a length of 10.2 years. Within the ac¬ 
curacy of their determinations, this last period, and the average sun-spot 
period at the time of the observations, appear to be equal. The equality 
suggests the occurrence of some real changes in the solar constant, but 
pending the publication by Abbot of revised material, this point should 
not be regarded as settled* 

^ ... by ccmsidering, analytically, the nature of the periodogram that would be 
obtained from a quantity a 4* 5 sin 2irv^N H- c cos 2ire'i7. 

t The measures of the sc^r constant may be considered to consist of the solar con¬ 
stant, phis random errors, phtasystematk errors. By fondsm errors, here and In paper I, 
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errors are referred to that may be conaidered to have been drawn iadepeiidently and 
at random from some parent populaticm whose mean is zero. Errors of all other sorts 
m called systemalic. Hnhne,* in a short paper vnth much ot which we agree, appears 
to misunderstand this fairly conventional use (rf the expressiott random errors. Cor¬ 
related errors, for us, arc systematic errors. 

t There is, of course, no reason why the 4th component should not be small, 

> Sterne, Proc. Nat. Acad. Set., 25, 569 (1939). 

* Abbot, SmitksoHian Misc. CM., 94, No. 10 (1936). 

• Abbot, Ibid., p. 12. 

‘ Hulme, Observatory, 03, 101 U940). 

ON SOLAR FACULAE AND SOLAR CONSTANT VARIATIONS 

By Hbnryk Arctowski 

Smithsonian iNsmimoN 
Read before the Academy, April 23, 1940 

On January 4, 1845,^experimenting with a thermopile of RuhmkorfF 
Professors Henry and Alexander of Princeton* made "twelve sets of obser¬ 
vations, all of which, except one, gave the same indication, namely, that 
the sunspots emitted less heat than the surrounding parts of the luminous 
disc." 

Exact measurements of the thermal conditions of sun-spots were made by 
S. P. Langley in 1874 and 1875.’ He found that "taking the mean thermal 
photospheric radiation in the spots vicinity as unity, the mean umbral 
radiation is 0.54 m 0.005, the mean penumbral 0 .^ m 0.01." Let us 
notice also that the ratios of the radiation from the umbrae and the neigh¬ 
boring photosphere, observed by W. E. Wilson* in 1893 and 1894, varied 
between 0.29 and 0.85, and that E. B. Frost,* comparing Langley’s observa¬ 
tions, made about three years after a solar maximum, with his own, made 
about two years after a minimum, writes that "it is impossible to assert 
that the thermal conditions of spots (and perhaps of the photosphere and 
atmosphere) are invariable during the eleven-year period of solar activity." 

The solar faculae were correctly described long vgo by Christ Scheiner 
in his "Rosa Ursina ...” published in 1626, and by I. B. Riccioto, as well, 
in hki "Ahnagestum Novum ...” published in 1651. 

Secehi noticed that when a facula is obs«rYed at the edge of the solar disc, 
the chromosphere nearby extends hi{^ier. J.P 6 iyi,* who cito thisobsmvs^- 
tion, writes that in the spectrum of faculae the lines of proniinencesapfNsar 
very bright, the K line in particular. This fuU allowed Hsile and Deslan* 
dres to photograph the distribution of faculae all oyer sohtr disc. 
F 6 i 3 ri contidets the faculae as being redeacenititig ^ masses cdlhie asoeod- 
ing prominences. He thinks it is because of adiabatic ccuppriEpi^ th^ 
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the temperatttre of faculae should be ht^ier than, that on the corre^nding 
levds of the solar atmosphere. 

If, therefore, the spectrobolometric measurraients of C. G. Abbot, 
F. B. Powle and L. B. Aldrich, giving the mean radiation along the radius 
of the solar disc,* are accepted as standard, local deviations on the surface 
of the sun should be admitted, a prisre, in particular over the areas occupied 
by faculae. 

Daily contrast numbers of brightness, solar center-limb, observed by Dr. 
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Variations of the solar constant and of areas of solar faculae 

FXOtniB 1 

Daily solar constant values for February and March, 1926, and areas of faculae. 

Abbot and his co-workers in 1913 and 1914, compare well, in their varia* 
tions, with those of solar constant values.^ 

It was these facts which, in 1915, led me to the study of the variations 
of the daily areas of faculae, and their monthly means,* as recorded in the 
Greenwich photo-heliographic results.* 

I fbtmd that, during the approximately 11-year period of sun-spots, there 
are five maxima of the quotients of faculae and umbrae areas and that 
the frequency variations of sun-spots diould be considered as a subordinate 
manifesiBtlon of tlm variatk^ 

Dr. Abbot's researches on solar constant data led him to the conclurion 
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that **an increase of 0.07 calory per square centimeter per minute in the 
solar constant accompanies an increase of 100 sunspot numbers,*' while 
my researches on the fluctuations of the solar constant led me to believe 
that sun-spots should be considered as only one of the acting factors, prob¬ 
ably less important than the faculae or other unmentioned solar phe¬ 
nomena on which the areas of faculae depend. 

The fact is that F. E. Fowle, comparing the daily data of solar constants 
of radiation, observed during March, April and May, 1920, with the areas 
of calcium flocculi, measured at the del Ebro Observatory, noticed an ex¬ 
cellent agreement of their variations.'* Besides, H. H. Clayton ascertained 



KlOtJRE 2 

Solar constants and faculae, July and August, 1929. 

that from July, 1918, to December, 1921, maxima of faculae coincided with 
maxima of solar radiation, and beginning in May, 1024, he has made fore¬ 
casts of solar constants from the visual observations of sun-spots and 
faculae.'^ 

I began my work at the Smithsonian, last December, by studying the 
daily values of preferred solar constants observed from 1926 to 1930.'^ Dr. 
Abbot has given the following grades to the tabulated data: S satisfac¬ 
tory, S- not quite satisfactory, Z7 unsatisfactory, 17-f better than unsatis¬ 
factory and 17- very unsatisfactory. Pour hundred ninety^our of 
these values, approximately only one-lourth of the total number of obser¬ 
vations, were considered perfectly satisfactory. It follows that the es* 
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tablishment of many solar constant observatories would be advisable if 
continuous solar constant data are ever to be used in daily weather fore¬ 
castings. in order to avoid unsatisfactory data which are due exclusively 
to the temporary local unfavorable atmospheric conditions. 

At present let us examine the question of the cause of solar constant 
variations. 

leaving aside the eventual correlations between sun-spots (areas of 
umbrae) and the Smithsonian solar constant values, which lead to contra¬ 
dictory results, as I showed long ago, it is only the Greenwich data of areas 
of faculae. corrected for foreshortening, that will be taken into considera¬ 
tion. 

Comparing the diagrams of areas of faculae. expressed in millionths of 



Discontinuous trends in solar constant and solar faculae 

FIGURE 8 

Solar constants and faculae, October, November and December, 1929. 


the sun’s visible hemisphere, with those of the solar constant values, I 
noticed that, in order to observe a more or less satisfactory agreement, we 
must admit that in most cases the maxima and minima of solar radiation 
precede those of faculae. Taking the daily data of February and March. 
1926 (Fig. 1). we must admit a dose agreement between the radiation 
minimum on February 16th and the minimum of faculae on the 20tb. 
But this diffetenoe, of four days^ advance, is far from being general. 
Maxima on July 3, August 10 and 20, 1929, for example (Pig. 2). occur 
shnultaneously on both curves. 

The months of October, November and December. 1929, may be taken 
as anoriier exan^le rimwing that not only the maxima and minima of both 
curves may correspond to each other, but also that charactaristic inter- 
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ruptions in the trend may be observed, such as could happen only in the 
case of cause and effect. On figure 3 the upward trend Tx repeats itself in 
and Tt, after the ruptures Ri and Ri and the well-pronounced maxima 
MoC and Mf display perfectly the cause and its effect, in this cose belated 
by two days. 

It seems evident that if the curves are not more similar than they are, 
many not perfect or even unsatisfactory solar constant values may be the 
cause of it. 

These comparisons justified taking into consideration mean values. 
Therefore, for the years 1926 to 1930, I took all the maxima of solar con- 



Time relations between maxima and minima in the solar constant and solar faculae 

FIGURES 4 AND 5 

Means of faculae and solar constants for the 5 days before and the 5 days after the 
dates of 72 selected days of maxima and 82 days of minima of solar constants. 

stant values, preceded by increasing and followed by decreasing values for 
at least three dzys before and after. The same was done for the minima. 
The means of the 72 series of figures for the maxima and 82 for the mml mfl 
give the diagrams on figures 4 and 5. Now, taking the values of the faculae 
for the same dates, we find (Fig. 5) that the mean minimum of faculae oc¬ 
curs one day after the mean minimum of solar radiation. The time dif¬ 
ference between Greenwich and Washington makes it more than a day. 

In the case of the mean maxima there is a difference of two days (Pig. 4). 
But considering the lines Ri and jRs, between the third and the second days 
before the maximum of the solar constant> as discontinuities of a tegular 
variation we would have a commence of maxima. Therefore this 
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diagram induces the hypothesis that the solar atmosphere reacts against a 
full development of the faculae maximum, as it simuld have developed 
under the influence of the maximum of radiation. Nor is the minimum of 
faculae as deep as it should be. 

In other words, the solar constant variations are not due to faculae, but 
the variations of the extent of faculae are due to the same variations of 
photospheric radiation as those of the solar constant. 

A certain similarity to what occurs in our terrestrial atmosphere seems 
obvious: rain and hail subtract water from a thunderstorm doud which 
is formed under'the influence of strong ascending air currents; and, as we 
know, in the case of a minimum of such air chimneys, douds may still be 
formed. 

Do the solar constant variations affect the meteorological phenomena ob¬ 
served in our atmosphere ? 

For years Dr. Abbot has advocated such a thesis. 

Meteorologists, in general, had doubts. I also was not entirely con¬ 
vinced, before the last few months of research work. But now I have the 
necessary data to prove, at least to my own satisfaction, not only that the 
processes in the solar photosphere—^which produce changes in the extent 
of faculae, observed from day to day or from one group of days to another— 
directly affect the measured values of the solar constant, but also that in 
our atmosphere the changes of solar radiation, expressed by the figures of 
solar constant variations, are the direct cause of anomalies in the distribu¬ 
tion of temperature atid of all the complexity of the meteorological phe¬ 
nomena depending on temperature anomalies. 

1 Proc. Am, Phil, Soc., 4, 175. PhUadelphia (1847), 

» M, N. R, Astr, Soc„ 37, 5. London (1877). 

* M, N, R, Astr, Soc,t 55, 460, London (1895). 

* A. N„ 130, 146, Kiel (1892). 

* A. N„ 140, 300, Kiel (1896). 

* Ann, Astroph. Obs, Smiihs, Inst., 3,159, Washington (1913). 

» Smiths. Misc. CoU,, 55, No. 5, 18-19, Washington (1917). 

« a R„ 151, 434,485, Paris (1915). 

* '^Results of measures made ... of Photographs of the Sun at Greenwich, the Cape 
and KodaUeanal in the year . . . ** 

« C 153, 665-667, Paris (1916). 

Ann. R$pt. Smiths, Inst, for X913, p. 182. 

« Loc. cit., p. 666. 

» C. O. Abbot, SmUhs, Misc, Coll., 77, No. 5. 28, Washington (1925). 

SmUhs, Misc. CoU„ 77, No. 6, 53, Washington (1926). 

^ Ann, Astroph, Obs, Smiths. Inst,, 5, 279-285, Washington (1932). 
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THE COURSE OF THIAMIN METABOUSM IN MAN AS 

INDICATED BY THE USE OF RADIOACTIVE SULFUR*-^ 

By Henry Borscxik, Edwin R. Buchman, John B. Hatcher, Don M. 

Yost and Edwin McMillan 

California Institutb of Technology. Pasadena. Calif,, and Radiation 
Laboratory. University of California, Berkeley, Calif. 

Communicated April 38, 1940 

When supplementary thiamin (Vitamin Bj) is ingested or injected, the 
amount which appears in the urine during the succeeding twenty-four hours 
usually increases, but the total additional excretion always falls short of 
the supplement, even when the vitamin is injected and there can be no 
question of incomplete absorption. We have sought information on this 
unaccoimted-for moiety by S3mthesizing thiamin from sulfur which con¬ 
tains the radioactive isotope S** (designated as Bi*) and by following, after 
injection of the Bi*, the excretion of the radiosulfur (S*) in the urine and 
feces and the excretion of total free Bi in the urine. 

Radiosulfur was prepared by bombarding elementary sulfur with 7,5 
MEV. deuterons, and thiamin bromide hydrobromide containing S®* was 
synthesized from the bombarded sulfur.^ 

The half-life of radiosulfur is about 88 days and it emits negative elec¬ 
trons with a maximum energy of 0.107 MEV.® This long half-life makes 
extended observations possible; some samples showed measurable activ¬ 
ity 18 months after the radiosulfur had been prepared. 

The radioactive vitamin was injected intramuscularly in two series of 
experiments; in the first series the subject, a young man in good health, 
was on a vitamin Bi-free diet for 36 da3rs prior to the first injections and 
for the 15 days of the experimental period; in the second series the same 
subject was on a normal diet. Essentially the same results were obtained 
in both series. 

Free (unphosphorylated) vitamin Bj was determined in the urine by a 
modification of the thiochrome method. The urinary sulfur compounds 
were fractionated into the inorganic sulfate, ethereal sulfate and neutral 
sulfur components, the sulfur of each component was converted into 
elementary sulfur,® and the radioactivity of the sulfur was then measured 
quantitatively by comparison with a standard sample of the same radip- 
sutfur. In the feces only the total tadiosuUur was determined. 

The radioactivity measurements were made with open» coincidence 
Geiger counters. The sulfide-coated copper counter tubes and the samples 
were enclosed in a large partially evacuated bell jar, provided with an 
externally operated arrangement for moving the samples successively to a 
definite position in front of the counters. The standard Rossi coincidence 
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circuit was used in the amplifiers; these had time constants of 3 X 10 
seconds. It was possible to measure samples as weak as 3% of the back¬ 
ground by making very long runs. 

Separate experiments showed that Bi* added to urine does not exchange 
its radiosulfur with the inorganic or ethereal sulfur compounds; the S* 
was quantitatively recovered from the neutrell sulfur fraction. 

Figure 1 shows the daily excretion of radiosulfur (all forms) in the urine 
and feces after a daily intramuscular injection of 16 mg. of Bi* for four 



15 

Day of Diet 


FIGURE 1 

The daily recovery of radiosulfur (calculated as mg. of vitamin B|) after 
intramuscular injection of Bi*; normal diet. 

days, while the subject was on the normal diet. Six days after the last 
injection a total of 61% of the injected radiosulftu' had been recovered from 
the urine and 11% from the feces; -28% of the injected material remained 
unaccoimted for. It is clear from the low and diminishing excretion in the 
feces that the urine is the major excretory medium of parenterally ad¬ 
ministered Bi and its decomposition products. 

Figure 2 shows the daily excretion of free thiamin in mg. and of the 
radiosuilfur luesent in the neutral stfifur fraetbn expressed in terms of mg. 
of Bi*. If (inly pure B{* is present in urine these two should be the same; 




414 


CHEMISTRY: H, BORSOOK, ET AL. 


Pkoc. N. a. S. 


consequently the excess of thiamin over radiosulfur shown in the figure 
indicates excretion of thiamin already present in the body. Since the total 
amount of Bi in the blood in this case could hardly have exceeded 1 mg,^ 
the excess of 7.5 mg. of non-radioactive vitamin in the mine on the first day 
of the injections must have come from the tissues. This indicates that the 
injected vitamin interacts very rapidly with that pre&cisting in the tissues. 

Although the whole of the neutral radiosulfur in the urine during the in¬ 
jection period shown in the figures may have been vitamin Bj, this is im- 



I ^ ' 10 15 

Day of Diet 


FIOXJRB 2 

The daily excretion of neutral radiosulfur and free thiamin in the urine after intra¬ 
muscular injection of Bi*; normal diet. The radiosulfur has been calculated in terms 
of mg. of vitamin Bi. 

probable in view of the findinp on the later days. The difference between 
the total free Bt and the total neutral radiosulfur is certainly the mitiimnm 
amount of preSkisting vitamin which was displaced from tiie tissues. 

During the six days following the termination of the radiottuamin in¬ 
jections the neutral radiosulfur in the urine exceeded the thiamin excre¬ 
tion. The difference between the neutral radioindfur and the free Bi sulfur 
is the minimum amount of neutral sulfur-containing decomposition prod¬ 
ucts of the thiamin which was excreted. The continued excretion of radiO' 
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sulfur is evidence that tissue thiamin is continuously undergoing destruc¬ 
tion at a rapid rate. 

These features were shown even more clearly in the scries of experiments 
when the subject was on the Brfree diet and 2.7 mg. of Bi* were injected 
daily from the 37th to 46th days, inclusive, of the Bj-free diet (Fig. 3). 
Thiamin excretion in the urine increased immediately, but no radiosulfur 
was detected in the urine for the first two days (less than 20 7 ). The entire 
increment in the urine came from preexisting thiamin in the tissues which 
was displaced by the injected material, again indicating that injected Bi 



FiGURB 3 

The daily excretion of neutral radiosullur and free thiamin in the urine after intra¬ 
muscular injection of Bi*; Bi-free diet. The radiosulfur has been calculated in 
terms of mg. of vitamin Bi. 

rapidly enters the tissues from the blood. Since no thiamin was detectable, 
in the urine for 30 days prior to the injections, the total quantity in the 
blood must have been less than 0.2 mg. For a short time at least after the 
injection of 2.7 mg„ the ratio of radiothiamin to normal thiamin in the 
blood was probably greater than 1. If the excreted vitamin is an “over¬ 
flow"' moiety excreted before it enters the tissues, it should have been ac¬ 
companied by a corresponding radiosulfur activity, but this was not found 
to be the case. The injected thiamin, therefore, must have entered the 
tissues very r^ndly and interacted with the considerable quantities of 
thiamin already present. 




416 


CHEMISTRY: H, BORSOOK, ET AL. 


Pkoc. N, a. S. 


Table 1 is a summary of some of the data illustrating this feature of 
thiamin metabolism. It is interesting that any free thiamin was displaced 
from the tissues of a subject who had been for 36 days on a Brfrec diet. 

TABLE X 

Thb Displacembnt or PuBttxisriNo Tkiauim from the Tissues bv Additional 

Thiabun Injected Intramuscularly 


OtST 

THJSCTtON AHf> 

rxcrrtion 

PURIOD (days) 

THIAMIN tNjBCTttU 

(mo.) 

minimum amount 
OP prbRxzbtino 
THIAMIN BXCRBTB1 
(MO.) 

Bi-Frae 

3 

8 

0,8 

Normal 

1 

16 

7.6 

Normal 

4 

64 

16.0 


The neutral sulfur and thiamin data in the two experiments are sum¬ 
marized in figure 4 which shows the difference between the thiamin and 
the neutral radiosulfur excretion. During the injection period the deficit of 
neutral radiosulfur indicates the minimum amount of pre&cisting vitamin 
displaced from the tissues; the excess of neutral radiosulfur found in the 
urine after stopping the injections represents destroyed vitamin. 

Figure 5 summarizes the urinary excretion of radiosulfur as inorganic 
sulfate; the radioactive sulfur appeared in this form in small quantities 
on the second day of the injections, and increased to considerable amounts 
by the end of the experiment, which is proof of the destruction of the in¬ 
jected vitamin and oxidation of the thiazole ring. The SO 4 * from this 
oxidation mixes with the large amount of SO4 in the body ;• the excretion 
of the radiosulfur is therefore delayed. The oxidation of the thiazole ring 
was therefore probably much more extensive than is indicated by the 
amount of SO 4 '*' in the urine in the first few days alter beginning the in¬ 
jections. 

The amounts of radiosulfur found as ethereal sulfate were in most 
coses very close to the experimental error of the radioactivity measure¬ 
ments; only a very small fraction of the radiosulfur appears in this form, 
and it may have arisen from exchange with the inorganic sulfate. 

The extensive destruction of Bi in the body is indicated in table 2 . 

TABLE 2 

Destruction of Intramuscularly Injected Thiamin 

T&tAL RBCOVSAV MK CKMT Or MQOVMitb S* 

09 S* PROM Bl* IM TMB tnUMI WHICU 

(% OP TOTAI. tNJRCTftO) RKPRRRRNTS OlMTROYRO VltAMtN 

ARMSOTRAL AR UYOROAMIC 

rsCRR VKWR SCOMPOONDR RVLPATR TOTAL 

B]-Free 26 21 21 42 

Normal 11 61 1$ 26 48 

Summary. —1. is a rapid interaction of injected Bj with that 

present in the blood and tiasnes. 
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FIGURE 4 

The difference between neutral radiosulfur and thiamin excretion 
after the injection of Bi*, 



FIOUHB 6 

The urinary ejccretion of radiosullur as ioorgatiic sulfate alter the 
injection of 
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2. The displacement of pre&cisting thiamin by injected thiamin demon¬ 
strates that a significant amount of the vitamin remains in the tissues even 
after 36 days of a Bi-free diet; larger quantities are present under normal 
nutritional conditions. This does not imply that the amount retained 
after a prolonged Brfree diet is an adequate protective amount of this 
vitamin, 

3. The metabolism (interchange and destruction) of vitamin Bi is rapid 
and thus resembles that of the main metabolites—^protein, fat and carbo¬ 
hydrate. 

4. The rapid destruction of thiamin yields in the urine neutral sulfur 
compounds and inorganic sulfate. 

5. The losses incurred by excretion and destruction are inevitable in the 
maintenance of a physiologically adequate concentration of thiamin and 
cocarboxylase in the blood and tissues. 

* This work was aided by grants from the National Research Council, the Re^arch 
Corporation, the Hixon Fund and the Globe Mills Fund (California Institute of Tech¬ 
nology). 

t This paper was presented at the meeting of the American Society of Biological 
Chemists in New Orleans, March 14-16, 1940. 

1 a. E. R. Buchman, Jour. Am. Chsm. Soc., 58, 1803 (1936); J. K, Qine. R. R. 
Williams and J. Finkelstein, Ibid., 59, 1052 (1937). 

»W. F. Libby and D. D. Lee, Phys. Rso., 55, 246 (1939). 

* R, A, Cooley, Don M. Yost and Edwin McMillan, Jour. Am. Chem. Soc., 01, 2970 
(1089). 

* Robert (^oodhart and H. M. Sinclair, Jour. BioL Chem., 132,11 (1940), 

* Henry Borsook, Geoffrey Keighley, Don M. Yost and Edwin McMillan, Science, 
80, 525 (1937), 


RADIOACTIVE CARBON IN THE STUDY OF RESPIRATION IN 

HETEROTROPHIC SYSTEMS 

By S. Rubbk and M. D. Kambn 

Dbpaxtmrnt qp Chbuistry and ran Radution LABOfEATonv, 

UNtvBRaiTY OP California 

Communicated May 15,1940 

It is now well established^ that the presence of small amounts of CO^ are 
indispensable for the growth of many types of heterotrophic organisms. 
Abo it has been reported^ that the reduction of methylene blue by certain 
bacteria is dependent upon traces of COi. It appears that some of the 
experiments we have be^ doing with radioactive carbon have direct bear- 
ing on these mteresting results. 
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Several heterotrophic (non-photosynthetic) systems, namely, yeast 
(bakers') I S. coU,^ ground plant (barley) roots, ground liver (rat) tissue, 
etc., have now been found to assimilate small quantities of radioactive car¬ 
bon as COs. This assimilation is inhibited by the presence of HCN. Since 
in the respiratory processes of these heterotrophic cells there is a net produc¬ 
tion of COi it is clear that a COs assimilation can best be studied directly by 
isotopic tracer methods using either stable (C^*) or radioactive (C^^ and 
C^^) carbon. 

It is also apparent that the presence of radiocarbon in oxidation states 
lower than +4 does not necessarily mean a net reduction of CO 2 has oc¬ 
curred. It may be due to the existence of a reversible reaction involving 
COs as an end-product. At the present time no such reversible reactions 
in the respiratory process are known. It seems reasonable in view of the 
work of Hes and others that the formation of reduced radiocarbon by a 
respiring cell is due not to a simple interchange but rather that COj plays 
the r61e of a highly specific oxidizing agent. 

It would seem that the entrance of a CO® molecule into the system is 
necessary for the production of an additional large number of COj molecules. 
In a sense, then, respiration is auto-catalytic. 

It has been most convenient to work with yeast and the results de¬ 
scribed below have been obtained with fredi yeast cells suspended in dis¬ 
tilled water. The suspensions were exposed to a C*02 (0.5 to 2 cm.)-air 
mixture at approximately atmospheric pressure. Since short lived 
(21-mmute half-life) was used the exposures were of short duration (6 to 100 
minutes). At various intervals NaHCOs was added to the suspensions, 
which were then boiled vigorously with strong acid to remove dissolved 
C*02- The method of measuring the activity has been described else¬ 
where.* The uptake of C*02 by aqueous suspensions of yeast cells as a 
function of length of time of exposure to C *02 is shown in figure 1. 

The measurements are, of course, corrected for radioactive decay, and 
are therefore comparable. 10^ counts/min. corresponds to 0.01 cc. C *02 
(S. T, P.). The rate of CO 2 production by each suspension was 0.01 cc. 
(S. T. P.) CO 2 per minute. Thus upder these conditions one C*02 molecule 
was reduced for every 50 molecules produced in respiration. These figures 
are to be considered merely semi-quantitative. A constant rate of C*02 
reduction is obtained only when the amount of C*Ot present at the start 
of the experiment is large compared to the CO 2 evolved during the exposure. 
If this is not the case then the is diluted, and in addition lack of rapid 
equilibration between the freshly produced COt within the cell and the 
C^Ot in the rest of the vessel becomes important. Thus at high respiratory 
rates the accumulation of reduced radioactive Garmon may be less. 

Attempts to chemically identify the active molecules have thus far been 
unsuccessful. When the cells are boiled with dilute add for approximately 
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one minute the cell-free aqueous extract contains more than 90% of the 
reduced C*. If the boiling acid treatment is omitted the cell-free medium 
has only ^1% of the activity. Osazones prepared with phenyl hydrazine 
as well as hydrazoncs of 2,4 dinitro phenylhydrazine are inactive (< 1% of 
the activity). In the chemical analyses a mixture of aldehydes, sugars, 
acids, etc., was added to furnish carriers. Special attention was centered 

O O 

II tl 

on pyruvic acid since the decarboxylation of p 3 rruvic acid (CHaC—C—OH 
=00* + CH«CHO) is known to play an important part in catabolic reac¬ 
tions. That the pyruvic acid fraction was inactive (<0.5%) indicates 
this reaction is irreversible. Salts of Ba++ precipitated in 80% ethanol 
were very active and even after several reprecipitations contained ^^50% 
of the radioactivity. Decarboxylation of the active Ba salts was attempted 
at 250®C. for one hour. Only ^^3% of the C* was converted to BaCOs by 
this treatment. 

It is of interest at this point to mention that a non-photochemical* reduc¬ 
tion of CO» is carried out byg reen plants (barley, wheat, sunflower, chlorella, 
etc.). This seems to be definitely a pEut of the photos)mthetic mechanism.* 
The dark pick-up of CO» by plants has also been observed and measured 
by other investigators using different methods.^* * 

The evidence accumulated thus far indicates differences exist between 
the dark C*Os reduction by a photosyuthetic (chlorella) system on one 
hand and a non-photosynthetic (yeast) on the other. The time course of 
the C*Oi dark reduction by chlorella is shown in figure 2 and is to be con¬ 
trasted with figure 1. 

Decarboxylation experiments (dry distillation of the Ba salt at 250^ for 
1 hour) on the active material from chlorella suggest the major part of the 
C* is present in a —COOH group. Furthermore the radioactive molecules 
formed in yeast were found in diffusion experiments to have a higher dif¬ 
fusion coefficient (and are very likely of lower molecular weight) than the 
active compounds formed in chlorella. The dark reduction of by 
chlorella is reversible. It is not certain whether the uptake by yeast 
is reversible. If the yeast cells are allowed to react with C*Ot for 60 
minutes and then flushed with a continuous stream of Ns for 30 minutes, 
there is no decrease in the reduced present in the ceUs. If a stream 
of (inactive) COi-N» (Sfr-SO mixtme) is used, then ^^15% of the reduced 
carbon is removed. Whether this loss occurs via the same path as the 
C*Os reduction or by means of other reactions is still uncertain. In any 
case it is now an accepted fact that COi reduction is no longer an exclu¬ 
sive characteristic of photosynthetic and cbemosynthetk autotrophic 
oxgattisms.* 

It is conceivable, as Professor O, N. Lewis and Professor W. G. Bray 
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have suggested to us, that the primary reactions resulting in CO% reduction 
may be similar in many respects for photosynthetic and non^photosyn- 
thetic systems. The secondary reactions may differ enormously in the 
autotrophic as compared to the heterotrophic organisms, since in the former 
the net reaction is an accumulation whereas in the latter it is combustion of 
organic matter. It may prove easier to investigate the photosynthetic 
primary step because the secondary reactions take place only in the light. 
This is not the case in the heterotrophic systems since one must deal with a 
steady state rather than an equilibrium condition. 

In conclusion, then, experiments with radioactive carbon have shown 
that a number of heterotrophic systems reduce small amounts of 
The chemical identity of the active molecules is thus far unknown. These 
results offer positive evidence that CO* is a specific oxidizing agent in 



FIOURB 1 

C*Ot assimilation by yeast. 


PIGURB 2 

Bark C*0* reduction by chlorella. 


respiratory processes. This suggestion was first proposed by several in- 
vestigators as a possible explanation for the fact that small quantities of 
CO* are essential for growth for microdrganisms.' 

It seems certain that further experiments with radiocarbon will yield 
important information regarding the mechanism. 

We wish to thank Professor E. O. Lawrence for his interest and Dr. W. 
Z. Hassid for assistance in some of the experiments. We are indebted to 
Professor G. N. Lewis, Professor W. C. Bray and Professor H. A. Barker 
for helpful discussions and suggestions. Thanks are also due the Rocke¬ 
feller Foundation for financial support to the Radiation Laboratory. 

* For a ffum8^uy, see Hes, A nn. Ferme^^ion^ 4,547 (1938). 

* Hfsi, Naiuf^ 141, 047 (1938). 

* We are indebted to Professor C. B. van Kiel for the colt and Mr. A. R. Robinson for 
the preparation of the liver tissue. 
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^ Kuben, Hassid and Kamen, Jour, Am. Chem. Soc., 61| 661 (1930). 

• Ruben, Kamen, Hassid and BeVault, Science^ 90,570 (1939). 

• Additional evidence to be published shortly. 

T McAlister, Jour. Gen. Physiol, 22, 613 (1939). 

• Emerson and Lewis, Am, Jour. Botany, 26, 808 (1939). 

• Cf. van Niel, Ann, Rev. Biochem,, 6,606 (1937); Gaffron, IHd., 7, 986 (1939). 

COt ASSIMILATION BY PROPIONIC ACID BACTERIA STUDIED 

BY THE USE OF RADIOACTIVE CARBON 

By S. F. Carson and S. Ruben 

Hopkins Marine Station of Stanford University, Pacific Grove, California, 
AND THE Department of Chemistry of the University of California 

Communicated May 15, 1940 

The studies of Wood and Werkman^- * as well as the work of Phelps, 
Johnson and Peterson^ have shown that propionic acid bacteria can utilize 
COa during the fermentation of glycerol. In the absence of COj this fer¬ 
mentation can be adequately represented by the equation: ^ 

CHsOH CHs 
CHOH ^CHi + HiO 
CHjOH COOH 

In the presence of COa the formation of propionic acid is accompanied by 
the appearance of succinic acid in amounts closely equimolar with the 
quantity of absorbed COa. 

This made it seem possible that COa becomes converted into succinic add 
by combination with a 3-carbon compound. The formation of succinic 
acid during the fermentation of pyruvate, dextrose and galactose by Escher. 
colip particularly its dependence upon the COa partial pressure,* supports 
this view. 

t 

It is apparent that important information regarding the mechanism 
through which CO, is utilized can be obtained by the use of radioactive 
CO,.’ We have employed this approach in a study of the fermentation of 
glycerol by Propionttacterium perUosamim. 

The bacteria were grown anaerobically in yeast extract-glycerol nn^ln 
in the presence of CO, for 3 to 6 days. For the experiments cells from 260 
to 600 ml. of such cultures were centrifuged, wa^ed and suspended in 0.6 
per cent phosphate buffer at pH 7.0 with and without add^ substrates. 
The suspensions were shaken at 30*^0. in the presence of N, and C*Os*for 
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30 to 40 minutes. After centrifuging off the cells, propionic acid and suc¬ 
cinic acid were added to the supernatant liquid to provide carriers for the 
small quantities of radioactive metabolic products. The volatile and non¬ 
volatile acids were separated by exhaustive steam distillation; the cells 
were boiled gently with acid for a few minutes and separated from the acid 
extract by centrifugation. Special care was taken to remove all traces of 
dissolved C*Ck before radioactivity measurements were made. The re¬ 
sults of an experiment carried out in the presence of 2 per cent glycerol are 
summarized in table 1. 


TABLE 1 

BAcrrERiA -f 2 Pkk Cent Glycerol + C*02 for 40 Minutes 

PMK CBNT OF 
TOTAL. C* ABfllMlLATKO** 


Volatile acids 72.0 

Non-volatile acids 10.0 

Boiled cell extract 17.5 

Cells after extraction 0.5 


® All measurements are corrected for decay and are therefore comparable. 


The above table shows that 72 per cent of the C*Oj taken up by the cells 
can be recovered in the volatile acid fraction and only 10 per cent in the 
non-volatile acid fraction. The boiled cell extract consisted mainly of 
acids Carried down with the cells. 

The activity in the volatile fraction was found to be restricted to propi¬ 
onic acid by a Duclaux distillation. The content of successive distil¬ 
lates is compared in table 2 with the titration values obtained with pure 
propionic acid distilled under the same conditions. 


PBR CBNT 

FM.tmB OF OmmLATB 

20.0 

40.0 

60.0 

80.0 

100.0 


TABLB S 

FBR CBNT 

BADIOACTlViry FOUND 

23.0 

45.0 

65.0 

84.0 

100.0 


FBR CBNT 

ACIDITY BY TITB ATION 
FOR FVBB FROFIONIC ACID 

24.5 

46.7 

67.0 

85.1 

100.0 


The agreement between the radioactivity and titration measurements is 
remarkably good. This result excludes the presence of more than 5% of 
C*** in other fatty acids (formic, acetic, etc.). 

The radioactive component of the non-volatik acid fraction was identi¬ 
fied as succinic add in two ways. The distribution coeffidents of the non- 
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volatile material between water and ethyl ether by titration and radio¬ 
activity measurements are compared in table 3. 

TABl^B 8 

Distribution Cobfficibnts 
(10 Ml. Aqueous Phase -|- 90 ML Ether) 

TITSAnOH HABIOACTtVITV 

K 7.4 fl.O 


In addition, the non-volatile material was sublimed and the specific ac¬ 


tivity 


( 


c* \ 

succinic acid/ 


of the various fractions is shown in table 4. 


TABLE 4 

Sublimation 


fraction 

1 (210-220*C.) 

2 (220-240*^0.) 


BPBcnric ACTivrrv 
/ RAPlOACTiytTV \ 

VftUOCtNXC Acn>/ 


0.5 

9.0 


No radioactive material came off below 210*^0. It seems quite reason¬ 
able to conclude that the radioactivity is mainly due to succinic acid. 

The remarkable result that so much of the radioactive carbon is found 
in propionic acid might be explained by assuming a reversible reaction 
CHsCHaCOOH + COt^ COOHCHjCHaCOOH. Experiments were per¬ 
formed to test this hypothesis by the addition of propionic acid and succinic 
acids to cell suspensions in the presence of C'Os. In order to reduce the 
amount of glycerol and reserve products in the cell material, the bacteria 
were centrifuged from the medium in which they were grown, and sus¬ 
pended in phosphate buffer for 3 hours; this procedure was then repeated, 
and immediately before exposure to C*0» they were again washed. The 
results of this experiment are shown in table 5. 

tablb 6 

CbLL SUSFBKSION IK PHOSPHATB BUFFER EXPOSED TO C*0| FOR 30 MINUTES 



TOTAL C* ABSnnLATBO 

RADIOACTIVITY OR 
VOLATILB ACID 

BUaSTRATS 

(AaBlTRARY UNITS) 

NON-VOL. ACID 

Nothing 

6.3 

0,7 

0.4 per cent Na propionate 

4.8 

0.78 

0,2 per cent Na succinate 

4.6 

0.2 

2.0 per cent glycerol 

100.0 

8.1 


In a further experiment the cdls were suspended in phosphate buffer for 
7 hotu*s and then centrifuged and washed as above. The results are sum¬ 
marized in table 6, 
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TABLE 6 

Cbll Suspension in Phosphate Buppbk Exposed to C*Oi for 30 Minutes 


SUB9TKATB 

Kothlxig 

2 per cent glycerol 
2 per cent glycerol + 0.4 
per cent Na propionate 


TOTAI. C* AflnMfE.AT«D 
(AmBiTXARy oNrr») 

2.3 

100,0 


EADXOACnVlTY OP 
VOLATtL* ACTP 

NON-VOL. ACID 


0.41 

3.0»3.8 


85.0 


2.4 


The addition of propionic acid in the absence of glycerol has little if any 
effect on the distribution of the C* between the propionic and succinic 
adds or on the total taken up* This is evidence against the formation 
of succinic acid from CQf and propionic acid. The presence of glycerol not 
only has an enormous effect on the 0*0^ uptake, but also increases the 
ratio of radioactive carbon in propionic acid and succinic acid. It seems 
quite likely in view of these results that propionic and succinic acids are 
formed via reactions between CO 2 and glycerol or intermediate products 
arising during its fermentation. Pyruvic acid, which cotdd be a possible 
intermediate, was foimd to be inactive (<0.5%). 

The data so far presented could find an explanation on the basis of a 
mechanism such as: 


glycerol-Cj-acidl^ZZIlt propionic acid 

(intermediate 
product) 

+ CO, 

C 4 ^ibasic acid ^ succinic acid 


In this case one would expect the radioactive carbon atom to be located 
in the carboxyl groups. Further experiments are in progress to test this 
hypothesis* 

The results of the above experiments are of general interest also in con¬ 
nection with a major problem encountered in tracer experiments with 
labeled carbon, namely, the synthesis of radioactive molecules starting with 
C^* In many cases synthetic organic methods result in poor yields 
deq>ite time-consuming and painstaking effort. In such instances the use 
of appropriate microorganisms to perform the desired synthesis may be 
highly derirable. We may cite the above experiments as an example: In 
30 minutes the bacteria converted over 80 per cent of the assimilated C*0, 
into propionic and succinic adds, which are thus made readily available for 
tracer eXDerimeiits* 

It is a {Measure to th^nlc Dr, M. D. Kamea and Pioiessor E. O. Lawrence 
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of the Radiation Laboratory for tlieir interest, and for making the radio¬ 
active carbon available. We are indebted to Professor C. B. van Nicl 
and Professor H. A. Barker for much advice and assistance. 

1 Biochem. Jour., 30, 48 (1&30). 

*Ibid., 32, 1262 (1938). 

34, 7 (1940), 

* Biochem, J., 33, 726 (1939). 

* C. B. van Kiel, The Propionic Acid Bacteria, Haarlem (1928). 

• Elsden, Biochem. Jour., 32, 187 (1938). 

^ Kuben, Hassid and Katnen, Jour. Am, Ckem. Soc., 61,661 (1939). 

• The symbol C* wUl be used to represent carbon labeled by the radioactivity of some 
of its atoms. The isotope is and was produced in the Berkeley cyclotron; it has a 
half-life of 21 minutes. 


THE REDUCTION OF RADIOACTIVE CARBON DIOXIDE BY 

METHANE-PRODUCING BACTERIA 

By H. a. Barker, S. Ruben and M. D. Kamen 

Division of Plant Nutrition, Department of Chemistry, Radiation Labora> 

TORY, UWVERSnV OF CALIFORNIA 

Communicated May 15, 1940 

Several years ago^ it was shown that the formation of methane in the 
fermentation of ethyl and butyl alcohols and of butyric acid by impure 
cultures of methane-producing bacteria is accompanied by the disappear¬ 
ance of an equi-molecular quantity of carbon dioxide. In the fermentation 
of ethyl alcohol, for example, the reaction can be rather closely described 
by the equation: 

2CiH60H + COj—► 2 CH 3 COOH + CH 4 (1) 

The same reaction has recently been shown* to be carried out by pure cul¬ 
tures of Meihancbacierium OmeUanskU, 

As to the mechanism of the above reaction, it seemed quite likely that the 
acetic acid arises by an oxidation of ethyl alcohol, carbon dioxide being 
simultaneously reduced to methane. Hiis would be in accordance with 
the view originally advanced by Professor C. B. van Niel that the methane 
fermentation of organic as well as of inorganic compounds is a process of 
oxidation by means of carbon dioxide which can represented by the 
general equation; 

4H»A + CO*—^4A + CH 4 + 2H*0 (2l) 

where H|A is sat oxidizable molecule and A is its oxidation product Con¬ 
clusive proof in favor of this mechanism, however, was laddng. Further¬ 
more, no direct experimental evidence could be obtained in support of the 
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reduction of carbon dioxide in those very numerous methane fermentations 
of organic compounds which result in the formation of carbon dioxide. 
An example of such a process is the fermentation of methyl alcohol, the net 
reaction for which is 

4CH80H—►CO* + 3CH4 + 2 H 2 O (3) 

This reaction could—in accordance with the van Niel hypothesis—^be the 
result of a complete oTddation of four molecules of methyl alcohol to carbon 
dioxide accompanied by a reduction of three molecules of carbon dioxide to 
methane. But such a reduction of carbon dioxide could obviously not be 
observed by gross chemical analysis. 

Until recently there seemed no immediate hope that the applicability of 
the van Niel hypothesis to methane fermentations producing carbon di¬ 
oxide could be tested. The production of intense samples of radioactive 
carbon in the Radiation Laboratory of the University of California*' ^ has, 
however, made possible a direct and relatively simple test for carbon 
dioxide reduction even in such fermentations. For if radioactive carbon 
in the form of carbon dioxide is supplied to organisms fermenting organic 
compounds the methane produced must also be radioactive if the van Niel 
hypothesis is correct. If it is incorrect the methane will be inactive. 

Radioactive carbon* experiments have been carried out with pure cul- 
tures of two species of methane-producing bacteria, Melhanobacterium 
OmeUanskii and Methanosarcina methanica,^ The former organism is able 
to oxidi 2 e ^mple primary and secondary alcohols only as far as the corre¬ 
sponding fatty acids and ketones, respectively, and is known from chemical 
evidence to reduce carbon dioxide in accordance with equation (2). The 
latter organism oxidizes methanol, acetic acid and probably other com¬ 
pounds completely to carbon dioxide, so preventing direct chemical obser¬ 
vation of carbon dioxide utilization. 

The experiments were carried out with heavy cell suspensions prepared 
by centrifuging bacteria from 1-2 liters of medium, washing and resuspend¬ 
ing in 10-15 cc, of a phosphate buffer solution (pH 7 . 0 ) containing 0 . 01 % 
NaiS.OHtO. The final suspensions contained 1.0-1.2 mg. of cell nitrogen 
or about 10-12 mg. dry weight of ash-free cells per cubic centimeter. 

Experiments with Mb. OmeUanskU, —^The experiments with Mb. OmeU^ 
aiukU were undertaken with two objectives. Tlie first was to obtain direct 
evidence concerning the reduction of carbon dioxide to methane. As has 
already been mentioned, the chemical evidence already very strongly indi¬ 
cated such a reaction. The second objective was to fod out whether car¬ 
bon dioxide is also converted into cdl material. Carbon balance experi¬ 
ments described elsewhere* have shown that the synthesis of cell material 
in media containing ethanol and carbon dioxide occurs in one of two ways. 
Bither (1) the cell material is derived exclusively from ethanol, cart>on 
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dioxide being converted only into methane, or (2) the cell material is de¬ 
rived both from ethanol and carbon dioxide. A decision between these 
two possibilities can be reached by determining whether or not radioactive 
carbon dioxide gives rise to radioactive cell material. 

For the experiments suspensions of bacteria grown in an ethanol-bicar¬ 
bonate medium were used. The bicarbonate supply was adjusted so as to 
be limiting; at the end of the fermentation, the growth medium was free 
of carbon dioxide. Two experimental vessels were used, both of which 
contained 5 cc. of cell suspension plus 0.6 cc. of 8% (vol.) ethanol. To one 
vessel was added 0.5 cc. of a 10% HgCU solution. Both suspensions were 
incubated for 40 minutes at 40“C. after adding the radioactive carbon 
dioxide. At the end of the incubation period the gases were pumped out 
of the vessels and the residual carbon dioxide removed by absorption in 
alkali. The methane was then combusted by passing over hot copper 
oxide; the resulting carbon dioxide was absorbed in alkali. The radio¬ 
activity of the alkali carbonate solution was measured by means of a Geiger 
counter. 

The cell suspension from each vessel was acidified to pH 1 with HsS 04 
and steam-distilled to separate the volatile acid. The residuum was con¬ 
centrated to dryness on a hot plate to free the cells of carbon dioxide; 
the radioactivity was then measured. Control experiments showed that 
carbon dioxide is completely removed by the preliminary acid treatment. 
The radioactivities of the cells and methane are given in table 1. The vola¬ 
tile acid fraction was inactive. The data in table 1 are, of course, corrected 
for decay to a convenient time so that they are directly comparable. 

TABLE 1 

Rbduction op Cabbon Dioxide by Mb, Omelianskii 
(Activities are expressed in counts per minute. Background 30 counts per minute) 

TOTAI. ACTIvmm o. 

BX.BiamMT MBTaANB CBLL. 

Livtag ceUs 12 X 10* 18 X 10* 

Dead ceUs (HgCli) ... 0 

The formation of radioactive methane in this experiment shows con¬ 
clusively that carbon dioxide is reduced to mAhane by Mb. OmdianskH. 
The quantity of radioactive methane formed was sufficient to give a count 
of the order of 4000 times greater than the background count. The ab¬ 
sence of any radioactivity in the volatile acid fraction providra direct evi¬ 
dence against the view that methane is formed via acetic add. 

The results also show that carbon dkndde is converted in eas^ demon¬ 
strable amounts into cell material by Uviog cells. Dead Cells are com¬ 
pletely inactive, In connection with other eddence,* it must therefore be 
concluded that both ethSnol and carbon dioxide ere used in the syntfaeds of 
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cell material. The ratio of radioactivities of cells and methane indicates 
that about 1.5% of the carbon dioxide reduced is so used. 

Experiments with Ms, methamcar—This organism was grown in a medium 
containing 0.6% (vol.) of methanol. When the fermentation had almost 
stopped, the bacteria were centrifuged and resuspended as described above. 
The action of cell suspensions was tested upon methanol and sodium ace¬ 
tate; the technique of the experiments was the same as in those of Mb, 
OmeHanskii, Since the experiments were essentially qualitative in nature, 
only the general results will be described. 

The experiments showed quite conclusively that Ms, methanica also is 
able to reduce carbon dioxide to methane. Radioactive methane was ob¬ 
tained from suspensions provided with methanol or with sodium acetate. 
However, since the quantity of radioactive gas was of the same order of 
magnitude in both cases and since the presence of small amounts of metha¬ 
nol (from the growth medium) in the acetate experiment could not be com¬ 
pletely prevented, the evidence for the reduction of carbon dioxide to 
methane as a result of the oxidation of acetic acid remains inconclusive. 
The reduction of carbon dioxide to methane as a result of the fermentation 
of methanol can be considered definitely established. 

Although in the fermentation of methanol, carbon dioxide is reduced to 
methane, it idiould be emphasized that the data obtained are not adequate 
to show whether or not all the methane originates in this way. It is also 
possible that the alcohol might be directly reduced to methane. Further 
experiments are required to elucidate this point 

It has been found that Ms, methanica also utilizes carbon dioxide in the 
synthesis of cell material. The ratio of radioactivity of cells to methane is 
about 1:10. From this ratio and the equation for the fermentation of 
methanol, it can be estimated that the quantity of carbon dioxide assimi¬ 
lated is sufficient to account for at least a large part of the cell synthesis. 
The exact quantity of cell substance formed by this organism is not known, 
but anaerobic bacteria generally and Mb, OmeUanshU in particular are 
known to assimilate only 5-10% of the total substrate decomposed. 

Conclusions ,—Although the above experiments deal with only two of the 
many kinds of methane-producing bacteria and with only three of the many 
organic compounds fermented by these organisms, they considerably 
strengthen the generalization that the methane fermentation of organic as 
well as of inorganic compounds is essentially an anaerobic oxidation process 
in which carbon dioxide acts as the ultimate hydrogen acceptor (oxidizing 
agent) and is reduced to methane. And it has been established that meth¬ 
ane bacteria, like many other Hving organisms,^ have the ability to convert 
carbon dioadde into otganic constituents of their cells. 

This work was made possible by the invaluable cooperation of Professor 
E, O. Lawrence and members of the Radiation Laboratory. Financial aid 
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from the Rockefeller Foundation to the Radiation Laboratory is gratefully 
acknowledged. 

Clerical assistance was furnished by the personnel of the Works Progress 
Administration official Project No. 65-1-08-91-B-10. 

* C“ (21-minute half-life) was used in our experiments. 

t The former organism was isolated by one of us (H. A. B.). The latter was isolated 
by Mr. Schnellen (Delft) and was obtained through the courtesy of Professor A. J. 
Kluyver. To both Mr. Schnellen and Profesor Kluyver the authors wish to express 
their appreciation. 

t Unpublished experiments by Ruben, Hassid and Kamen have shown that many 
types of heterotrophic organisms and tissues including yeast, B. coli, propionic acid bac¬ 
teria, liver (rat), algae and various parts of higher plants can reduce carbon dioxide in the 
dark. It seems quite likely that this is a general property of living organisms. See 
Pfoc. Nat. Acad. 26, 418-422 (1940). 

1 Barker, H. A., Arch. MikroHoL, 7, 404-419 (1936). 

» Barker, H. A., Unpublished. 

* Ruben, S., Hassid, W. Z., and Kamen, M. D., Jour. Am. Chem. Soc., 61, 661-663 
(1939). 

* Ruben, S., Kamen, M. D., Hassid, W. Z., and DeVault, D. C.. Science, 90, 670-571 
(1939). 


THE CORONAVISER, AN INSTRUMENT FOR OBSERVING THE 

SOLAR CORONA IN FULL SUNUGHT 

By a. M. Skbllbtt 
Bell Tblbpbonb Laboratories, Inc. 

Read before the Academy, October 24, 1939 

The old problem of attempting to observe the solar corona in full sun¬ 
light is not only of interest to astronomers but also to those radio engi¬ 
neers who are concerned with radio transmission over long distances. The 
major disturbances of such transmission have their origin in the sun and 
studies to date have indicated that a day to day knowledge of the activity 
of the corona might prove useful in predicting ^e transmission conditions. 

The recent success of Lyot^ leaves much to be desired in the way of a 
continuous record of coronal activity. A method of greater discrimination 
is needed. Such a method was proposed* several years ago and is based 
on the use of television technique, the corona being separated from the 
glare by electrics! filters while the image of the sky around the sun is in the 
form of an electric current. 

This is a report of the first practical trial of the method. Special tele¬ 
vision apparatus has been developed at the Bell Telephone Laboratories 
for use in conjunction with the 15* horizontal r^ractor of the Cook Ob¬ 
servatory* at Wynnewood, Pa. See figure 1, The input scanner is me- 
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chanical and scans a ring-shaped area in the sky around the sun, the flying 
spot tracing out the area along a spiral path. This scanner is shown in 
figure 2. The back-silvered lens L by rocking while it rotates effectively 
scans the sky image in the plane of the masking disc D with the scanning 
hole H, The apparatus at the other end of the motor shaft generates the 
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FIGURB 1 

Layout of the apparatus at the Cook Observatory. 
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FIGURB 2 


The input scanner and sweep voltage generator. 


eiectrical waves which direct the election beam of the teproducing cath¬ 
ode-ray tube around a path corresponding with that of the input. A de¬ 
tailed description of the technical details of all of the apparatus is published 
dsewhere.* 

The glare of the clear sky is uniform angularly around the solar image 
and, therefore, as the scanning spot travels around the field, it gives rise 
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mainly to a direct current in the photocell. But the coronal features, that 
is, the streamers, arches, etc., generate a current of varying amplitude 
which amounts to an alternating component in the photoelectric current 
and only this latter component is amplified so that the reproduction con¬ 
tains, ideally at least, only the coronal image. Inaccuracies of alignment 
and nonuniformity of the intensity of the glare across the field occasioned 
by instrumental defects give rise to fairly strong low frequency compo¬ 
nents, particularly at the circular scan frequency or fundamental of the 
image signal. A high-pass filter whose cut-off characteristic could be 
altered was included in the circuit in order to eliminate such undesired 
signals* There was also included a low-pass filter to eliminate high fre¬ 
quency noise. Hie photocell (£, Fig. 2) had a caesium sulphide surface 
with a spectral characteristic that is a fairly close match to that of sun¬ 
light. 

Since the inner corona has a surface brightness of about the same mag¬ 
nitude as the full moon, the sensitivity of the apparatus was checked by 
obtaining images of the moon in its various phases. These intensity levels 
are of the order of a millionth of that of the brightness of the solar surface. 
The magnitude of the glare through which it was necessary to work was of 
the order of 1000 times these values. This high level of glare was probably 
due to scattering by telescopic parts, particularly the siderostat mirror, 
rather than the sky. There were, however, many days when the glare 
from the sky had a magnitude considerably higher than this value. 

Extreme care had to be taken to keep the optical parts of the apparatus 
clean* The slightest speck of dust on certain surfaces of the optical parts 
gave rise to overloaded images on the cathode ray tube, for the essence of 
the method is the amplification of minute variations in the intensity of 
iUumination from point to point in the field. Occasionally tiny specks of 
brilliant light floated across the screen. These were finally traced to wind- 
borne seeds and insects which drifted across the sky between the appara¬ 
tus and the sun. 

It was necessary to have an absolute criterion by which one could dis¬ 
tinguish between parasitic images which were caused by instrumental de¬ 
fects and coronal and prominence images which were assot^ed with the 
sun. Such a test was furnished by the horizontal mounting of the tele¬ 
scope. By virtue of this arrangement, the celestial fidd rotates about 
the optic axis of the telescope with time. I^iotographa were taken at 
successive intervals over a pi^od of several hours during which time the 
celestial images rotated through a suffident angle (about 7** per hour) to 
distinguish them from the stationary parasitic images. 

A large number of prominences have been observed and photographed 
with the apparatus. Figure 3 Shows the prominences around the sun cm 
October 31, 1938. This was taken witii a red i^ass filter (Schott RG2) 
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in front of the photoelectric cell. Good images were also obtained of 
prominences without any optical filter, i.e., in white light- 

A number of the images showed features which apparently belong to the 
corona. Figure 4 shows such an image, it being identified by the test men¬ 
tioned above as a flare or jet in the corona. This image was taken without 
any optical filter. It is one of 11 photographs that were taken over a 
period of more than two hours. 

The major objectives of this phase of the work which were the develop¬ 
ment of an adequate instrument and the proving in of the method, have 
been achieved. The next phase of the investigation will be carried out 
under the more favorable conditions at the McDonald Observatory in 
Texas under the direction of Dr. Otto Struve. 

1 byot, B., M. N. R, A. 5., 99, No. 8, 580 (1939). 

• SkcUett, A. M., Proc, Nat, Acad. Set., 20, 461 (1934). 

^ The author is indebted to Dr. Cook and his associates for their able codperation. 

* Bell System Tech, Jour., 19, 2, 249 (1940). 


A PATHOLOGICAL CASE IN THE NUMERICAL SOLUTION OF 

INTEGRAL EQUATIONS 

By C. L. Pbkeris 

Dkpartmbnt op Geology, Massacrubbtts Institute op Technology 

Communicated April 17,1940 

Consider an integral equation of the first kind 

/(«) ^ fH{v)K{v, u)dv ( 1 ) 

where/(«) and the kernel K{v,'u) are given, aadH{v) is to be determined 
from equation (1). Such equations are of frequent occurrence in physical 
problems, ‘ where it often happens^ that the analytical form of the kernel 
is known, but that /(«) may be a function determined observationally at 
only a discrete set of values of u, f{u) is then known only to within the 
errors of the observations and the question arises as to what accuracy Hiv) 
can be determined from equation (1). It is clear that H(v) is subject to at 
least the uncertainties of /(«). An additional uncertainty will arise from 
the approximate nature of the method of solution of the integral equation, 
whetto this method be numerical or mechanical, and it is this type of un¬ 
certainty which will be discussed in riie present note. One might be 
tempted to expect that, if a trial solution ff^v) when inserted in the right- 
hand side of equation (1) }delds aafi{u) which differs frbm/(») by only a 
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few per cent, H(v) is approximated to by Hi(v) to the same degree of ac¬ 
curacy. The case to be cited presently shows that generally such an ex¬ 
pectation is altogether unjustified. The integral equation is 


/(«) = 


VjT+’i/s 


{2m + 1)* - 4mVm + "l/3 y/u + 


-rf 


H{v)dv 
(tt + v) 


vr 



For small values of u 

/(«) - ^ 

and for large values of u 

f(u)- 


1)“- 


• * « * 


4-v/m 


9 

16m*/* • 


(3) 

(4) 


For real values of «, f{u) is a well-behaved function, as is shown in the 
second column of table 1. Equation (2) arises in the seismological problem 
of the motion of the surface of a uniform elastic half-space due to the sud¬ 
den application of a localized normal stress p„ at the surface. The varia¬ 
tion with time of p,, is represented by the Heaviside unit function H(t) and 
its space localization is such that it is eveiywhere zero, except at the origin 
of coordinates where it becomes infinite in such a manner that 

/ oo 

p„{r)rdr = Z, (5) 


Z being a (negative) constant. It is further assumed that Poisson’s ratio 
is V4» so that the velocity of the dilatational wave is \/3 c, where c is the 
velocity of the shear wave. This problem was originally solved by Lamb^ 
by Fourier methods and the solution to be given presently for a pulse of 
the form H{t) can be derived from his results. Lamb’s method of solution 
is, however, very cumbersome and the author found that the solution of 
this problem, as well as of the more difficult problem for a layered half¬ 
space, can be obtained more expeditiously by operational methods. The 
details of the solution will be presented elsewhere and we shall give here 
only the results for the vertical component of motion w. Let r denote the 
distance on the surface from the origin, ^ the coefficient of rigidity and 


Then 


Hiv) 



V » (ct/ry, r) » — {Z/vfjir)H{v). 


VS 


Hiv) - 0, t; < 

VsVS - 6 



‘ + 


V - V4 32V» - V4(3 - VS) 

Vayg - i-~5 _ 

WvTca + r 


V* <«' <!. 
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-\/3\/g + 5 
16 V 1/4(3 


H(v) = Vs. V > V«(3 + Vs). 


1 < » < V«(3 + V3), 



It can be verified by substitution in equation (2) that equation (6) is an 
exact solution. This solution is plotted as curve A in figure 1. It is seen 



t 


FIGURE 1 

Curves 4, J?, C represent H{v), Hi(v) and respectively. The associated fs 

are given by equations (2), (8) and (10). 

that there is no motion until the arrival of the P Mrave at v « Val the shear 
wave, which is due to arrive at p «» 1, is marked only by a discontinuity 
in slope. At vo ^ 1.183 the Rayleigh surface wave arrives and the ampli> 
tude Incomes infinite as (po — p) " If k is the arrival time of the Rayleigh 
wave, then for / « /o — where B is small, H{v) is proportional to \/r/i- 
The infinity in w associated with the Rayleigh wave is therefore propor¬ 
tional to f*"*/*, which is characteristic of surface waves. Beyond Vo the 
steady-state displacement is immediately obtained. From a seiamological 
point of view, the chief interest lies in the nature of the discontinuities that 
are associated with the arrivcUs of P, S and Rayleigh waves, because the 
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recognition of these phases enables one to determine the velocities of 
medium. 

Now returning to the integral equation (2) we see that a trial function 
Hx(v) which is zero up to u “ a and is equal to ^4 for v > a, yields an 



Let us try a solution of this form and determine the constants A and a so 
that fi(u) will agree with f(u) in the leading terms of the expansions (3) 
and (4). This yields 


fi{u) - 


3 


Vi6m + 27 



and the corresponding Hi(v) is plotted as curve B in figure 1. As a seismo* 
gram, curve B is totally inadequate and yet, as is seen from the third 
column of table 1, the maximum deviation of fi(u) from f(u) is only of the 
order of 2%. The situation is even more aggravated by the trial solution 
Hiiv) which is given by 

Hi{v) =« 0, r < 0.517787483 

Hi(v) « - 0.0612441866, 0.517787483 <v < 1.362107488, 

Hi(v) « Vs, V > 1.362107488. (9) 

This function is plotted as curve C in figure 1. It was chosen so that the 
expansions of 



0.122488373 ^ 0.872488373 _ 

V«‘+~bT5f7787483 y/u + 1.362107488 



agree with the four terms in the expansions of /(w) which. are given 
in equations (3) and (4). Curve C is again a bad sample of a seismo¬ 
gram for the medium in question. It }rields a vdodty of the P wave which 
is wrong by 25%; there is no sign of an 5 wave, and the phase correqwnd- 
ing to the Rayleigh wave arrives too late by 7%. In practice this phase 
would easily be mistaken for an <S phase, because its amplitude diminidies 
with distance like r instead of the r~ which is characteristic of Rayleigh 
waves, and this mistaken S wave would yield a {(hear vdocity whidi is 
wrong by 17%. In q)ite of these defidendes, /((«) is seen from table 1 to 
differ from/(«) by less than 0.1%. 
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/l(*) 

Mu) 

14 

/(«) 

JW 

m 

0 

0.6773603 

1.000 

1.000000 

0.1 

0.6666129 

0.992 

1.000184 

0.4 

0.6289999 

0.981 

1.000780 

0.6 

0.5176205 

0.980 

i.oaoBSi 

1.0 

0.4678638 

0.978 

1.000857 

2.0 

0.3984167 

0.980 

1.000656 

3.0 

0.3623105 

0.983 

1.000862 

4.0 

0.3190766 

0.986 

1.000261 

0.0 

0.2736410 

0.989 

1.000139 
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Summary ,—^An integrsd equation of the first kind arising in a seismologi- 
cal problem is cited for which a trial solution which is totally inacceptable 
reproduces the given function on the left-hand side to within 2%. A second 
trial solution, which is physically wrong by 26% and is otherwise deficient, 
reproduces the given function to within 0.1%. 

^ A good treatment of integral equations from the point of view of their applications 
will be found in Hameli G., Infegralgleichungen, Berlin, Springer (1937). 

* Pekeris, C. L„ Gerl. Beit, m, GeopK 41, 192-202 (1934). 

* Lamb, H., Phil, Trans, Roy. Soc.t (A), 203,1 (1904). 


THE CONFORMAL THEORY OF CURVES 
By Aaron Fialkow 

Bbpaxtmbnt op Mathbmatics, Brooklyn Collbob 
Communicated May 0, 1940 

In this note, we announce some of the principal results of a new con¬ 
formal theory of curves in a Riemann spaced V^. The proofs of these 
results as well as the detailed conformal geometry of curves will be given 
elsewhere. In general, we assume that F, is a Riemann space of class C*. 
The precise hypotheses concerning existence, continuity and differenti¬ 
ability will appear in the paper which contains the proofs of these theorems. 

Since every analytic curve in a F, is conformally equivalent to a straight 
line in the plane, there can be no conformal theory* of (single) curves in a 
Vn unless n > 2. We consider those prc^>erties of a curve which remain 
unchanged when the enveloping Riemann ^pace F„ of dimensionality 
n > 2 undergoes any conformal mapping, not necessarily on itself. While 
the results, obtained .bear a close analogy to those which hold in the metric 
theory, in some cases the proofs are markedly different. 

The principal tool is a new kind of tensor differentiation which has 
conformal meaning. This conformal derwatwe is dependent not only on 
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the metric of but also on the curve C in with respect to which the 
differentiation takes place. This dependence of conformal differentiation 
on a curve as well as the space is analogous to the similar dependence of 
parallel displacement of vectors in a general Riemann space. We find 
w — 1 differential conformal curvatures Ju J%y i and an integral 

conformal arc length S which are unchanged by any conformal transforma¬ 
tion of This means that 

Theorem 1. If F^^—►Fh, C *—>C by a conformal map, then a con¬ 
formal arc length parameter S may be chosen so that the corresponding points 
of C and C have the same valueof S and /j, i are the same functions 

of S for C and C* 

We prove the existence theorem 

Theorem 2. In any F«, a curve exists whose conformal curvatures are 
any arbitrary continuous functions of the conformal arc length. 

This curve is uniquely determined by a set of initial conditions which is 
found explicitly. In spaces conformal to a euclidean space, the following 
fimdamental conformal equivalence theorem for curves exists which is the 
analogue of the (metric) congruence theorem: 

Theorem 3. Let Ci and C% be curves in the conformally euclidean spaces 
{ 1 )Rh ( 2 )i 2 »i, respectively, whose conformal curvatures are the same 

functions of the conformal arc length. Then a conformal transformation 
exists so that 2?»^— >( 2 ) Rn Cx* —►Ca. 

The conformal curvatures have rather simple geometric properties if 
Ffi is conformal to an Einstein space or, more particularly, to a euclidean 
space. For example, we mention the following theorems; 

Theorem 4. The most general conformal differential invariant of a curve 
in an Rn is a function of the conformal curvatures and their derivatives with 
respect to a conformal arc length parameter. Conversely, every such function 
is a conformal differential invariant. 

Examples may be given to show that this theorem is untrue in spaces 
which are not conformally euclidean. 

Theorem 5. The necessary and sufficient condition that ss 0 (0 < 
a < n — 1) along a curve C in an R^ is that C be (informally equivalent to a 
curve in whose (a + l)jf metric curvature is identically zero. 

As an important special case, this theory includes the *'naturid geometry 
of curves*^ (according to the viewpoint of Ces&ro, Pick and Kowalewski) 
in R^ under the continuous group of conformal mappings of on itself. 
In particular, the curves along which each conformal curvature is equal to 
a constant are the paths of the group. 

If n as 2, the above theory applies if the conformal mappings are re¬ 
stricted to transformations (appl^ to surfaces of constant curvature) 
which are similar to and include the inverslve transformations of the 
plane. In this case, the present theory includes the inversive theory of 
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plane curves developed by Mullins, Liebmann, Kubota, Motley and 
Patterson who used different methods than those employed here. 

The methods and results of this note may also be used to develop a 
theory of curves in a conformal Riemann space. From this point of view, 
this theory is related to the work of Hlavat]^, Sasaki, Yano and others on 
curves in a conformal Riemann space. 

A preliminary investigation tends to show that a conformal theory similar 
to that outlined above exists for any subspace in F,*. At points of a sub¬ 
space, it is possible to define a ‘‘conformal derivative” and to arrive at a 
sequence of normal vector spaces and fundamental forms which are un¬ 
changed by conformal transformations of F„. 

‘ We denote an n-dimensional Riemann space and euclidean space by Vn and 
respectively. Spaces conformal to V, and jR„ are denoted by and respectively. 

* The general conformal geometry for two dimensions (equivalent to the theory of 
analytic functions of a complex variable), developed by Kasner since 1910, deals with 
invariants, absolute and relative, of two or more curves (horn angles and trihornometry). 
See Trans. Amer. Math, Soc., 44, 25-31 (1938), and these Procbbdinos, 23, 337-341 
(1937). 
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TRAIJMATIC ACID AND THIAMIN AS GROWTH FACTORS FOR 

ALGAE^ 

By J. van Overbeek 

Wiu^iAM G. Kbrckhoff Labokatoribs* California Institute of Technology 

Communicated June 7, 1940 

Bottomley and, especially, Ashby* showed that Lerana develops well in 
a purely inorganic medium, although it thrives better if some organic mat¬ 
ter, such as a soil extract, is added. The addition of soil extract and other 
chemically ill-defined organic matters* to the culture medium of algae is 
a general practice.^ Since the chemistry of many plant hormones has be- 
come known in recent years it seemed of interest to see in which respect they 
affect the growth of algae. Yin* studied the effect of auxin on Chlorella 
and found an inhibition of the multiplication but an increase of the indi¬ 
vidual cell size. Pratt,* however, found just the reverse, an increase in 
cell number and no increase in cell size. Recently English, Bonner and 
Haagen-Smit^ isolated and synthesized traumatic acid (1-decene-l, 10 
dicarboxylic add), a wound hormone of plants, which causes considerable 
proliferation and elongation of parenchymatous tissues (bean pods and 
potato tubers). On the assumption that this substance might exhibit 
similar properties on plant cells in general, it was added to the sterile cul- 
tures of uniceUular algae* in order to determine whether it promotes the 
growth. Traumatic acid indeed proved to be highly effective in promot¬ 
ing multiplication of the culture, as is shown in the table for Scenedesmus 
obliquust Sc. bijugeUus, Sc. brasUiemis and Palmelhcoccus minuUus. Simi¬ 
lar results were obtained with Coccomym subelUpsoidea forma putridena, 
KirchnerUUa spec.f, Codastrum proboscideum var. gracilis and Stichococctts 
baciUaris.* 

Thiamin was recognized as a growth factor for fungi by Schopfer^* and 
later on also as a growth factor for higher plants.’* Thiamin was found to 
be ineffective, or at least far less effective than traumatic acid, when added 
to cultures (in basic inorganic medium) of the previoudy mentioned algae. 
It proved, howeyer, to be decidedly effective in promoting the growth of 
SphaereUa lacustris (Hamatococcus pluviaUs).^^ Traumatic acid also af- 
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fects the growth of SphaereUa lacmiris but to a lesser extent than vita¬ 
min Bt. 

Adenine has lately been shown to be active as a factor for leaf growth.^’ 
No algae have been fotmd so far that respond markedly to it. 

The above-mentioned expmments show that both traumatic acid and 
thiamin are growth factors for algae. 

MULTIFLICATZOK of AliGAB UKDBR StBIULB CULTORB COKDITIONB, AS MbASURBO BY 

Photoblbctrzc Turbidity MBASiniBMBNTS 

ADDBD TO TUB BASXC XNOROANXC XBOZIM:* 

ADB- TRA<m.+ 

TltAUMATIC ACtO VITAMIN B| NtNB Bl 4 >ADBN. NO 
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pH 6.6) 
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■ 4 
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4 4 ■ t 
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80.6 
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« * 

4 • 
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Sc. hijugaius 
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40.6 

24.0 

37.3 

31.1 43.2 
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* * 
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74.2 
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118.0 

92.2 

70.2 
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44 44 
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PaUncUococeus miniatus 

116.6 
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49.8 

■ 4 
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66.4 

(12 days after inoculation; 
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92.6 
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HaenuUococcus pluvialis 

* * * 

Fourth 

No 

Best Second 

No Third 

No 


(nng on wall of tube esti* growth growth growth 

mated after 20 days) 

In a purely inorganic medium and under the conditions described here 
the algae probably produce^* a limited amount of the groivth factors, but 
not sufficient to sustain a rapid growth. 

* Work usisted by the Works Progress Administration (Official Project 6&-l-07>98, 
Work Prt^ect N-11634). 

> Ann. Bot., W, 8(MhB16 (1929). 

' B.g., Am. Jow, Bot., 27,161 (1940). 

«Bold, Hardd C., Jour. Tmn. Acad. Set., 12.20&-212 (1936). 

• Proc. Nat. Acad. Set., 24, 174-176 (1937), 

• Am. Jour. Bot., 2S, 498-501 (1938). 

' Science, 00,329 (1939); the traumatic acid used in these experiments was obtained 
through courtesy of these authors. 

* The basic inorganic medium consisted of Vi Hoagdand solution idits minor dmnents, 
with the exception of copper (Unit. Cal., Coll. Agrf. Cir. 447,36-87, December (1038)}. 
CMass-distUled watqr was used throughout. Agar was not used in the experiments de¬ 
scribed here Iwcause it was found to be an unsuitahlc medium for the detnoattratlm of 
the action of organic growth factors. Inocnlatiom were made by tadng 1 oc. 6t a cCU 
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suspension. The cultures were in culture tubes (16 cc. of medium) in indirect daylight 
in sm air-conditioned greenhouse (constant temperature, 26*C.). 

* These algae were obtained through courtesy of Dr. C. B. van Niel, Pacific Grove, 
CaUf. 

Schopfer, W. H., Compt, Rend. Soc. Phys. Hist. Nat. Geneee, 51, 26 (1934). 

Kdgl, P., and Haagen-Smit, A. J., Zeit. Physiol. Chem., 243, 209-226 (1936); Bon¬ 
ner, J., Science. 85, 183-184 (1937); Robbins. W., and Bartley. M., Ibid., 85,246 (1937). 

" Obtained through courtesy of Or. Florence Meier Chase, Smithsonian Institution. 

" Bonner, O. M., and Haagen-Smit, A. J., Proc. Nat. Acad. Sci., 25,184-188 (1939). 

“ The presence of vitamin Bi in marine algae was reported by E. R. Norris, M. K. 
Simeon and H. B. Williams. Jour. Nutrition, 13, 426-433 (1937). 


SOME TRABECULATE CODIUMS (INCLUDING TWO NEW 

SPECIES) 

By William Albert Sbtchbll 
Dbpartment of Botany, Univbrsity of California 
Communicated June 10, 1940 

Trabeculae (“Balken," "Cordons cellulosiques,” etc.), as applying to 
protrusions from the “wall” into the cavity of a septate or unsq>tate coeno- 
cyte, occur particularly in species of Caulerpa and Diclyosphaeria, both 
genera of the general group of the Siphonales, to which the genus Codmm 
also belongs. Thus far they have not been described for any of the 
numerous species of Coditm, In a few species of Codium, however, various 
types of projections have been noticed extending from the inner portions 
of the apical membrane of the utricles into the general cavity of the coeno- 
cyte. 0. C. Schmidt ("Biblioth. Bot.,” Heft 91, p. 27, fipie 7 (1923)) 
shows tips of utricles of his extended and probably composite Codium ad- 
haerms which have the inner portions of the membrane alveolate, with in¬ 
wardly extending anastomosing plates (as shown in section in the lowermost 
tip under his figure 7). Such sculpturing of the inner layers of the apical 
membrane has been seen by me in a number of species of both Tylecoditms 
and Schitocodiums, often sufficiently constant to seem characteristic of the 
particular ^cies. M. A. Howe (in Britton and Mill^augh, “The Bahama 
Flora,” p. 617 (1920)) has described a variety, or form, cribosum, of 
Codium intorUxium Collins and Hervey, but this alveolation seems to be 
really a character of the mature utricles of this species (which is induded 
under the extensive aggregate of Codium adhoerens by O. C. Schmidt). 
These alveolar inner surfaces of the «q>ical membrane have been little 
noticed and often are not to be seen except on careful illumination. From 
the surface, under proper lighting of fresh utrides or those swollen to nor- 
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mal size and shape, they look like the sieve plates of the higher plants. It 
seems best to regard them as lamellate anastomosing projections, rather 
than "pitting,” and to consider them under the head of complex trabeculae. 

Another type of trabeculate growth is shown in the peculiar local thicken* 
ing of the inner apical membrane of the Codium Schmidtii Vouck (V. Vouck, 
Acta Bot.y Inst. Bot Univ. Zagrabensis, 10, 9-12, plate 1, text figures 1-4 
(1935)), who states, accurately so far as I know, that “such a peculiarity 
of utricle structure has never been recorded.” The apical membrane of the 
utricle thickens, but at the center the thickening projects into the cavity 
of the utricle in the form of a boss, or button. Unfortunately for this pro* 
posed new species of Vouck, I find that the utricles of the type specimen of 
Codium Muelleri of Kuetzing show the same thickened structure, although 
neither Kuetzing {Tab. Phyc.t 6 , 34, plate 95, II (1856)) nor O. C. Schmidt 
(loc. cit., 51, 52) figiures it. Kuetzing has nothing in his description to sug¬ 
gest that, “keen-eyed” as he undoubtedly was, he had noticed anything of 
this inwardly projecting blunt umbo, but Schmidt (loc. cit., p. 51) evidently 
saw it and failed to interpret it properly, although he quotes Areschoug’s 
statement (Act. Reg. Sac. Scient.^ ser. 3 (1), 368, Upsala (1854) sub Codium 
tomentosum austrahsiacum Aresch.) concerning an apical “mamilla” on the 
utricle separated by a transverse septum from the utricle itself, O. C, 
Schmidt seems to regard this "mamilla” to be due to an illusive appearance 
in the collapsed broad utricles of the species, not properly swollen out. 
Vouck's interpretation of the structure agrees with my own, but his bi¬ 
nomial C. Schmidtii must, therefore, be relegated to the synonymy of 
C. Muelleri. It may be of interest to notice that C. Schmidtii Vouck is a 
topotype of C. MueUeri Kuetz., since both were collected on shores of the 
Lrfever (or Lefebre) Peninsula by Ferdinand Mueller, the former in “July, 
1882,” the latter in “July, 1852.” 

When one reads the descriptions of the utricles of Codium globosum of 
A. H. S. Lucas (Proc. Linn. Soc. of New South Wales, 52, (pt. 4), 658, plate 
12, figure 4 (1927)) one will not find any mention of the scattered, short, 
broadly conical trabeculae projecting from the inner surface of the apical 

Explanation of Plats 
Codium CranwetUae Setchell 

1. Croup of utricles to show size, shape and branching. Trabeculae are represented 
in cmly one while the rest are left blank. X 25 diara. 

2. Uppermost portion of utricle with trabeculae from the surface and, in part, in 
optical section. X 125 diam, 

3. Thick section of extreme tip of utricle, showing outer surface and trabeculae. 
X 250 dtam. 

4. Thin section of extreme tip of utricle. X 250 diam. 

5* Thin section of lower part of trabeculate zone of side of upper part of utride. 
X 250 diatn. 
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membrane* A careful examination of the utricles of specimens of the t 3 rpe 
collection, however, does show them. 

While the “trabeculae” of the three species thus far listed may seem too 
insignificant to warrant applying this term to them, the structure seems 
more definitely worthy of the name as applied in the case of the two species 
now to be described, viz., Codium phasmaiicum from Hawaii and C. Cran- 
mlliae from New Zealand. 

Codium phaamaticum sp. nov. 

C. ihallo applanaiOt difformi, infeme arete adhaerente^ margine lente undu¬ 
late ^ spongiosOj 3-5 ctn^ diam,, dram 0.5 cm. crasso, laetevirente; ulriculis 
laxe corymbosa-ramosiSf dimorphism (a), macro-stenophysism cylindridSt 

62.5- 93.75 ft latis et 500 ju usgue ad 1 mm. altis, (b), macro-euryphysiSt obo- 
vato-pyriformibuSt superne globoso-intumescentibusm 125-250 m laiism 500 ju 
usque ad 625 m altis ; membrana apicali usque ad 5 ft crassa, intus 1-2 usque ad 
7-8 trabeadis cylindricisy simplicibus, gradlibusque usque ad 15 u hngis et 

2.5- 3 u aassis adomaiis; sub apice 62.5-65 pdis in singulo usque ad S-4 
verticilUst circumdatis; gametangiis adhuc non visis. 

In saxis lUtoraUbuSm apud *'Laupahoehoem*' in insula a W. A. 

Setcheli lecto, No. 10034 {spec, typicum Hb. Unw. Calif. 468720). 

Only a single specimen was found on rocks which were almost bare of any 
Algae. Each utricle, however, shows the relatively long and slender, al¬ 
though sparse, inwardly projecting processes whose structure is that of the 
simpler trabeculae of Caulerpum or even more like those of certain species of 
Dictyosphaeria (cf. Weber van Bosse, “Nuova Notarisia,” ser. 16, 144, Oct. 
(1905), SibogaExp., Mon. LIX a, 64 (1913); Boergesen, “Mar. Alg. Danish 
W. I.,“ I, 39 (1913); Setcheli, “Univ. Calif. Pub. Bot.,“ 12, 79 (1926)). 

Codium CranwelUae sp. nov. 

“A new Codium,” Cranwell and Moore, Trans. Roy. Soc. N. Z., 67, 399 
(1938). 

C. ihallo compressi^-ovoideo-ghbosom 0.5-5 cm. longOt 0.5S cm. latOm 0.5- 
2.5 cm. altOm erectOm superne liberOm per basim moderate kdam ajffixo, nitmte 
laeiemrenie et spongioso; filamentis intemis 35-40 /i latism dense irdertextis; 
utricuHs superfidem Uberam totam invesUentibuSy parce ramosisy ehngato 
clamtisy megistophysisy 5000 ^ usque ad 6500 m UmgiSy 625 u latiSi membrana 
apicali, et subapicali leviter incrassatis et trabeculas numerosas, simpUces 
ramosasmemiiterUe; piUsdeuntibus; gameUmgjUsnondum visis. (Cf. plate, 
p. 445.) 

In rupis concaviSy zonis mediodiUoralibus, in instdis '*Poor Knights f* 
N. Z., No. 205,206,2ff7, CranweU et Moore, et ab undis rejecHs, **LimgBeach, 
Bay of Islands:^ N. Z., No. 182, 791,1557, V. W. Lindauer, {Spec, typi^ 
cum in Hb. Univ. CaUf.t No. 564498)^ 
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Codium CfanwdUae is a truly remarkable species. It has the habit and 
the huge (^'megistophyse*') utricle associated Mdth the Bursa group within 
the genus. Its utricles are distinctly branched although slightly, and this 
is true even of Codium Bursa itself although O. C, Schmidt ("Bibliotheca 
Botonica," Heft91,pp.23,24,25(1923)) in his monographic study of Codium 
distinguishes the *^Adhaerentta'' as having the "Blasen reich verzweight" 
and the **Bursae'^ as well as the other two sections as having "Blasen stets 
unverzwdght." I find, however, that Codium Bursa (L.) Ag. and C. 
mammiUosum Harv, have utricles distinctly although only slightly branched 
and many species included in Schmidt's **Adhaerentia*' other than C. ad- 
haerens in Schmidt's extended sense, can scarcely be said to have the utricles 
really "richly" branched- In habit, Codium CranwdUae is truly of the 
Bursa group, being cushion-shaped and with a limited basal area of attach¬ 
ment, even somewhat more so than C spongiosum Harv. of Australian 
waters, which it closely resembles, except that it seems more densely packed 
with filaments in its interior, has a narrower attachment, and has the con¬ 
spicuously trabeculate utricles. From Codium Perrinae A. H. S. Lucas 
{Proc. Linn, Soc. N, 5- TF., 60, 203, figure 4 (1935)), apparently closely re¬ 
lated to C. spcngiosumt it differs in lack of crescentic habit and the longer 
and trabeculate utricles not thickened at the apex. 

The utricles in Codium Cranwettiae are very long (up to 6 or 7 mm.) and 
are "megistophyse" in one sense but they are not as broad as those of the 
truly megistophyse species of the C. mammiUosum group of Australia, 
Japan and South Africa, which approach a maximum of 2-3 mm. in di¬ 
ameter. It is, however, the occurrence of undoubted trabeculae, not only 
crowded but with one or more branches, which sets off C, Cranwdliae from 
all other Codiutns thus far described. This has led me to review the vari¬ 
ous Codiums which have been accumulating for some years in my studies 
of this genus and which had led me to survey all the species known to me 
to have "projections” inwardly from the apical or subapical membranes 
and consider them under the head of “trabeculate" Codiums and to associ¬ 
ate these structures with the various inwardly projecting cylindrical pro¬ 
trusions of the inner cell walls in the various members of the Siphonales. 
The structure of the trabeculae in Codium seems to be identical with those 
in Catderpa, in that a distinct core (or tube?) is present. The trabeculae 
are always on the apex of the cavity of the utricle, protruding from the inner 
surface of the apic^ or subapical membranes, limited in growth, simple or 
branched, and ending free. Oltmanns (‘‘Morph, u. Biol. d. Algen," I (Ed. 
2), 413-415 (1922)) summarized the literature and opinions as to structure 
and function of the trabeculae in Caulerpa, up to his time of writing. As 
to what their function may be in the utricles (and only in the utricles) of 
CodfiMn, the writer has as yet no suggestions, ei^Mscialiy since he has seen 
only dead |>laQts. The fact of their occurrence and particularly their luxuri- 
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ant development in Codiutn Cranwelliae may add information to be con¬ 
sidered in any attempt to solve the problem. 


STUDIES IN MINERAL METABOLISM WITH THE AID OF 
INDUCED RADIOACTIVE ISOTOPES. IV—MANGANESE* 

By David M. Grbbnbbro akd W. Wbslby Campbell 

Division op Biochbmibtky. Univbpsity op Calipornia Medical School 

Communicated May 25, 1940 

This communication is a report of a test study of the suitability of radio¬ 
active manganese for biological tracer investigations. The requirement 
for manganese of the animal organism is very small. Consequently, a high 
^cific radioactivity is required in the samples in order to keep the test 
dosages within ph 3 ^iological limits. 

Various investigators have demonstrated that manganese is essential for 
the health and well-being of the animal organism.^’ * However, little 
is known about its specific biological functions. Orent and McCollum* 
found that manganese aids lactation and prevents degeneration and atrophy 
of the testes in the rat. In the chick, it is markedly effective in preventing 
the development of the bone condition known as perosis.* Manganese has 
been found to serve as an activator of certain enzymes, notably arginase,^* ® 
phosphoglucomutase,* and certain peptidases.^* 

The results reported here demonstrate that radioactive manganese may 
be usefully employed in the elucidation of many problems connected with its 
metabolism. 

Experimental Methods ,—The isotope Mn**, with a half life of 310 days,” 
was employed in this investigation. It was prepared in the Radiation 
Laboratory of the University of California by bombardment of iron with 
deuterons. The reaction involved is: 

wFe** + iH* —► wMn** + ,H< 

Radioactive manganese was isolated from the residue after extraction of 
the radioactive iron. Traces of radioactive phosphorus formed from iron 
phosphide were removed by dissolving the iron-free residues in 0.6M HNO», 
adding small quantities of NaH|P 04 to serve as a carrier, and precipitating 
twice with a solution of Bi(NOt)t in 0.5Jlf HNOt. The filtrate was evapo¬ 
rated to dryness, dissolved in 16Af HNOi, and the manganese precipitated as 
MnOft with a few cry^stals of KC10». The MnOa was filtered off on a Jena 
sintered glass filter, ihien dissolved with HgOs, and reprecipitated twice by 
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the above procedture to free it from traces of radioactive cobalt that were 
also present in the original residues. 

Finally the MnQ» was dissolved in dilute HCl, evaporated to dryness to 
remove excess acid and then dissolved in enough water to give a concentra¬ 
tion of about 1 mg. of manganese per ml. of solution. The radioactivity of 
the resulting preparation was of the order of 0.1 fuc. per mg. of Mn. All 
radioactivity measmements were made with a thin copper wall Geiger- 
Mtiller counter and a scale of eight circuit. 

TABLB 1 

Excretion op Labeled Manganese 


TiilB, 

HOUKti 

OitAL AtlMtNXttTltATtON» 

PBB CBKT OP 

TOTAL S>OBB 

INTBAPAKtrOUrBAL IN|BCnON, 
pan CBNT OP 
total oosb 


Feces 

Feoes 

0-23 

4.2 *0.26 

. 

23-^ 

60.2 *0.46 

53.9 ikO.60 

46-76.6 

39.9 * 0.40 

36.8 >,> 0.35 

Total excreta 

97.2t *0,68 

90.7 * 0.70 


* Amoum found was not statistically significant. 

t Total excreta includes 2.9 per cent labeled manganese found in the urine in the time 
interval between 11 and 23 hours. This was the only statistically significant amount 
found in any of the urine samples. 

For the metabolic tests, 1-ml. doses of the labeled manganese chloride 
(1 mg. Mn) were administered to each of two rats weighing about 160 gm., 
one by stomach tube, the other by intraperitoneal injection. During the 
experiment, the animals were maintained on a synthetic control diet. 

The feces and urine were obtained separately at the desired intervals 
through use of glass separators.^^ At the end of 75.5 hotus, the animals 
were anesthetized with ether, blood was drawn by cardiac puncture and 
the animals were sacrificed. The various organs were dissected out, the 
skin was removed and the muscles and bone were separated by boiling the 
residual carcass in 1; 5 NH4OH, and thra allowing the solution to stand for 
several days. 

All tissues were dried and dry ashed at 600®C. One mg. of inactive 
manganese as the sulfate was added to each ashed sample as a carrier for the 
radioactive Mn. The ash was dissolved in a minimum of dilute HCl and 
filtered. The total filtrate was evaporated to dryness with concentrated 
HKOa three times to remove the chloride. The residue was then dissolved 
in hot concentrated HNO«i and a few crystals of KClOs were added to pre¬ 
cipitate the MnOa. The precipitate was filtered off, another mg, of inactive 
Mn was added to the filtrate and MnOs was again precipitated. This 
second precipitate was collected on the same filter paper so that all of the 
radioactivity in a single tissue was on the one filter paper. 
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In the case of the bones^ it was necessary first to separate the manganese 
from the large amounts of calcium present. The bone ash was dissolved in 
dilute HCl and evaporated to dryness. The chlorides were dissolved in 
water in an Erlenmeyer flask and NH4CI was added to the neutral solution. 
A freshly prepared (NH 4 )aS solution was added to precipitate the manga¬ 
nese sulfide. The flask was filled with boiled water and stoppered. After 
standing for 12 hours, the precipitate was filtered off. The MnS was dis*- 
solved in a small amount of dilute HCl, and then the MnOt was separated 
by the same procedure as in the case of the other tissues. An aliquot of the 
original radioactive MnCb solution was treated in the same manner as the 
test samples to serve as a standard for comparison of radioactivity measure¬ 
ments. 

The total radioactive manganese recovered from each animal was com¬ 
puted from the measured activities of the excreta and of all the tissues. 
The recovery was 96 per cent in the case of oral administration, and 78 per 
cent in the case of intraperitoneal injection, so that the data have been 
corrected by the factor 100/96 and 100/78, respectively, to make them 
comparable. 

Results .—^The course of excretion of the labeled manganese over the 75.5 
hoturs is shown in table 1. Most of the manganese is excreted in the feces 
whether it is administered orally or by injection. This agrees with Skinner, 
Peterson and Steenbock,^* who have reported that from 80 to 99 per cent of 
orally fed manganese was excreted in the feces, depending upon the amount 
ingested. Except for statistically insignificant traces, labeled manganese 
was found in the urine only in the second collection period of the animal 
given the dose orally. 

Prom the data it is not possible to decide to what extent manganese is 
absorbed from the gastro-intestinal tract when it is administered orally, 
although it is probable that it is small. When administered intraperitone- 
ally, 90.7 per cent of the labeled manganese appeared in the feces, showing 
that there is a preferential excretion into the alimentary tract. 

Table 2 shows the distribution of the labeled manganese that was re¬ 
tained by the animal. When administration was oral, the 2.8 per cent re¬ 
tained manganese was found in the liver, bone, muscle and blo(^, the liver 
showing the largest uptake. 

When administration was by injection, the retained manganese was 
found in the skin, bone, liver, muscle, small intestine and stomach, the skin 
and bone showing rather large amounts. Other timues showed ho signifi¬ 
cant amount. In general, these observations also agree with the finding of 
Skinner, Peterson and Steenbock.^* 

The manganese found in the stomach and small intestine possftfiy repre¬ 
sents manganese in the process of being excreted. Musde and skiUi appar¬ 
ently, are important sites for the storage of manganese that is absmi^d, 
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especially as these tissues represent a large portion of the mass of the ani¬ 
mal* Bone and liver also seem to be important in the storage of manga¬ 
nese. The manganese found in the liver may be indicative of its excretion 
into the bile, or it may be connected in some manner with the activation of 
certain enzymes found in the liver. 

Summary* —1. Radioactive manganese. Mn*^, is suitable for “tracer'* 
studies on the metabolism of manganese. 

2. On a normal control diet the rat excreted over 90 per cent of the 
manganese within 75 hours, when administered either by stomach tube or 
by intraperitoneal injection. 

3. Very little, if any, of the absorbed manganese is excreted in the urine. 

4. Liver, bone and muscle take up appreciable quantities of the ab- 

TABLB 2 

DisTRiBirrioN of L.abblbo Manganbsb 
(In Per Cent of Total Dose. 76.6 Hours after Administration) 

OHAL AOHnUmtATIOIf IMTSArsMTDNBAL INJ>CT>DN 



wmoHT. 

CONTENTS 

CONTENTS XN P8R OH.. 

IVKIOHT, 

contents 

CONTBNTft XN r»M OM., 

nSSDKfl 

OK. 

WROUt TtSSVB rR8»R WKIOXTT 

OH. 

WHOLE TISSUE FRESH WEtORT 

Muscle 

96 

0.7 * 0.12 0.007 

* 0.0012 

97 

0.8 * 0.16 0.008 

**» 0.0016 

Bone 

8.6 

0,7 * 0.11 0,081 

* 0.013 

9.8 

2.0 *0.17 0.20 

-0.0X7 

Skin 

30.66 

• 


28.94 

3.7 *0.22 0.13 

-0,008 

Whole 

6.14 

0.6 * 0.14 0.097 

* 0.027 

5.07 

* 


blood 

Heart 

0.60 


• 

0.66 

» 

* 

Liver 

6.49 

0.9 *0.16 0.14 

*0.023 

8.64 

1.2 * 0.20 0.14 

-0.023 

SmaU in¬ 

8.37 



0.36 

0.8 *0.27 0.13 

-0.042 

testine 
Large in- 

1.13 


* 

1.23 

• 

* 

testine 

Stomach 

4.76 

* 

* 

3.67 

0.8 >b0.27 0.22 

*0.074 

Spleen 

0.35 

« 


0.89 

s 

* 

Kidney 

1.38 

* 


1.36 

♦ 


Lung 

0.88 


* 

1.16 


4 


* Radioactivity iseasuremcnts made, but amounts found were not statistically sig¬ 
nificant. 


sorbed manganese. Other tissues may take up varying amounts of the 
mangAneSe, due to storage or to processes of excretion. 

We are indebted to Professor E. O. Lawrence and Dr. M. D. Kamen of 
the Radiation Laboratory of the Univernty of California for the radioactive 
manganese used in this investigation. 

* Aided by a grant front the John and hfary R. Marlde Foundation. Technical assis¬ 
tance furnished by the personnel of WPA Official Project No. 66-1-O6-03. 

* Nelson, V. B„ Bward, |. M., and Sewdi, W. B., Prsc. Ima Acad. Sei., 36, 367 

( 19 a«. 
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A REVERSION TO WILD-TYPE ASSOCIATED WITH 
CROSSING-OVER IN DROSOPHILA MELANOGASTER 

By C. P. Ouvbr 

Dbpartmbnt or ZoOlooy, Univbrsity op Minnesota 
Communicated May 31,1940 

In a study of two alleles of lozenge eye in Drosophila mdanogasler, a low 
frequency of reversion to the wild-type has been observed. The reversion 
involves the color and structure of the eye, and also the genital tracts 
which are abnormal in the mutant females. ‘ In each case in which the 
reversion has occurred, crossing-over between the .^-chromosomes has also 
occurred. 

Glossy and spectacle are sex-linked, recessive mutants, alleles of lozenge, 
which were induced by irradiation. Glossy (Is*) individuals have eyes 
which are blood-red in color, with fused facets making a glossy surface. 
Spectacle (/s'), as reported by Dr. J. T. Patterson,* is characterized by a 
light brown color of the eye, and the facets are run together to cause a 
smooth surface of the eye. In the compound, heterozygous glos^-q>ec- 
tade females, glossy is more dominant in its expression; and the character 
of the eye is nearly that of homozygous glossy, ^lectacle is Bsai>riatfd 
with the (//•40 inversion, and the mutant gene is located witiiin that inver¬ 
sion. Glossy is also located within an inversion whidi is very bwwBrt to, 
probably the same as, the dl-4S inversion. 

From the mating cl /s* Bx/b^ f females to kF Bx males, a totd 5584 
. offspring have been inspected. Most of the offsiMring were of the mqiected 
types. Maks were glossy or q>ectacle. Fenuks were phenotypically 
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alike, although genotypically they were either homozygous glassy or hetero¬ 
zygous glossy-i^>ectacle. Eleven of the 5584 offspring, two males and nine 
females, were wild-type for the mutant eye and genital traits. The wild- 
type traits persist whether the individuals are heterozygous for spectade 
or glossy. Two of the exceptional flies were tested for crossing-over with a 
combination of genes in a non-inverted -chromosome. The results 
indicated that the inversion had not been lost. 

The appearance of each exceptional, wild-tipe offspring was associated 
with crossing-over. Ten of the exceptional offspring were Beadex (Bx), 
and carried, therefore, the right end of the glos^-bearing X-chromosome. 
The other one, forked (/), probably was the result of a double crossover. 
In a test-cross using yeUow and Hairy wing as markers for the left end of 
the chromosome (y Hw kf j/hf Bx), two out of 305 offq>ring were of the 
reversed type. One, a male, was y Hw Bx; and the other, a female, proved 
to be heterozygous for that combination. The flies showing the reversion 
to wild-type have an .Y-cbromosome which is composed of the right end of 
the glossy-bearing chromosome and the left end of the spectacle-bearing 
chromosome. Moreover, the associated crossing-over occurs within the 
inverted regions. The loci for miniature {m) and vermilion {v) are located 
in that order within the inverted regions. From the mating of v Iz^flm Uf 
Bx females to glossy males, two exceptional males occurred among 1285 off¬ 
spring, and both were v Bx. Apparently the crossover occurs between v 
wd one of the alleles of lozenge. 

Although crossing-over seems to be associated with the reversion, and 
one crossover type appears, the complementary type has not been recov¬ 
ered. It is not known whether the failure to recover the complementary 
type is due to the inability of that type to live, or to the inability of the 
observer to recognize the combination. Glossy is almost completely 
dominant over spectacle. The presence of glossy and spectacle in one 
chromosome, with either glossy or spectacle in the other chromosome, may 
produce a phenotype so similar to homozygous glossy and the compound 
glossy-spectacle that it will be difficult, if not impossible, to differentiate 
the three genotypes. 

It does not seem possible to explain the reversions on the basis of muta¬ 
tions in the genic sense. The exceptional type has not appeared among 
the offspring of either homozygous glossy or spectacle; nor has it been ob¬ 
served among the offspring from the females heterozygous for either glossy 
or spectacle and lozenge. Lozenge is present in a chromosome which has 
no inversion. The only mating which has given the exceptional, wild-type 
offspring has been the compotmd glossy-spectacle. Bach of the mutants is 
present in an inversion, and the inversions are at least almost identical. 
Under such conditions, crossing-over is expected to occur throughout the 
chrmnoscmie. The crosring-over assoda^ with the reversion ocmirs 
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within the inverted region, and as shown by the appearance of the v Bx 
crossover type involves the region near the alleles glossy and spectacle. 

Although crossing-over is an active factor in the reversion of the alleles to 
the wild-type, it is not possible as yet to determine the exact nature of the 
phenomenon. The condition can be a case of unequal crossing-over;* but 
it can as likely be a case which involves the “repeat*' hypothesis developed 
by Bridges/ in which different primary loci of the chromosome are involved 
in the expression of the two mutants. 

Summary. —1. A reversion to wild-type occurs with a frequency of 0.2% 
among offspring from a femcde which had glossy on one and spectacle on 
the other X-chromosome. Both traits are recessive and are allelic to 
lozenge. 

2. The reversion is always associated with crossing-over. 

3. The associated crossing-over occurs within the inverted regions of the 
chromosome, and at or near the lozenge locus. 

4. The suggestion is made that the results probably involve either un¬ 
equal crossing-over or crossing-over between “repeats." 

^ Oliver and Green, Anal, Rec.^ 75 (Supp.), lOO-lOl (1939). 

* Patterson and Muller. Genetics, 15, 495-578 (1930), 

* Sturtevant, Ibid,, 10, 117-147 (1925). 

* Bridges. Jour. Heredity, 29,11-18 (1938). 


HD 167362, AN OBJECT SIMILAR TO CAMPBELUS HYDROGEN 

ENVELOPE STAR 

By P. Swings and P. Struvb 

McPonau) Obsbrvatokv. University of Texas, and Ybrkbb Obsbrvatory, 

University op Chicago 

Communicated June 10.1940 

Campbell's famous hydrogen envelope star^ consists of a Wolf-Rayet 
nucleus of type WC% which is surrounded by a nebula showing strong for¬ 
bidden [N II] lines; in fact, the two red [N II] Unes contribute more than 
Ha to the red color of the envelope. This association seems rather peculiar, 
the exciting Wolf-Rayet nucleus showing no trace of nitrogen,* whereas the 
nebulosity around it is very rich in nitrogen. 

We have found that spectroscopically HD 167362 (CD —30** 16469; 
MWC 288; m 11.8) is a similar object. Its distance is too great to re- 
abtve the nebula, and the widths of the lines belonging to the nudeui are 
nbt as much broadened as they are in Campbell’s star. The bright fines 
were discovered by Keder* at the Harvard Observatory and were font de- 
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scribed by Miss Fleming,* who csdied attention to the similarity with i; 
Carinae. Miss Cannon* listed the spectrum among the P Cygni stars, and 
recorded the presence* of [0 III) 5007 and 4059, and of other faint emission 
lines.® Miss HofBeit’ found no change in the apparent magnitude of the 
star. Merrill and co-workers® found that is bright. C. Payne Ga- 
poschkin and S. Gaposcbkin® list the star among objects possessing for¬ 
bidden [Fe II], but the source of their observation is not given. Our plates 
do not show [Fe II]. Apparently, no detailed study of this interesting 
spectrum has thus far been published. 

Five spectrograms were obtained at the McDonald Observatory, from 
April 24 to May 2, 1940; three were obtained with the quartz prisms (dis¬ 
persion 100 A/mm. at X 3933) and two with the glass prisms (dispersion 
50 A/mm. at X 3933). 

The spectrum consists of a weak continuum, with maximum intensity 
near X 4300, on which are superimposed strong, bright lines. The forbidden 
lines and the lines of H seem to be a little sharper than the He I lines and He 
II 4686. Still broader features belong to C III and C IV. The measured 
lines are collected in table 1. 

The object consists of a Wolf-Rayet nucleus surrounded by a nebula, and 
we distinguish three groups of lines, which we shall designate and C. 

A . Lines Originating in the Nucleus Only. —^This is the case of the broad 
lines of He II, C III, C IV and O III; the Wolf-Rayet nucleus is a typical 
carbon star; according to the intensity ratios adopted for classification pur¬ 
poses, the spectral type is probably later than the latest type WCS in Beals' 
sequence. Since the band width is much smaller than 10 A and since He I 
plays certainly an important r61e in the nuclear part of the spectrum (see 
group O, we should be inclined^® to assign the central star to tjrpe WC9. 
There is no trace of N II, N III, N IV or N V. Several lines of the nucleus 
have P Cygni character. 

B. Lines Originating in the Nebula Only. —^The forbidden lines of the 
following elements (in order of decreasing intensity) are observed in the 
nebula: [N II), [O 11], [O III], [SJII], {O I). The transitions of the 
nebular type are much stronger than those of the auroral type (for example, 
in [O III] and [N II]). This is the usual thing in planetary nebulae. The 
transauroral transitions of [SII] may be present, but are blended with C III 
4069 and OII4076. The mean ionization from strong lines of [N II} and 
(O H) is around 14 volts; but the forbidden lines of neutral [O I] and 
doubly ionized (O III] and [S III] are fairly strong. 

C. Lines Belonging ta the Nucleus and to the Nebula, —^The lines of He I 
and H are not exclusively of nebular mrigin. This conclusion is based upon 
the fdhowhig facts; (1) The lines of (N II] and (O IIIJ are sharper than 
those of He as may ^ seen from a comparison of He I 6876 and N II 
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TABLE 1 

Spectrum op HD 167362 


»T*K 
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3609.5 
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cm 
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4340.7 

10 

Hr 

4362.7 
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[0 III] 
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3E / 
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X 
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\n 
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4958.91 


5006.9 
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Identifications in square brackets designate forbidden transitions. 

1— Line showing the P Cygni character. 

2— Broad line extending over 4.1 ^4. 

3— For this identification see the discussion of the spectrum of NGC 6543 and its 
nucleus; F. Swings, Ap. J. (in press). 

4— Blended. 


5755. (2) Several lines of H and He I show P Cygni character, the velocity 

of ejection being practically the same as that given by the nuclear lines. 

The Balmer lines are followed to Hjo and a strong Balmer continuum ex¬ 
tends to X 3450. 

The lines of the nucleus and of the nebula seem to have the same radial 
velocity. The mean value from 18 lines is -~24 km./sec. The ejection 
velocities obtained from He 14471 and C III 4187 are 176 and 186 km./sec., 
respectively. Since these values are practically equal we adopt for the 
ejection velocity 180 km./sec. 

The great similarity of HD 167362 to Campbell's star (BD + 30® 3639 = 
HD 184738) is evident at once. In both cases, the nucleus is a late WC star 
and the nebula shows very strong (N II) and [O II) lines. In BD + 30® 
3639, H« is we^er than the total intensity of the two red (N II) lines, but 
this may not be true for HD 167362. But it should be remembered that in 
HD 187362, Ha belongs simultaneously to the nebula and to the nuclaus; 
hence the relative contributions of Ha and [NII] in the nebula are probably 
not very different. In both stars the nucleus shows He I lines; the spec¬ 
troscopic separation between nucleus and nebula is easier in the case of 
Campbell’s star, where the two sources are clearly separated in a large tele¬ 
scope and where the widths of the lines are very different. In Campbell’s 
star, He I is practically absent frcan the nebular part of the spectrum, while 
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it is present in the nucleus. (O III] is strong in HD 167362, and very weak 
in Campbeirs star. 

The striking association in HD 167362 and BD + 30® 3639 of a carbon 
nucleus with a nitrogen envelope suggests that a comparison with NGC 
6543 would be interesting, despite the higher excitation prevailing in the 
nuclear and nebular parts of NGC 6543.“ This object also shows strong 
nebular lines of [N II], but its nucleus exhibits both N IV and C IV with 
similar intensities. 

' Astronomy and Astrophysicst 13,461 (1894). 

* Several excellent spectrograms of Campbell’s star (BD + 30® 3639) have recently 
been secured at the McDonald Observatory and agree closely with the description of the 
spectrum by Wright {Lick Obs, Pub., 13, 220 (1918)); there is no trace of N II, N III, 
N IV or N V in the nucleus, which is a typical carbon star. 

*Ap.Jour.,2^ 364 (1895). 

* Harvard Ann., 76, 31 (1916). 

* Harvard Circ., No. 224 (1921). 

* Henry Draper Catalogue. 

T Harvard BuU., No. 892, 20 (1933). 

« Ap. Jour., 51, 389 (1926); 76, 166 (1932). 

* ‘‘Variable Stars,** Harvard Obs. Monograph, No. 5,311 (1938). 

^ Beals has chosen the numbering from WC6 to WCH so as to allow a certain latitude 
for new discoveries at either end of the sequence. Sec Trans. I. A. U., 6, 248 (1938). 

P. Swings, Ap. Jour, (in press). 


THE SPECTR UM OF RW HYDRAE 
Bv P. Swings and O. Struve 

McDonald Observatory, University of Texas, and Ybrkbs Observatory, 

University of Chicago 

Communicated June 10, 1940 

RW Hydrae^ is an abnormal long-period variable having an unusually 
small range, of about one magnitude; the maximum photographic magni¬ 
tude is 9.7 to 9.9 and the minimum 10.8 to 10.9. It has a late-type spec¬ 
trum u^n which are superimposed several bright lines. Miss Cannon's 
estimates of the spectral type range from Kb to Jkf2; she noticed bright H^, 
Ky and 

The speetnun has been investigated by Merrill,’ who observed, besides 
the late-type spectrum, several bright lines of H, He I, He II and [0111] 
(auroral transition X 4363 only). 

This object offers a striking similarity to AX Persei, Cl Cygni, Z Androm- 
edae, R Aquarii, T Coronae and others, consisting of a late-type star and 
of a companion of high excitation. In previous papers* we have given a 
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new discussion of several binaries of this type, using material secured with 
the 82-inch reflector of the McDonald Observatory. The present note 
brings similar information concerning RW Hydrae, based on four spectro¬ 
grams obtained between April 19 and 25, 1940; two Mrere taken with the 
quartz prisms (dispersion 100 A/mm. at X 3933) and two with the glass 
prisms (dispersion 50 A/mm. at X 3933). 

During the interval covered by our observations, the late-type compo¬ 
nent was of spectral class MO or late K; compared with the bright lines, the 
late-t 3 rpe spectrum was much stronger than in AX Persei or Cl Cygni, 
which we observed between September, 1939, and February, 1940. The red 
component completely obliterates the region above X 4500, so that only 
strong bright lines may be detected above that wave-length. 

The emission lines are collected in table 1. Besides the features ob¬ 
served by Merrill, our spectrograms reveal many permitted O Ill-transi¬ 
tions, weak [O II], fairly strong [Ne III], weak Nj (nebular transition of 
[O III]), weak Si I and Ca II. All the emission lines are sharp. 

The Balmer series is clearly seen in emission to Hs 2 , and a strong Balmer 
continuum extends to X 3300. Many He I lines are present. The Si I line, 
X 3905, which also appears in AX Persei and Cl Cygni, belongs presumably 
to the red-variable component; it seems rather probable that the weak 
Ca II hues are also excited in the atmosphere of the red star. 

Besides the strong auroral transition of [O III], we observe a very weak 
nebular transition, Ni* Thus, the relative intensities of X 4363 and Ni are 
of the type found in planetaries of class Pd, such as IC 4997. Similar rela¬ 
tive intensities were observed in AX Persei, Cl Cygni, Z Andromedae and 
R Aquarii, which belong to the same group of binaries. 

Fomteen permitted lines of O III are identified between X 3265 and 
X 3962. This spectnun is not excited by Bowen’s fluorescence mechanism to 
any appreciable extent, because we find the lines of the singlet, triplet and 
quintet systems with the normal intensities of a recombination spectrum. 
The ionization potential of 0+'^ is 54.6 volts, which is close to that of He***, 
namely, 54.1 volts. The line He II4686 is strong. So far as we know, no 
planetary nebula has been found showing such a complete recombination 
spectrum of 0 HI. For example, in the extensive investigation by^owen 
and Wyse* the only recombination line of 0 HI which they observed is 
X 5692 (3s'P* — ; because of the blending with the red component, 

we are unable to discuss the region of X 5592, but other recombination lines, 
such as XX 3774, 3791 and 3962 are not found in the table by Bowen and 
Wyee. 

It is possible that the permitted 0 HI lines do not belong to a nebula, but 
rather to the exciting nucleus. Both the O III and the N III lines, and 
perhaps also those of He II and partly those of H and He I may belong to a 
nucleus of type WN possessing abnormally sharp lines; such a 1VN nudeus 
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TABLE 1 


Bkioht Lines in RW Hydras 
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3686.57 

2 

Wl* 

3686.83 


SOOl.SS 

2 

H,. 

3691.56 


3696.91 

2 

Hu 

3697.15 


3703.77 


Hu 

3703.85 




om 

3702.75 

5 



om 

3703.37 

5 

3707.13 

CHI 

om 

3707.24 

6 

3711.80 

3 

Hu 

3711.97 


3714.60 

0 

om 

3715.08 

6 

3721.76 

3 

Hu 

3721.94 


3724.00 

1 

(Oil) 

3726.1 


3784.36 

4 

Hi. 

3784.37 


3750.14 

4 


3750.15 


3753.08 

2-3 

om 

3764.67 

7 

i 


NIIl 

3754.62 

6 

3760.97 

2-3 

om 

3769.87 

9 

3770.72 

4 

Hu 

3770.63 


3778.87 

1 

om 

3774.00 

6 

3790.82 

1 

om 

3791.26 

6 

3708.09 

5 

tf 

ilio 

3797.90 


3819.71 

2—3 

Hel 

3819.61 

4 

3835.54 

6 


3886.39 


3868.74 

4 

[Ne III 1 

3868.7 


3889.06 

7* 

H. 

3889.05 

* 



Hel 

8888.66 

10 

3005.26 

1 

Sil 

3905.53 

10 

3926.0 

1 

Me I 

3926.63 

1 

3033.0 

2 

Call 

3933.68 

200 

3061.58 

1-2 

OIII 

3961.69 

8 

3065.04 

2—3 

Hel 

3964.73 

4 

3068.0 

1 

[Ne mi 

3967.6 




Can 

3968.40 

180 

3070.10 

7 

H. 

3070.08 


4000.43 

2 

Hel 

4009.27 

1 

4026^25 

2 

I 

4026.19 

6 
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4097.33 

2 

N III 

4097.31 

10 

4101.79 

10 

Ha 

4101.76 


4121.03 

12 

He I 

4120.81 

3 

4143.88 

1-2 

He I 

4143.77 

2 

4340.49 

12 


4340.48 


4.303.17 

4 

[0 III 1 

4363.2 


4387.82 

4 

He I 

4387.93 

3 

4471.63 

3 

He I " 

4471.48 

6 

408.5.72 

6 

He II 

4686.81 


4861.4 

16 

H^ 

4861.34 


4922. 

3 

He I 

4921.93 

4 

5007. 

1 

10 III 1 

5006.84 


6876. 

6 

He I 

6875.62 

10 

6563. 

20 

H„ 

6662.82 



• The violet wing is weaker than the red wing. 

Note : Identifications in square brackets designate forbidden transitions. 

would be surrounded by a nebulosity giving rise to strong auroral [O III], 
fairly strong nebular [Ne III], weak nebular [O II] and very weak nebular 
[O III]. 

In HD 167362, which contains a late WC nucleus exciting a surrounding 
nebula, we found* that the nuclear lines are sharper than is usually ob¬ 
served in Wolf-Rayet stars. 

Because of the presence of the strong red component, we cannot settle the 
question of the excitation of N III; neither is there any information regard¬ 
ing the continuous spectrum of the exciting nucleus. No line of carbon was 
found. 

From 20 bright lines, the radial velocity was found to be -h 14 km./sec. 
From three absorption lines (Cr I 4289.72, Fe 14299.24 and Fe 14326.76), 
the radial velocity of the late-type star was found to be 4*16 km./sec. The 
two components have practically the same radial velocity. 

RW Hydrae belongs to the same group of binaries as AX Persei, Cl 
Cygni, T. Coronae, Z Andromedae, R Aquarii, etc. The excitation of its 
nebular part is lower than in AX Persei and Cl Cygni and is rather similar 
to R Aquarii; but the intensity ratio of the auroral and nebular transitions 
is larger in RW Hydrae than in R Aquarii. 

> «»<1900) - 13*28’!'8; 6 (1900) - -24*63'; HD 117970; BD-24* 10977. 

• Ap. J., 77, 44 (1933). 

' Ap. J„ 91, 646 (1940); also Swings, Blvey andStrave, Pub. A. $. P., (in press). 

«LUk Obs. BuU., 19, No. 496 (1939). 

• Pros. Not dead. 26, 468 (1940). 



462 


MATHEMATICS; E. T. BELL 


Pkoc. N. a. S. 


COMPOUND MULTIPUCATIVB DIOPHANTINE SYSTEMS 

P 

Bv E. T. Bell 

Bepaetmbnt op Mathbwatics, California iNarrrtrrB of Tbcrnology 

Communicated May 27, 1940 

J. Simple Multiplicative Systems. —The new material in this note begins 
in § 2t for which the methods recalled in this section are a necessary pre¬ 
liminary. 

The power product in which the Jt's are distinct indeter- 

minates and the a's are integers >0, will be denoted by (jc, o, n)i. Hence 
{y, bf m)j, . ..»(s, t)k are defined. A simple muhiplicaiwe system is a simul¬ 
taneous system of equations, finite in number, of the form 

ai(x, a, n)i » a^(x, a, »)* = ... « ai{x, a, n^, 

b\{y> b, m)i = b%{y, b,m)t^ ... *= 6y(y, ft, w)>, (1) 

««• »«P 

Ci( 2 , c, t)i * c(s, c,t)t- ... = <:»(*, c, t)k, 

in which t ^ 2, j ^ 2, k ^ 2, the coefficients at, ..., c, are constant 
integers $<^0, and two or more power products in any one row may or nxay 
not have indeterminates in common, while at least two power products in 
different rows have at least one indeterminate in common. A set of such 
indeterminates, each of which occurs in at least two rows, will be called a 
juncture of (1). 

Two methods are available for finding all rational integer values of the 
x,y, z satisfying the system. In the first,* what were called reciprocal 
arrays furnish a systematic, non-tentative algorithm for exhibiting the 
complete solution in terms of the minimum number of parameters, inde¬ 
pendently ranging over all rational integers, necessary and sufilcfent to give 
the complete rational integer solution of the system. In the second,* the 
solution of any simple multiplicative intern is reduced to finding the 
primitive solutions of a certain associated system of linear diophantine 
equations, a problem familiar in the classical theory of i^braic invariants. 

An unsolv^ problem of considerable interest is the o priori determination 
of the minimum munber mentioned above in the general case. This num¬ 
ber quickly runs into the billions even for qrstems involving as few as 10 
power products in a total of 10 indeterminates none of which occurs to a 
degree exceeding 10. Thiu for even apparently iimocuous it is 

impossible to exhibit the complete solutirm mqpUcitiy. For certain Qrpes of 
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systems the minimum number has been determined^ as a function of the 
number of indeterminates and their exponents, 

2. Compound MuUiplicalive Systems ,—power product in which at 
least one indeterminate occurs only to the first degree will be called ele¬ 
mentary, and any indeterminate occurring only to the first degree in an 
elementary product will be called distinguished. Let each of the ij ,. 
power products in (1) be elementary, and let xi, ..., be distinguished in- 
determinates in the respective power products in the first row of (1). If 
Xu * * •yXi are distinct, we shall say that xi,..., x, is a distinguished set for the 
first row, and similarly for all rows of (1). A distinguished set need not be 
unique. 

The concept of a distinguished set for the entire system (1) enables us to 
extend the methods recalled in § 1 to certain types of simultaneous additive 
systems. We shall say that the set $3 of all the indeterminates in the dis¬ 
tinguished sets for all the rows of (1) is a distinguished set for the system (1) 
provided the conditions (A), (S) are satisfied: 

(A) AU the indeterminates in are distinct; 

(B) 2) has no indeterminate in common with any juncture of (1). 

A simple multiplicative system need have no distinguished set; if it has 
one, that one need not be unique. Provided (1) has two or more distin¬ 
guished sets, any one of them may be chosen as the point of departure for 
obtaining the complete solution next described. 

If (1) has a distinguished set, we call 


2 a,{x, a, n)p « 0, 

E Kiy, b, m\ « 0, (2) 

• « • 

E cXz, e, Or - 0, 

r»l 

a compound muUipUcalwe system. 

Thbokbu. The problem of finding the complete rational integer solution 
a compound mulHpUcatiee system is reducible to that of finding the complete 
rational integer soluMon of a simple multipUcatioe system; and the complete 
sokuion of the compound system exhibits each of ike indeterminates in the sys¬ 
tem as a polynomial toUh rational integer confidents in a certain minimum 
number of parameters ranging independendy over all rational integjers. 
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Denoting the indeterminates in a distinguished set for (2) by small Greek 
letters, we may rewrite (2) as either of 

p^i p^l 

i: w, = 0 , i: = o. o) 

«-i «-i 

tcryrCr^O, £ 7,CV - 0. 

r-1 r-1 

in which the A,B, .. C are power products, and j 45 = a^p, b^B^, 
..., C', s c,C,. The Up, A' p,fiq,B\,..y„ C'r are considered temporarily 
as distinct indeterminates. The complete rational integer solution of each 
equation in the second form of (3) is then obtained by an application of a 
recent theorem due to Dickson.' In each solution, exactly bulf the total 
number of indeterminates are expressed as power products in a certain 
minimu m number of integer parameters, each parameter entering only to 
the first degree, while the remaining indeterminates are expressed as poly¬ 
nomials in these parameters and a certain number of new parameters with 
rational integer coefficients. (It is readily seen that the minimum number 
for the first equation is V*(»* + 3t — 2 ), and similarly for all.) The nota¬ 
tion may be chosen so that the Up, jS^, ..., in the solutions are expressed 
as the polynomials while the A 'p, B\, ..., CV are expressed as the power 
products, so that 

OfpAp ^ Pp) b^Bq s® Pr> 

{p WE 1^ g *w 1, ,, ,f Jf ..., r™ 1, t,,, byf 

where the Pp.Qq, .... /ir are power products. This is a simple multiplica¬ 
tive system, and hence it is completely solvable by either method in § 1. 
The values of the indeterminates are obtained as power products. These 
values are substituted into the polynomial expressions for a,, 0q, ..., y,. 
The method carries with it the proof that the solution of (3) thus obtained 
is the complete rational integer solution of (2). 

3. GmeraUaation of § 2 .—It was shown elsewhere* that the method 
applied to solve a simple multiplicative di(q>hantine system completely in 
rational integers can be extended immediately to obtain the comidete solu¬ 
tion of such a system in the integral elements of any ring in which the 
fundamental thecnam of arithmetic holds. The passage &om simple to 
compound systems in the ring of ration^ integers dqiends (Uiiy on the 
existence of a G. C. D. for rational integers. Hence f 2 can be extended 
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immediately from the special Euclidean ring of rational integers to any 
Euclidean ring as defined in algebra.^ 

The simplest example is the ring of Gaussian integers. A system (2) of 
n equations in Gaussian integers is equivalent to a system of 2n equations 
in rational integers. The complete rational integer solution of the 2n 
equations is obtained from that of the original in Gaussian integers by 
equating reals and imaginaries. More generally, if a ring of algebraic 
integers of degree g is Euclidean, a system (2) of n equations in integers of 
the ring is equivalent to a system of gn equations in rational numbers (which 
can be made integral by a simple transformation of the equations); and the 
complete solution of the gn equations is obtained from that of the original n 
equations in integers of the ring by equating coefficients of like elements in 
the canonical (basis) representation of integers of the ring. 

4. Examples. —Specimens of the simpler t 3 rpes of single equations will 
suffice to indicate the kind of result obtainable by the method. As noted in 
§ 1, the number of parameters in a complete solution increases so rapidly 
with the degree and number of indeterminates in the system, that it is not 
possible to exhibit the actual solutions of any but the simplest systems in a 
reasonable space. 

If Cl,, Cn denote constant rational integers, the complete rational integer 
solution of 

CiXi + . . . + CnXn ~ 0 

follows from Dickson's theorem.* For n = 3, 4 the respective numbers of 
parameters are 3, 6. 

If , Jc^) is a quadratic form in JCi,..., with rational integer coeffi¬ 

cients, the complete rational integer solution of 

^(^i» •«*»^ji) ~ Q(yu • • •»y^i) 

is found from the reduction of this equation to the canonical form 

in which ai,.. .,a„ are rational integers, and the Fare linear homogeneous 
functions of the x*s and y% respectively, with rational integer coefficients. 
The solution of the canonical equation follows in an obvious way from that 


n 

S a^yPy - 0, 

i-i 

and the solution of this in turn is given by that of 



466 


MATHEMATICS: R. E. GREENWOOD, JR. 


pRoc. N. A, S. 


in which the w, u, v are indeterminates. For n » 3 and at(h^ ^ 0, the 
solution of the canonical equation is by pol3aioniials of degree 4 in 9 parame¬ 
ters, the coefficients in the polynomials are power products formed from 
the simultaneous resolution of the coefficients Ou (hf (h into products of the 
respective forms kftgtfhht where all the letters 

denote rational integers* 

The complete integer solution x, y, z, u,v,woi 

xu^ + yv^ + ** 0 

is by means of polynomials in 19 parameters with integer coefficients; the 
hipest degree of a polynomial in the solution is 20 and the lowest 11. 

In obtaining the complete integer solution of 

XU* + + sw* =® 0 , 

the central detail is the complete integer solution of the S 3 rstem 

abc a= d*, abe ^ f*,ag ^ h*, 

for which 31 parameters are required; the respective degrees of a, A, c, d, e, 
f, g, h in the parameters are 43, 30,14,29, 71,48, 68, 37. 

^ Bell, E. T., Afner. Jour. M<Uh.^ S5, 60-66 (1933). 

* Ward, M., Ibid., 55,67-76 (1933). 

* Dickson, L. E., Modern EUmeniary Theory of Numbers, Chicago, 194 (1939). 

« Ben, £. T., Trans, Amer. Math. Sac., 55,903-914 (1933). 

^ van der Waerden, B. L., Moderne Algebra, Berlin, 1, S 19 (1937). 


ON LAGUERRE SERIES 

By Robert E. Greenwood, Jr. 

Dbparticbkt of Afplxbd Mathbxcatics, Tbb University op Texas 

Communicated June 11, 1940 

In an article to appear in the Annals of Mathematics, the author discussed 
certain convergence properties of the series: 

09 

g{s) « S) *« exp (~X,5)C(V) (1) 

« "il 

where (o) was a complex conataat, i <■ 1,2,3.... 

(ft) ... 

Ihn X. «■ <» 

(c) 5 a* O’ + ^, O’ and t real, 
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and where the function G{s) satisfied certain condstionsi in particular £r(s) 
was bounded for R(s) > So > 0* If G(i) ^ 1, then the series (1) is a Dirich- 
let series of type ; the author named the aeries (1) a modified exponential 
series. As a special example the author dealt with such a modif 3 dng factor 
that (1) was a series of Hankel functions of the first kind of fixed order p. 

The condition above on G{z) is very restrictive and prevents the modify¬ 
ing factor (j(s) from being a polynomial in s. Consider now the series (1) 
when G{z) is replaced by the Laguerre polynomial of pth degree, i.e., 


/(s) “ L exp (-X,s)Z„(2X,s) 



where L^iz) is the Laguerre i>oIynomial of vih degree (fixed), and thus 
exp (-0 L/s) the Laguerre function, and where conditions (a), (ft) and 
(c) still hold. 

In order to prove convergence properties of series (2) we shall establish 
a few lemmas. 

Lbmma 1; There exists a constant iCi > 0 and a real number jbq such that 

|^i»(s^)| > > 0 for i?(s) > sq. 


Proof: Since L„{z) is a polynomial of the ^th degree with p roots, Kx and 
So (positive) can easily be selected satisfying the above. 

Lemma* 2 ; For each ao > 0, there exists a constant and an integer Nx 
such that whenever * > Xat, and i?(5) > <ro > 0, we have 


exp 



L,(ftcs) 

L,.(2x5o) 




Proof: Given oq, we can choose Nt such that > So of Lemma 1, 

and thus for the range ii(^) > oq we can divide by L,(2x5). Because of the 
exponential factor we have 


Um 



L,(2xs) 

L,i2xso) 


0 . 


Separate the interval <») into «o) and (xt, ») such that 



L.{2xs) 


<A 


ioe X ^ Xt. Then in the interval xo) the function is continuous and 

has a value, and tiius the existence of a constant Kt and an in¬ 

teger Ni satis^jdog the conclusion of the lemma has been establi^ed. 

Lbioia 3; For each v. > 0 there exists a constant iT. mrd an integer Ni 
such that for R{s) ^ eo and for x > we have 
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dL,(2xsti) dL,(2xs) 
dx ^ dx 
L,,(2xso) L^(2xs) 


< K$ Is — So . 


Proof: Choosing as in the preceding lemmas we write the above as 
the integral of its own derivative, and obtain 

dX„(2x5o) i>L^{2xs) 

dx dx 

. ^ **** PI. um i Z9C 

L,{2xso) L,(2*s) 


r 

/ ^ 


d^L^(2xw) y _^ dL^(2xw) dLy{2xw) 

lx. :x Ei,\2X7V/ **” 

OIWJC ox QW 

L,,^(2xw) 


Now because of the polynomial nature of i„(s), the integrand above is 
bounded for R{s) > oo and for x > and thus can be made less than a 

constant Ki and we obtain, on integration, the desired conclusion. 

Lemma 4 : For ro ~ *ro + ito, <ro > 0, there exists a constant Ni such that 
for R(s) > oo and x > we have 


exp (X.(so - J)1 r r lr n “ “p [X,+, (^c 

L,i2\,So) 


L|>(2Xn^ir) 

•^rC^Xn^-iro) 


K,il + K,) 


exp 


\nR{SQ “ S) 


exp 




■ ■ " J ?(5 - 5 o) I " L 2 J " L 2 Jj 

Proof: Writing the function as the integral of its own derivative we have 
r\ f\ _ „\i -^»*(2X«+ir) I 


exp [X,(so - j)] - exp [X.+i (s, 

L,(2X.5o) 


L,,(2X||.^]5o) 


r '{ 


(io - i) exp [»(jo - i)) + 

L^(2^ro) 


exp l*(#o - •*)] 


L,i2xs) 

£,,(^xsq) 


f 

*/x« 


‘K+V 


(so — s)Ktexp 


r«(£o^ 


di£y(2a») dL,(2xso) 
da _ &* 

L,(2xs) L,{2xs^) 

+ exp[^^^!!^]A 


dx < 




|(#0 — j) rfjt < 


^:i(i + 


-Ki)iJo-si r 

•/x- 


w+i 


exp 


r »(fo 


dx < 


Ka[i + Jg|)2|fo - 5 

R[s - 5o) 


exp 


X»R(*9 — i) 


txp 


F Vi+i 


RiSa - S) 


]}• 
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Lemma 5: Abel’s Lemma on Partial Summation .—^We have identically: 

ir «»•** “1 *»■*« 

E z (F. - F«+o E + F, E 

n""p L m^tp j m^p 


Theorem 1: If/(5) — X) <^»exp (— X„5)L„(2X«^) is convergent for j = 

n<mi 

So ^ ^0 + iio where tro > 0, then it is uniformly convergent throughout 
the angtilar sector defined by (atn(5 — ro)| < ^ 

Proof: Since <ro > 0, we can select the integer Ni of Lemmas 2,3 and 4. 
In the infinite angular sector \am{s — 5o)) < < “, the finite summation 

k 

J]) On exp (*" X„5)L^(2X|,5) gives no trouble, since each term is bounded. 

»«*• i 

Thus we need only show that given ei > 0, we can find an integer nt such 
that for g > ^ > ni we have 


nemo 

exp ( \n^')XAy{^\nS') 

n^p 

for all s in the angular sector. 

Applying Abel's lemma we get 


< n 



Z exp (-M)L,(2X,s) 


S { 


«p [)..(*. - <)J ^=2^ - «p IH.+. (ft -»)] I • 

L^(2XMrQ) L,p(2Xn+iro) “ I 

(4) 




^ I ^»i^o)-^i»(2X„i5o) 

m^ep 






23 exp ( XfnSo')Ltp(2\fnSii) 
m<"ep 


Now given oro, «i and ^ (each a constant) we can select < » t(oof <i, ♦* the 

exact functional form will be specified later. Given this €, we can select 
Ni such that 


mmp 

s a„ exp [-X*Soli.,(2X«5o) 


mrnp 


<« 



for g ^ ^ > iV|. 

Substituting (5) into (4) and using the result of Lemma 4 we obtain, 
where » ^ »i » mBx[iVi, iVi], 
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»-« 


53 a„ exp (-X„j)Z,,(2X,s) < 

n^p 1 

€ + Kn) ‘ |exp - exp[ ^-+ - l^^^y~^^ J| 


R{S — So) n 


+ « K, exp —1^1 < 


( 6 ) 


* if.d + Kz) 




R(s — So) 


exp 


r x,/?do - j) i 


e ^:,(1 +Kt)-2xc4 


since 


s - So 


Ris - So) 


sec {|a*(s -• so)I} < secZ'. 


Thus by choosing c «■ ._ - - ---we see that (3) is satisfied 

2/r,(<ro) [1 + ii:,(<r«)l sec 4^ 

and the unifom convergence of the Laguerre series in the angular sector is 
established. 

Thborbm 2; If the Laguerre series is convergent for s So <ro + t/o 
where vo > 0 , then it is convergent in the half plane R(s) > <ro. 

Proof: This theorem is implicit in the more general theorem 1 . 

We can thus define an abscissa of convergence a and a Une of convergence 
R{s) » a for the Laguerre series ( 2 ) by taking a Dedekind cut of the non- 
negative real munbers. Theorem 3, which follows, shows that we can de¬ 
fine an abscissa of absolute convergence /S and a Une of absolute convergence 
R(s) ** 0. Notice, as is also the case with Dirichlet series and the modified 
exponential series ( 1 ), that convergence is proved only for Ris) > a while 
absolute convergence will be proved for i{(f) > 0. 

m 

Theorem 3: If/(5) » is absolutely convergent 

1 

for j » 5i » iTi + iti, where oi > 0 , then it is absolutely convergent in the 
half plane Ris) > oi. 

t 

Proof: We shall Show that for Ris) > oi, given ci > 0, we can find an 
integer nt such that for 9 ^ p > »* we have 

f) |o,l exp (-X,(r)|L,(2X,r)| < 

nmf 

By hypothesis, given < > 0, there exists an integer JVisuch that for g > p ^ 
Nt we have 

£; lo,| exp (-X,ffi)|2:v(2X,^i)l < «. 

nmp 
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Take » max (iVs, Ni] where Ni is given by Lemma 2. We have 


2 IohI exp (-\„<r)|L,(2X,j)| < 

nmp 


E 


H»P 


exp ( XH(ri)|Z«,,(2X^£|)| 


U2Ks) 

LX2\nSl) 


exp [(ffi — ff)X,] < tKi 


where K» is given by Lemma 2, and thus by proper choice of e the desired 
inequality is obtained. 


EQUILONG AND CONFORMAL TRANSFORMATIONS 

OF PERIOD TWO 

By Edward Kasnbr and John Db Cicco 

Department of MATaBMATics, Columbia UmvBRsrry, and Brooklyn College 

Communicated June 4, 1940 

1. Introduction. —Our main problem is to find all equilong transforma¬ 
tions of period two. We find that in equilong geometry the set of all equi¬ 
long transformations of period two may be classified into three distinct 
types; (Ti) equilong involutions, (rO K symmetries and (F,) D inver¬ 
sions. This is in contrast with the conformal theory where Kasner has 
proved that the set of all conformal transformations of period two consists 
of tuio distinct types: (Ii) conformal involutions, and (Zt) conformal sym- 
metries (the Schwarzian reflections). 

We thus have five distinct types of transformations of period two: three equi¬ 
long and two conformal. 

The conformal types (and the groups generated by them) were discussed 
by Kasner. ‘ In this and later papers, we are going to discuss the analogous 
situations in equilong geometry. 

We shall consider only those equilong transformations of the plane which 
convert the positive yi-axis (with hessian or equilong cobrdinates (0, 0)) 
into itself and are regular at the po«tive yi-axis. Such regular equilong 
transformations are expressed by power series of the two forms 

Z ■■ «is + ois* -f ..., aiut ^0, (1.1) 

Z - oi's + a,'s* + . . ., pi 0, (1.2) 

where i x — jy is the conjtigate of the dual variable z » x jy with 

■■ 0 and {x, y) the hessian or equilong coordinates of a line, and the co¬ 
efficients are aihitrary dual numbers of the form a + jb. Separating these 
equations into the two real forms, we find 
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X aix + a#3C* + » . 

Y « y(ai + 2a»3c +.,.) + +•••)» (2.1) 

X » ai'jc + oj'rc* + . . ., 

Y sss + 2atx + — {Wx + Wx^ + •••)* (2*2) 

The direct equilong transformations (1.1) or (2.1) form a continuous in* 
finite group G. The reverse equilong transformations (1.2) or (2.2) do not 
form a group. However, if we add this set to our group G, we obtain a 
mixed group G'. 

We determine all regular equilong transformations of period two. In the 
direct typ^ Z =» f{z) the functional equation is/(/(a)] as a, that is, /* « 1; 
and in the reverse type Z * /(a) the functional equation is / [/(*)] ^ 
that is, // = 1 where / denotes the series whose coefficients are the con¬ 
jugates of those of the series /. Thus we are to solve two t3rpes of func¬ 
tional equations. The first type/* = 1 yields as solutions a single set (Ti) 
of equilong mvolutions (besides the identity). On the other hand, the 
second type // « 1 admits as solutions hvo equUongly distinct sets (Tj) of K 
symmetries and (Tj) of D inversions. 

To find the regular conformal transformations of period two, the analo¬ 
gous functional equations/* « 1 and // = 1 have to be solved. The first 
type/* 1 yields as solutions a single set (Ii) of conformal involutions (be¬ 
sides the identity). The second type// » 1 admits as solutions a single set 
(Si) of conformal symmetries (Schwarxian reflections). 

It can be shown that (Ti) any equilong involution can be reduced equi- 
longly to the simple form Z =» (symmetry in the positive yi-axis), (Tj) 
any K symmetry can be changed equilongly to the simple form Z » s 
(symmetry in the origin accompanied by reversal of orientation) and (Ts) 
any D inversion can be reduced equilongly to the simple form Z » '-is 
(symmetry in the ^i-axis accompanied by reversal of orientation). These 
simple symmetries are to be regarded as transformations between the lines 
of the plane. 

In the conformal theory, we recall that (Xi) any conformal involution 
can be changed conformally to the simple form Z\ » —Si (s}rmmetiy in the 
origin), and (Xi) any conformal symmetry may be reduced confotmally to 
the simple form Zi » zi (symmetry in the aci-axis), where « jci — iyi is 
the conjugate of the complex variable si ** + iyi with f* **» — 1 and 

{xx, yi) the cartesian codrdinates of a point. These symmetries are con¬ 
sidered to be transformations between the points of the plane. 

J?, The Discussi&n of (Ti) Equilong ImoluHons. —^To obtain the equa¬ 
tions of any equilong involution in the implicit form, it is convenient to re¬ 
write any direct equilong transformation (1.1) in anoth^ form. Let X » 
Z + *>M***^"*so that Z as V*(^ + m)i « ^ V*(^ m)‘ Substituting 

these results into (1.1), we find 
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Va(l ^ + V«(l + “ ai/**(X — m)* + . * *. (3) 

If ai ^ — 1 + jb {b real), we can solve this for m as a power series in X. On 

the other hand, if ai 1 + jb {b real), we can solve this for X as a power 

series in m* Hence in all cases, any direct equilong transformation can be 

written in either or both of the two forms 
« 

Z — * » |3i(Z + *) + A(Z + «)* + ..,, (4.1) 

Z + * = 'iiiZ - *) + ^%{Z (4.2) 

Thus the group G of all direct equilong transformations has been subdivided 
into two sets (4.1) and (4.2) which are not mutually exclusive. 

Since any direct equilong transformation, defined implicitly by F{Z, z) *= 
0 , is an involution if and only if it is symmetric in the two variables, that is, 
F{Z, z) K F{z, Z ), we obtain from (4. 1 ) and (4.2) the following result. 
Theorem 1 . Any equilong involution is given in the implicit form by 

Z + Z’^ atiZ - zy + a«(Z - zy+ . . (5) 

where the oja are arbitrary dual numbers. In the real implicit form, any 
equilong involution is 

X + X * otiX - xy + a,{X - xy + 

r + y » (F - y)[ 2 o,(X - *) + 4a4(Z -*)• + ...) 

+ MX - xy + b,{X -xy+ ...]. ( 6 ) 

Any equilong involution in the explicit dual variable form is 

Z *= — s + 7 jS* — 7 i* 8 * + 74 S* + (“ 87*74 + 27,*)s:* + .. ., (7) 

where the are arbilary dual numbers. Finally in the real explicit form any 
equilong involution is 

X m —X + CtX* — Ct*x* + CtX* + (—SCsOi + 2c,*)** + . . ., 

y EE y [—1 + 2cix — 3c,V + 4 c 4 ** + 5(—3ck:« + 2ct*)x* + .. .] + 

liUx* - 2ctdiX* + d,** + (- 3 cd 4 - Scid, + 8 c,‘d,)** + ...]. ( 8 ) 

3. The Discussion of (T,) K Symmetries .*—^To find the equations of any 
K symxastxy and of any D inversion, it is convenient to rewrite any reverse 
equilong transformation (1.2) in another form. By an argument very 
simila r to the one given at the beginning of section 2 , we find in all cases 
that any reverse equilong transformation can be written in either or both of 
the two forms 

Z “ s - MZ + *) + A(Z + *)* + ..., 

Z + * - 7i(Z - *) + 7,(Z - •)* + 


* • • * 


(9.1) 

(9.2) 
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The set of all reverse equilong transformations has been subdivided into 
two sets (9.1) and (9.2) which are not mutually exclusive. 

A K symmetry is any reverse equilong transformation of period two which 
is of the form (9.1). On the other hand, any D inversion is any reverse 
equilong transformation of period tWo which is of the form (9.2). 

Since the inverse of any K symmetry is itself, the solution for Z of the 
equation Z “ s = /(Z + z) must be identical with the solution for z of the 
conjugate equation z — Z ^ —/(2 + Z). Therefore fin —/3*foralln. 
Thus the power series expansion in Z + ^ has as coefficients only pure dual 
numbers. Hence 

Theorem 2 . Any K symmetry is given in the implicit form by the equation 

Z -Z-- j[bi(Z + z) + lh(Z + «)* + ...]. (10) 

where the bn are real numbers. In the real explicit form^ any K symmetry is 

X ^ x,Y ^ -y + 2{dtx + + . . .). (11) 

In the explicit dual variable form^ any K symmetry may be written as 

Z ^ z ^ 2j{diz + + ...). (12) 

4, The Discussion of {Tz) D Inversions .—Observing that the inverse of 
any jD inversion is itself, the solution for Z of the equation Z + « * f(Z — *) 
must be identical with the solution for 2 of the conjugate equation z + Z ^ 
/[ — (a — Z)]. Therefore and ** for all». Thus 

in the power series expansion in (Z a), the odd coefficients must be pure 
dual numbers and the even coefficients must be real numbers. Hence 
Theorem 3. Any D inversion is given in the implicit form by the equation 

Z + a * («*(Z - a)* + a,(Z - a)< + . . .] 

+ jMZ - a) + bz(Z - a)* + . . J, (13) 

where the a^n <tnd the bf^n-^i are real numbers. In the real implicit form, any D 
inversion may be written as 

X + x^ at(X - xy + az{X ^ x)^ + . . „ 

F - y 3= (F + y)[2o*(X - x) + 4az(X ~ x^ + ...] 

- MX - x) + bz(X ^ x)* + . . .]. (14) 

Finally in the real explicit form any D inversion is 
X «* "f* ctix^ — c%^x* + CiX* + (^3 ciC4 + 2cz*)z^ + .. 

F « —y[—1 + 2c^ — 3ct*x* + 4c4X^ + 6(—3(^4 + 2cz^)x* + • * *1 — 

[djX * ^/zczd^^ + dzx^ ^ H" -t* djx* 4“ • • •] • (1®) 
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5. The Reduction of the (Ti) Equilong Irmdutiom, (Tt) K Symmetries 
and (Tt) D Inversions to Canonical Forms. —the first place, it may be 
shown that there exists formally at least one real function $(x) 

(ci + 0) such that <&(X) + ^(x) & 0 where X is any real function of period 
two, given implicitly by the first of equations (6) or (14). It results that 
all the even coeflScients are determined as linear functions of the odd 
coefficients -1 such that the coefficients of these linear functions are poly¬ 
nomials in the ai„. Thus there exist many such functions 4>(Ar). 

Under the direct equilong transformation X « Y « y^x{x), our 

equilong involution (6) becomes X ®= —jc, Y « —y + 2(dir® + + ...)• 

The transform of this under the direct equilong transformation X ^ x, 
K « y “ -f d 4 ;)c^ + ...) is the equilong involution X « —x, Y — --y. 

Under the direct equilong transformation X jc, F — y {dix + + 

. .,), the K symmetry (11) is reduced to the K symmetry X « a:, F * —y. 

Under the direct equilong transformation X = 4>(a:), F == y4>*(A;), our D 
inversion (14) becomes X =» —x, Y ^ y + 2{dix + dtx^ + ••.)• "Fhe 
transform of this under the direct equilong transformation X = a:, F = y + 
(dix + d^* + . *.) is the D inversion X =« —x, F « y. Therefore, we dis¬ 
cover the following result. 

Theorem 4. Any equilong involution can be reduced equUongly to the 
symmetry through the posiHve yi-axis Z « —s. Any K symmetry may be 
changed equilongly to ike symmetry through the origin accompanied by rever¬ 
sal of orientation Z ^ z. Any D inversion may be reduced equilongly to the 
symmetry through the xi-oxir accompanied by reversal of orientation Z == “-s. 

It may be shown without any difficulty that there do not exist any direct 
or reverse equilong transformations which will carry any one of the three 
canonical forms (Ti) X « --x, F « -y, {Tt) X « x, F « -y, (r») X = 
—X, F «* y into the other. From this, we may derive the following 
proposition. 

Theorem 5. AU the equilong transformations of period two consist of the 
three equilongly mutually exclusive sets: (Ti) equilong involutions, (Ti) K sym¬ 
metries and (Ti) D inversions* 

We note that D inversion is equilongly equivalent to Laguerre inversion, 
whereas K symmetry is equivalent to K inversion (with respect to a circle). 
Any K symmetty is the product of three D inversions. But no D inversion 
can be factored into any number of K S 3 rmmetries. 

In the conformal theory, any conformal S 3 rmmetry is conformally equiva¬ 
lent to Moebius inversion. Thus we have three distinct types of inversion 
in cirde geometry: (CO Moebius inversion, (C*) Laguerre inversion and 
(Cj) K inversion. 

^ Kasaer, 'Ittfinite Group* Oeiierated by Ckmformat Traxudormatioiu of Period Two 
(Involution and Symmetries)," Am* Jour* Math*, 38t 177-184 (1916); Kasner, 
"Conformal Geometry,^' Proc* Ini. Cong* Math*, 2,81 (1912). 
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• Kasner, ''Kquilong Symmetry with Respect to Aay Curve/' Proc, Nat, Acad, Sci., 26, 
287-291 (1940). 

* Kasner» ‘'Geometry of Conformal Symmetry (Schwarxian Reflection)/' Ann, Math,, 
38, 873-879 (1937); Pfeiffer, “On the Conformal Geometry of Analytic Arcs/' Am, 
Jour. Math., 37, 395-430 (1915); Comenetz, “Conformal Geometry on a Surface/' 
Ann. Math,, 39, 863-871 (1938). 
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RADIOACTIVE CARBON AS AN INDICATOR OF CARBON 
DIOXIDE REDUCTION. IV. THE SYNTHESIS OF ACETIC 
ACID FROM CARBON DIOXIDE BY CLOSTRIDIUM ACIDI URICI 

By H. a, Barkbr, S. Ruben and J. V. Bbck 
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Coinmunicated July 11.1940 

Clostridium acidi-urici is a little-known organisin'^ capable of rapidly 
fermenting uric acid» xanthine, bypoxanthine and other purines under 
strictly anaerobic conditions. Besides cell materials, only three products 
are formed in considerable quantities in these fermentations, namely, am¬ 
monia, carbon dioxide and acetic acid. These substances account for about 
98% of the nitrogen and 95% of the carbon of the purines decomposed. 

The relative quantities of the fermentation products depend, of course, 
upon the particular compound used. Uric acid, xanthine and h 3 rpo- 
xanriiine, for example, are fermented approximately according to the fol- 
ing equations: 

NH--CO 

I i 

CO C—NH\ 

1 II ^CO + 6.5H,O-»0.75CH|COOH + 4NH, + 3.5CQ, (1) 

NH—C—NR/ 

NH-CO 

I I 

CO C—NH\ 

( II >CH + 6H,0-»CH,COOH + 4NH, + 3CO, (2) 

NH—C—N^ 

NH—CO 

I I 

CH C~NHv 

II 11 >CH + 6,5H,0-*1.26CH.C00H + 4NH, + 2,6C0, (3) 

N-—C—■ 
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Actually the observed yields of acetic acid are a little lower than indicated 
by these equations. With uric acid the observed yields in moles of acetic 
acid per mole of purine fermented have been 0.6'-0.7, with xanthine 0.9“1.0 
and with hypoxanthine 1.1-1.25. 

Now the yields of acetic acid obtained from uric acid and xanthine are in 
no way remarkable since these quantities might well be derived from the 
central Ca chain of these purines. With hypoxanthine, however, the quan¬ 
tity of acetic acid is greater than could be obtained directly from this 
source. To explain the formation of more than one mole of acetic acid per 
mole of hypoxanthine it must be postulated that either (1) an intra- or 
intermolecular condensation involving the Ca chains occurs followed by a 
splitting into the required number of Cs fragments, or (2) part or all of the 
acetic acid is built up from the carbon dioxide or other Ci fragments of the 
purine. 

Using radioactive carbon (C^O as an indicator it has been possible to test 
the latter alternative and to show that acetic acid is formed by the reduc¬ 
tion of carbon dioxide. 

For the experiments reported below, suspensions of CL actdi-urici, strain 
9a, were used. The organisms were grown in a medium containing 0.3- 
0.4% uric acid, 0.1% yeast autolyzate, mineral salts and sodium sulfide or 
thioglycollate as a reducing agent. The reaction was adjusted to pH 7.4. 
After 18-24 hours' incubation at 35°C. under strictly anaerobic conditions, 
the cells were centrifuged, washed and resuspended in Af/10 phosphate 
buffer pH 7 containing 0.015% Na^S.OHaO. Cells derived from 250-1000 
cc. of medium were used in each experimental vessel. A brief description 
of the mode of preparation and use of C*^ (21 minutes half-life) is given 
elsewhere.® 

Experiment i.—The object of the first experiment was to see whether 
radioactive acetic acid is formed during fermentations of uric acid, guanine 
and hypoxanthine carried out in the presence of radioactive carbon dioxide. 
Three vessels were used, each containing 5 cc. of cell suspension plus the 
substances indicated in column 2 of table 1. Glycine was added to vessels 1 
and 2 because it has been found to eliminate an induction period in the 
decomposition of these compounds. The cells were mixed with their sub¬ 
strates just before adding the radioactive carbon dioxide (C*0*). The sus¬ 
pensions were then shaken in a NrC^Oj atmosphere at 37°C. 

Following the incubation period the contents of each vessel were treated 
with 0.5 g. NaHCOi, 0.5 cc. 50% acetic acid and sufficient sulfuric acid to 
bring the reaction to pH 1; the mixture was then boiled briefly to remove 
all residual radioactive carbon dioxide. The volatile acids were then re¬ 
moved by steam distillation, neutralized and tested for radioactivity with a 
Geiger counter. 

It can be seen in table 1 that the volatile acids derived from all three 
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compounds were highly radioactive. The non-volatile fractions were also 
active. The non-volatile material derived from the hypoxanthine cells 
contained only about 5% of the total activity; a considerable part of this 
can be attributed to an incomplete removal of volatile acids. The non- 

TABLE i 

Distribution of Radioactive Carbon in Products op Purine Fermentation. 
(Activities Are Expressed in Arbitrary Units; All Values Are Corrected for 

Dbcav and Are Directly Comparable) 




INCUBATION 

TIMB. 

PUBINK 

ubcomposbd 

RADIOACTIVITY 

volatidb non-volatilb 

VEMBL 

atraaTKATB 

MINUTB9 

uo. 

ACIDB 

rKACTIOH!) 

1 

30 Mg. Na urate 

1 Mg. glycine 

15 

23 

2.3 

1.97 

2 

20 Mg. guanine 

1 Mg. glycine 

39 

9.6 

1.36 


3 

10 Mg, hypo- 

xanthine 

79 

ca3 

7.9 

0.45 


volatile activity from the uric acid cells was much larger, being sufficient to 
account for 46% of the total reduced C*, Not more than about 10% of 
this 46%—5% of the total—can be attributed to residual volatile acids. 
It must be concluded that a considerable quantity of some truly non¬ 
volatile material has been formed by a reduction of carbon dioxide. 

In order to positively identify the volatile acid fraction, it was subjected 
to Duclaux distillation; the volatile acid from the uric acid culture was 
used. Five 20-cc. fractions of distillate were collected from a total initial 
volume of 110 cc. In table 1 the activities of each fraction, expressed in 
per cent of the activity in 100 cc. of distillate, are compared with similar 
data obtained by distillation and titration of pure acetic acid solution. 
The agreement is sufficiently close to leave no doubt that the volatile acid 
produced from uric acid is very largely if not entirely acetic acid. 

TABLE 2 

Identification op Volatile Acid Fraction by Duclaux Distillation 


VOLUMB OP 

unknown % 

ACBTIC AC11> % 

UtBTlLLATB 

OP ACTIVITY 

OP TITRATION 

20 

14.3 

15.7 

40 

30.9 

32.7 

60 

60.8 

51.3 

80 

73.8 

72.7 

100 

100 

100 


Experimem 2 .—second experiment was undertaken to find out whether 
(1) the large quantity of radioactive non-volatile material formed from uric 
add is dependent upon the presence of glycine; (2) the non-volatile frac¬ 
tion is soluble or is associated with the insoluble cell materials; (3) the 
radioactive carbon from carbon dioxide is in the methyl group of the acetic 
acid. 
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The procedure was essentially the same as in the previous experiment. 
Two vessels were used, each containing 5 cc. of cell suspension. In addi¬ 
tion, one contained about 30 mg. of sodium urate and 1 mg. glycine; the 
other vessel contained urate only. Incubation was at 40°C. for 17 minutes 
and 65 minutes, respectively. In both vessels 22.8 mg. of luic acid were 
decomposed. 

The distribution of radioactive carbon in various fractions of the fer¬ 
mented media is given in table 3. The fractionation of the contents of 
vessel 1 (containing glycine) was most complete. Immediately after stop¬ 
ping the incubation the cell suspension was centrifuged sharply to separate 
the cells from the soluble constituents. Volatile acid and non-volatile 
fractions were then prepared from both cells and supernatant solution. 
The suspension of vessel 2 (without glycine) was not centrifuged prior to 
separating the volatile and non-volatile fractions. 

TABLE 3 

DisTEiBirrioN of Rabioactivb Carbon in Products of Uric Aero Pbrmbntation. 
(Acrivims Arb Expressed in Arbitrarv Units; All Values Are Corrected for 

Decay and Are Directly Comparable) 


VKACnON 

VOLAttlFS 

MON-VOLATSLB 

TOTAL 

MON-VOLATILB 

TOTAL 

Vessel 1 (iflydne) 

Supernatant solution 

17,4 

8.6 

25.9 

0,33 

Cells 

1.9 

4.7 

6.6 

0.71 

ToUl 

19,3 

13.2 

32.5 

0.41 

Vexael 2 (no glycine) 

Total 

22.0 

11.6 

33.6 

0.34 


Table 3 shows that glycine does not markedly affect the total quantities 
or ratios of volatile and non-volatile activities. Non-volatile activity is 
present in both the cell fraction and the supernatant liquid. But although 
the total non-volatile activity is about twice as great in the liquid (9 cc.) 
as in the cell fraction (1 cc.), the concentration is much higher in the cells. 
This suggests that at least a considerable part of the radioactive non-vola¬ 
tile material is a cellular constituent. Further eaperunents would be re¬ 
quired to elucidate the nattne of this material. 

The acetic add was decarboxylated in order to find out if carbon from 
carbon dioxide was present in t^ methyl group. The volatile add from 
vessel 1 was neutralized with Ba(OH)t, eviqxirated to dryness, finely pow¬ 
dered and heated at 4S0-600*’C. for 20 minutes in a stream of oxjfgen-free 
nitrogen. The procedure used by Ardagh, d al.,^ was followed^ The re¬ 
sulting acetone was trapped in ice-edd lA^ KOH and converted into 
form by oxidation with iodine. The equations for the decailm^lation and 
oxidAnon reactiotui are; 
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Ba(CH,COO)a BaCOs + CH,COCHa (4) 

CHfCOCHa + 3Ia + 40H“ “> CHI^ + CHjCOO* + SI* + 3HaO (5) 

The iodoform, separated by centrifugation and ether extraction, was 
found to be radioactive, the activity being sufficient to account for approxi¬ 
mately 18% of the total activity of the initial acetic acid. Since only one 
molecule of iodoform is produced from two molecules of acetic acid, the ob¬ 
served activity is sufficient to account for 70% of the theoretical yield on 
the assumption that the C* is distributed equally between the methyl and 
carboxyl groups. This calculated yield is a lower limit since the experi¬ 
ment was not carried out in such a way as to give a quantitative recovery of 
iodoform. Nevertheless the data constitute proof that an appreciable part 
of the reduced carbon is present in the methyl group. 

Experiment S ,—This experiment was designed to give further information 
on the distribution of radioactive carbon between the methyl and carboxyl 
groups of acetic acid. The procedme was essentially the same as em¬ 
ployed in the latter part of experiment 2 except that more care was exer¬ 
cised in the manipulations and, following decarboxylation, the activity of 
the residual BaCOa as well as of the CH1| was measured. 

In this experiment the decarboxylation was allowed to proceed at 450- 
600®C. for 50 minutes. The yield of acetone was determine, following the 
iodoform reaction, by back titration with thiosulfate. There was obtained 
68.5% of the theoretical yield. The iodoform was separated by centrifu¬ 
gation and exhaustive ether extraction, care being taken to have the 
aqueous phase alkaline to prevent contamination with acetic acid. The 
carbon dioxide resulting from decarboxylation was obtained by acidifying 
the residual BaCOi, heating and collecting the evolved gas in alkali. The 
radioactivity of an aliquot of the alkali solution was determined. 

The result of the experiment was the recovery of 23% of the activity of 
the acetic acid as iodoform derived from the methyl group and 11.3% as 
carbon dioxide derived from the carboxyl group. When these figures arc 
corrected for the yield of acetone, they become 33.6 and 16.5%, respec¬ 
tively. From equations 4 and 5 it is evident that one of the two acetate 
radicals in the decomposed barium acetate is regenerated intact so that 
only 60% of the C* can be recovered in carbon dioxide and iodoform. The 
observed recovery (33.6 + 16.6 =* 50.1%) is in remarkably good agreement 
with the theoretical maximum. 

As for the distribution of O’* it appears that considerably more is in the 
methyl than in the carboxyl group. Since a preferential reduction of car¬ 
bon dioxide to a methyl group seems unlikdy, the observed distribution 
suggests the existence of reversible exchange reactions between the car¬ 
boxyl group and carbon dimide. If such a reaction occurs, the radioactive 
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carbon in the carboxyl group will be diluted with carbon dioxide produced 
by the oxidation of uric acid, This point requires further investigation. 

Discussion. —^Although the above experiments show that carbon dioxide 
is reduced by Cl, acidi-urici to acetic acid in fermentations of purines, they 
do not prove that all the acetic acid is formed in this way. However, it is 
not improbable that this is the case. If acetic acid is derived entirely from 
carbon dioxide these *‘fermentations” would have to be regarded as com¬ 
plete oxidations of purines with carbon dioxide acting as the uUinuUe oxidizing 
agent. They would then be entirely analogous to the methane “fermenta¬ 
tion” with acetic acid replacing methane as the reduction product. The 
generalized reaction would be 

4H»A + 2COi! 4A + CH 3 COOH + 2 HjO 

where H»A represents the reducing agent, A its oxidation product. This 
interpretation is not without supporting evidence for it has been shown by 
Wieringa^ that another Clostridium species is capable of oxidizing molecular 
hydrogen by means of carbon dioxide, the latter being reduced to acetic 
acid. In this connection it will be of interest to study the reduction of 
radioactive carbon dioxide by other acetic acid producing anaerobes. 

In conclusion, it may be pointed out that these experiments furnish 
another example of the already large group of non-photosynthetic, hetero- 
trophic organisms® that are able to reduce carbon dioxide. They also 
illustrate again the use of bacteria for the preparation of organic compounds 
containing radioactive carbon.** ^ 

We are indebted to Dr. M. D. Kamen and Professor E. O. Lawrence for 
the radioactive carbon. 

* An extensive study of this organism will be published in the near future. 

* Ardagh, E, G. R., Barbour, A. D„ McClellan, G. E., and McBride, E. W., Ind. Ent. 
Chern,, W, 1133-1139 (1924). 

* Wieringa, K. T,, Antonie van Leeuwenhoek, 3,1-11 (1936). 

* Carson, S. F., and Ruben, S., Rroe. Nat. Acad. Sci., 26,422-426 (1940). 

* Barker, H. A., Ruben, S., and Kamen, M. P., Ibid., 26,426-430 (1940). 

* Ruben, S., Hassid, W, Z,, and Kamen, M. D., Jour. Am. Chem. Soc., 61 661 (1939). 

« Ruben, S., and Kamen, M. D., Froc. Nat. Acad. Set., 26,416-422 (1940). 
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A COMPARISON OF THE METABOLISM OF IODINE AND OF 

ELEMENT 85 {EKA^IODINE)* 

By Joseph G. Hamilton and Mayo H. Soley 

Radiation Laboratory and Divisions of Mbdicine and Pharmacology and 

Thyroid Clinic* University of California 

Communicated June 17, 1940 

One of the procedures employed for the identification of the recently 
discovered halogen, eka-iodine (element 85), demonstrated that this new 
element is accumulated in the thyroid gland in a manner similar to io¬ 
dine. * The following report includes a description of the investigation 
of the comparative metabolism of iodine and element 85 in guinea pigs. 

For many years attempts had been made to discover the missing member 
of the halogen group. All efforts to isolate element 85 were unsuccessful 
although extremely sensitive tests were available by which quantities of 
the order of grams could be detected. Perrier and Segre in 1937^ 
prepared and identified element 43 by the transmutation of molybdenum 
with the aid of the 37-inch Berkeley cyclotron. The amounts of element 43 
obtained by this method were too minute to permit an investigation of its 
macroscopic chemical and physical properties. However, this artificially 
prepared element is radioactive and this characteristic made it possible to 
observe indirectly its chemical and physical properties and thereby to 
prove its identity. Pool and Quill® in 1938 stated that they had produced 
element 61 by the transmutation of neodynium in their cyclotron. These 
discoveries suggested that element 85 might be prepared in a similar man¬ 
ner. However, Oppenheimer® pointed out that to do so would require the 
transmutation of bismuth by alpha-particles (helium ions) possessing an 
energy in excess of 20,000,000 electron-volts. For this reason any attempts 
to produce element 85 had to await the availability of more energetic alpha- 
particles than could be obtained at the time when elements 43 and 61 were 
discovered. The recent completion of the 60-inch Berkeley cyclotron, 
which was designed and constructed by Lawrence and his associates, has 
made it possible to accelerate alpha-particles to energies exceeding 32,000,- 
000 electron-volts. These extremely energetic nuclear particles were first 
successfully employed by Corson, MacKenzie and Segre* in the preparation 
of element 86. This new element is radioactive and has a half-life of 7.5 
hours, but differs from all the other artificially produced radio-elements in 
that it emits alpha-particles. 

PreparaUan of the Radio-IIalogens .—Element 85 was produced by the 
bombardment of a water-cooled metallic bismuth target with 32,000,000 
electron-volt alpha-pardcles. Approximately 200 mgm. of the irradiated 
bismuth were scraped from the surface of the target and placed in a small 
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molybdenum boat which was heated to 400 degrees Centigrade in an 
evacuated bell jar. The volatized element 86 was collected upon a cold 
piece of glass suspended above the molten bismuth, dissolved in carbon 
tetrachloride and finally extracted with 10 cc. of 0.016 N sodium thio¬ 
sulphate containing 4 mgm. of sodium carbonate. 

:^dio-iodine (1**0 was prepared by the bombardment of metallic tel¬ 
lurium vrith 16,000,000 electron-volt deuterons. Following tiie deuteron 
bombardment in the cyclotron, the tellurium was removed from the target 
and transferred to a distilling fiask equipped with a long delivery tube. 
Thirty cubic centimeters of 6 iV nitric add were then added to the flask and 
the mixture was heated in order to distill the liberated radio-iodine into a 
receiver containing 60 cc. of carbon tetrachloride. After the tellurium had 
been completely dissolved, the carbon tetrachloride was wadied twice to 
remove the nitric add which had been distilled over with the radio-iodine. 
The radio-iodine was removed from the carbon tetrachloride by extraction 
with 10 cc. of 0.016 N sodium thiosulphate. These two radio-halogens 
were separated from the bismuth and tellurium without the use of a carrier. 
The approximate quantities prepared for each animal were: 5 X 10~** 
grams of radio-iodine (1 microcurie} *** and 10"*' grams of element 85 (0.2 
microcurie). 

M^hod of Study .—The animals used in these experiments were guinea 
pigs of both sexes from 4 to 5 weeks of age whose wdghts ranged from 170 
to 240 grams and which had been raised under the same conditions. In 
order to facilitate the collection of excreta, the animals were kept in me¬ 
tabolism cages for the duration of the experiments. Two-thirds of the 
animals received daily injections of thyrotropic hormone for a week before 
the radio-halogens were administered. The thyrotropic hormone produced 
symptoms of thyrotoxicosis and marked hyperplasia of the th3iToid gland. 

The uptake into the thyroid glands and the rates of excretion of radio¬ 
iodine and element 85 were observed in groups of thyrotoxic animals and 
normal controls. Equal and known quantities of radio-iodine and element 
86, which had previously been made isotonic by the addition of sodium 
chloride, were administered together by subcutaneous injection to six 
thyrotoxic animals and four normal controls. Four hours laier three of the 
thyrotoxic animals and two of the normal controls were sacrificed. Aliquot 
fractions of the urine and aqueous extracts of the feces collected during the 
interval together with the th}noids and samples of muscle, blood, liver and 
lymph nodes, were obtained for measurement of their content of radio- 
iodine and of element 86. The remaining three thyrotoxic animals and 
two normal controls were sacrificed 18 hours after iiOeetion, and excreta 
and samples of tissue were obtained as before. Hm study was rqteated 
Without the measurement of urine and feces in i^ie thyrotoric animals and 
six normal controls. These were sacrificed in groups of three thyrotoxic 
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animals and two normal controls at the end of four, eighteen and sixty-five 
hours after administration of radio-iodine and element 85* The results of 
these experiments are shown in tables 1 and 2 and in figure 1 * 

The tissues and aliquot portions of the excreta were placed in flat ashing 
crucibles 4 cm. in diameter. One cubic centimeter of 0.1 N sodium hy¬ 
droxide was added to each sample and the tissues were thoroughly macer¬ 
ated. The samples were then placed on a hot plate and evaporated to 
dryness at a temperature of 100 degrees Centigrade. This procedure made 
it possible to secure an even distribution of the material inside the crucibles. 
Aliquot fractions of the administered solutions of the two radio-halogens 
were measured out into these dishes together with 1 cc. of 0.1 N sodium 
hydroxide, and the mixture was evaporated to dryness. No corrections 



TIME IN HOURS 

FIGURE I 

The uptake of radio-iodine and element 85 in the 
thyroid glands of normal and thyrotoxic guinea pigs. 

were made for the self-absorption by the tissues and excreta of the radiation 
emitted by the radio-iodine and element 85 since the dry weight of the 
samples was less than 2.5 mgm. cm. Corrections for the decay of radio- 
icKtine and element 86 in the samples were not made since the standards 
and samples were measured at the same time. 

The content of dement 85 in the samples was determined by the use of 
a shallow ionization chamber which was connected to a linear amplifier 
and a mechanical recorder. This apparatus made it possible to measure 
quantitatively the number of alpha-particles emitted by the dement 85 in 
the samples whidu also contained relatively large quantities of radio¬ 
iodine. Since the latter emits beta-particles, its radioactivity did not 
affect this type of ionization chauuber. The radio-iodine in the samples 
was lUeasured with a DuBridge type of vacuum tube dectrometer several 
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days later in order to allow the element 85 to decay to a negligible quantity. 
This technique, therefore, made it possible to determine the amount of 
element 85 and radio-iodine in each sample. 

Results .—The results recorded in tables 1 and 2 show that element 85 is 
accumulated in the thyroid gland and excreted in a manner similar to 
iodine. The curves in figure 1 show that the variations of uptake of radio¬ 
iodine and of element 85 by the thyroid glands of the different groups of 
animals were similar in these experiments although the uptake of the latter 
was consistently less. The rates of excretion of radio-iodine and element 85 
were almost identical and the kidneys apparently acted as the main channel 
of elimination. The proportion of the two elements excreted in the feces 
was probably due to contamination from the urine. The contents of the 
radio-iodine and of element 85 in the other tissues examined was found to be 
less than 1 per cent of their concentration in the thyroid gland. 

TABLE 1 

Uptake bv the Thyroid Glands and Urinary and Fecal Excretions of Radio- 
Iodine AND Element 85 in Normal and Thyrotoxic Guinea Pios 

UPTAKE 


ANIMALS 

HOUftS APTBR BV TMVKOID 

ADMINIS* BLBHBNT 

UBINARY BXCRKTION 
BLKMBNT 

rSCAL BXCRBTtON 
BLBMBMT 

NUMBBK 

xypF 

TBATXON 

IUDINKKI 

S6 

lODlNB^** 

85 

lODlNB*** 

85 

3 

Thyrotoxic 

4 

26.1% 

4.2% 

13.0% 

10.0% 

1.0% 

0.7% 

2 

Normal 

4 

8,5% 

3.4% 

12.4% 

8.8% 

0.8% 

0.4% 

3 

Thyrotoxic 

18 

38.3% 

10.7% 

36.7% 

34.0% 

6.7% 

8.7% 

2 

Normal 

18 

16.9% 

6.4% 

37.3% 

36.0% 

17.0% 

13.0% 


Discussion ,—The thyroid gland is unique in that it possesses the ability 
to accumulate iodine selectively in relatively large quantities. This prop¬ 
erty is particularly striking because the iodine content of the blood aver¬ 
ages less than one part in ten million while the thjrroid gland normally con¬ 
tains approximately one part in a thousand. This indicates that the thy¬ 
roid gland can concentrate the iodine it receives from the blood by a factor 
of ten thousand. Many organs of the body are capable of storing certain 
elements, such as phosphorus, magnesium and calcium in the bones, iron 
in the blood and the liver, and zinc in the pancreas. However, no organ in 
the body has the power of concentration and storage possessed by the thy¬ 
roid gland. 

A relationship between the periodicity of the chemical and the physical 
properties of the elements and their physiological action was discovered by 
James Blake and fully discussed by lum in 1848.^ He studied the effects 
of nearly all the elements known at that time on the circulation, respiration 
and the central nervous system of dogs. He was thus able to arrange the 
elements in groups on the basis of similarity of physiological acdon. 
Blidce's observations have been confirmed by many investigators both for 
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the elements available at the time of his experimental studies and for those 
which have been discovered subsequently. 

Since element 85 is a halogen and iodine is its closest homologue, it was 
felt that further proof of its identity could be secured by a comparison of the 
biological properties of this new element with iodine. The results of the 
experiments described in this report show that clement 85 shares with iodine 
the unique property of being selectively accumulated and stored in the thy¬ 
roid gland. Further proof of the halogen character of this new element is 
demonstrated by the rapidity of its excretion while all the other heavy ele¬ 
ments, such as radium, thorium, lead, bismuth and thallium, tend to be 
excreted slowly. 

The fact that element 85 is retained in the thyroid suggests that it is 
probably held in firm chemical combination. Many years ago Marine* 
presented clinical data suggesting that once iodine is stored in the thyroid 
gland its release is very slow. We have recently confirmed his views by 
directly measuring the rates of uptake and storage of radio-iodine in the 

TABLE 2 

Uptake ok Radio-Iodink and Element 85 by the Thyroid Glands of Normal and 

Thyrotoxic Guinea Pigs 


NUUBRR 

ANlMAtA 

Typ« 

HUITRA APTBR 
ADNtNlRTRATION 

irPTAKlE BY THYROID 

lOOINR**! klbh«nt85 

3 

Thyrotoxic 

4 

28.3% 

4.3% 

2 

Normal 

4 

9.3% 

2.9% 

3 

Thyrotoxic 

18 

39.8% 

9.7% 

2 

Normal 

18 

18.0% 

7.1% 

3 

Thyrotoxic 

05 

31.8% 

8.8% 

2 

Normal 

66 

18.8% 

4.5% 


intact thyroid glands of normal human subjects and of patients suffering 
from various types of thyroid disease.^* The relatively short half-life 
of element 85 makes it difficult to follow its metabolism in the thyroid for 
more than three days. However, the fact that no significant loss from the 
thyroid glands of either radio-iodine or element 85 was observed during this 
interval indicates that element 85 is held in th)^oid tissue as firmly as 
iodine. 

The increased accumulation of element 85 in the hyperplastic thyroid 
glands of guinea pigs suggests that this new element may be of potential 
value in the treatment of human thyroid disorders in which the functional 
activity of the thyroid gland is abnormally increased. An investigation of 
the relation between the microscopic anatomy of thyroid tissue and the 
deposition of radio-iodifie has shown that this element is concentrated in the 
most actively functioning portions of the th 3 rroid glands of goiterous pa¬ 
tients,^* If element 85 is found to behave in a manner similar to radio¬ 
iodine in the thyroid of patients with hyperthyroidism, then it should be 
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superior to radio-iodine as a possible therapeutic agent. This is due to the 
fact that element 85 emits alpha-particles which have an average energy of 
4,000,000 electron-volts, while the beta-rays from the radio-iodine (I“^) 
only have an average energy of approximately 200,000 electron-volts. 
Each alpha-particle gives up its energy in a material such as thyroid tissue 
within a distance of less than 50 microns, while the beta-rays from radio¬ 
iodine lost most of their energy in a distance of 500 microns. The density 
of ionization produced by these alpha-particles is over two hundred-fold 
greater than that resulting from the radio-iodine beta-rays. This means 
that, since the range of the alpha-particles is so short, the th)nT)id cells which 
accumulate element 85 in the largest quantities would suffer the brunt of its 
radiation. The action of radio-iodine in the thyroid gland would be much 
more diffuse because of the longer range of the beta-rays. Therefore there 
would be a considerable radiation effect upon the thyroid cells lying at a 
distance from those areas in which relatively large quantities of radio-iodine 
have been concentrated. 

Summary*—K comparison of the metabolism of element 85 and that of 
iodine has demonstrated that these two halogens are stored in thyroid tissue 
and are excreted in a similar manner. 
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SURFA CES OF MINIMAL CAPA CITY 

By G. C. Evans 

Dkhartment of Mathematics, University of California 

Communicated June 26, 1940 

It is asked whether, given a closed curve 5 in space, there exists among 
the surfaces of which s is the complete boundary, one for which the capacity 
is a minimum. This problem is investigated for the case of a closed curve 
which is itself of zero capacity and such that there exists a one-one con¬ 
tinuous transformation f which carries a large sphere, containing s in its 
interior, into itself in such a way that s is equivalent to a circle cr, and the 
points of the surface of the sphere remain invariant. We may regard { 
as extended in the rest of space to be the identical transformation. 

If 5 is a surface bounded by s, which except in the neighborhood of s is 
composed of a finite number of sufficiently smooth pieces, and V{M) is the 
conductor potential for S it may be shown that a necessary condition for 
the capacity to be a minimum is the equality 

im.msi, ( 1 ) 

dn+ dn--- 

holding for all points Q on the smooth pieces which constitute 5, «+ and 
n — being oppositely directed normals at the point Q. A statement equiva¬ 
lent to (1) is the integral relation 

s 

where ii{6) is the distribution of positive mass on 5 which generates the 
conductor potential. 

The principal theorem is the following: 

Thsotbm. Ther$, exists a unique surface S bounded by s which satisfies 
the equation (1) at all points of its smooth pieces; and exceidfor nodal lines 
and points, this surface is analytic. 
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In fact, the condition ( 1 ) is the condition that V{M) may be extended 
analytically and as a harmonic function across S in the neighborhood of any 
smooth piece of it. It may be proved then that S is the whole of the level 
surface F — 1 of this harmonic function. 

The proof of the theorem is obtained by setting up this (multiple valued) 
harmonic function independently. It is necessary to apply the Schwarz 
alternating process to multiple leaved Riemann manifolds in three dimen¬ 
sions. First we consider the infinite 3 -space as bounded internally by a 
torus about s —that is, the image by f of a torus about cr—^and introduce the 
two leaved Riemann manifold into this space in order to obtain a two valued 
harmonic function which takes on the value 1 on the surface of the torus 
and with its two branches the values 0 and 2 , respectively, at . 

By letting the torus shrink down to the curve s we obtain a function 
v{M) with the following properties: 

(а) Either branch of the function is harmonically extensible along any 
curve in space which does not meet s. 

(ff) The function is bounded and one of its two values tends to 0 at <», 
the other to 2 . 

( б ) If the two values Vi{M)^ vt(M) of v are distinct at Af, a closed path 

which starts from M and loops s once or an odd number of times, returning 
to M\ carries into and vice versa, whereas if the closed path 

does not loop 5 it carries each value back into itself. 

(X) At every point M not on s, Vi{M) + V 2 {M) = 2. 

( 7 ) Every point of 5 is a limit point of the level surface vi(P) » Vi{P) » 1 . 

It may be shown by an extension of Kellogg’s fundamental uniqueness 
theorem‘ that the properties (a), (fi), (5) serve to determine the function 
v{M) uniquely; of these, (a) is required by equation ( 1 ), (/?) by the fact 
that ViM) is the conductor potential and (5) is an interpretation of the 
requirement that S be bounded by s. Conversely, by these properties, 
including (X) and ( 7 ), it is seen that the function defined as the minorant of 
Vi{M), VziM) is the conductor potential of S and satisfies ( 1 ) at every point. 
The relation (2) shows that the surface 5 lies in the convex envelope of the 
curve s. 

The problem under discussion is more intimately connected with three 
dimensions than that of Plateau. The difference in type between the two 
is in fact made clear by the uniqueness theorem based on (a), (0) and (5). 
For instance, if we commence with a plane curve which bounds a figure 
composed of two circles exterior to each other but connected by a strip, 
and deform the curve by bending the two circles towards each other, the 
Plateau figure persists beyond the situation in which a second solution is 
stable; but in the present problem a nodal ^int or line must develop, and 
the figure changes gradually into one in wl^ch a surface of the same con¬ 
nectivity as the original one appears as a strip joining the approximately 
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parallel circumferences of the two circles. Similarly a two-sided figure may 
be made to change gradually into a one-sided one. 

In particular, if 5 is a plane curve the solution is evidently the portion of 
the plane enclosed by it. If s lies on a closed convex surface, 5 is essentially 
two-sided. The functions v{M), V(M) are in general not necessarily con¬ 
tinuous on r, for some of the points of s may be irregular boundary points 
for the conductor potential F(Af). 

In two dimensions a similar problem has been considered in particular 
cases as a generalization of a well-known theorem of Koebe on conformal 
mapping. P61ya and Szegd consider it as a problem in transfinite diameter 
for a two point boundary in the plane, where the solution is the segment 
joining them.® I am indebted to Professor Szegd for the citations* with 
respect to the problem in the plane. In particular Grotzsch demonstrates 
by methods of conformal mapping the uniqueness of the solution for an 
arbitrary finite number of points in the plane. 

* O. D. Kellogg, ''Foundations of Potential Theory/' p. 336 (1920). 

* G. P61ya and G, Szegd, '*Transfiniter Durchniesser ebener und raumlicher Punkt- 
mengen/' Jour, fur die reine und angewandte Mathematik, 165,4“49 (1931). 

* L, Bieberbach, “Ueber die KoeflSzienten derjentgen Potenzreihen, welche eine 
schlichte Abbildung des F-inheitskreises vcrniitteln/* Akadetnie der Wissenschaften, Ber- 
Wn, Zitmngsberichte, 940-966 (1916); G. P6lya, "Beitrag *ur Verallgemeinening des 
Verzerrungssatzes auf mehrfach zusatnnienhangende Gebietc/’ Ibid., 228-'232 and 280- 
282 (1928-2), 65-62 (1929-2); H. Grotzsch, "Ueber ein Variations problem der 
konformqn Abbildung/* Akndmie der Wissenschafien, Leipzig, BeriefUe, 82, 261-263 
(1930). 


THE POLYNOMIAL OF MITTAG-LEFFLER 

Bv H. Bateman 

Norman Briook Laboratory op Physics, Cai.ipornia Institutb of Tbcmnoloov 

Communicated July 13, 1940 

1 . The polynomial = 2zF(l — n, 1 ~ z; 2; 2)occurs asacoefficient 
in the expansions 

(1 + o*(i - O'* =1 + £«-(«)<". I < I < 1 (1) 

H - 0 

2s«*F(l — 2; -20 » “ V(» — 1)1 (2) 

* « 1 


It was used by Mittag-LelHer' in a study of the anal 3 rtical representation 
of the integrals and invariants of a linear homogeneous differential equa- 
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tion in which he made use of a conformal mapping of the ^plane on the vh 
plane by means of a relation 

w ~ w'o(l 4- 0*(1 (3) 

in which the index z was an imaginary quantity The first expansion 

was used later in his researches on the analytical representation of a uni¬ 
form branch of a monogenic function and was connected with some other 
expansions. The second expansion is new only in notation being merely a 
particular case of a well-known expansion in which the coefficients are 
hypergeometric functions.® 

Pidduck® used an expansion equivalent to (1) in his researches on the 
propagation of a disturbance in a fluid acted upon by gravity. He gave the 
recurrence relation 

««(z +!)-«»- i(z + 1) = g„(z) + gn- i(z) (4) 

which is an immediate consequence of the fact that the generating function 
G(Zf /) = (1 -f" /)®(1 “ 0 "* satisfies the functional equation 

(1 - t)G(z+ 1,0 - (1 +0G(s,0. (5) 

A second reairrence relation 

»«»(z) == (« - 2)g„ _ t(z) + 2zgn - i(z) (6) 

has been given by Belorizky;^ it is a consequence of the fact that 

(1 - t>)dG/dl = 2zG. (7) 

When I M I is sufficiently small the relation 

£«"(! + /)"(! - /)"" = 1 + 2Mf;r(i -f «r - ‘(1 - «)"” ■ ‘ (8) 

n • 0 m I 

shows that if n > 0 

2m(1 + «)" ~\l =* (9) 

m •" 0 

and so 2 g„(n + 1 ) “ gn(m - 1) + 2 g,(m) + g,(w + 1 ) 

= «» + iim + 1) - g„ + i(f» - 1). 

Consequently, if n S: 1 

2g«(») *= gnim + 1) - gnim - 1). (10) 

2 . The polynomial g„(z) may be generalized by writing 

(1 + /)* + Ml - 0“ * frgjz, r). 

« — 0 


(11) 
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If (1 + ty is expanded by the binomial theorem 

(1 + ty = hr/, n)r ( 12 ) 

n 0 

it is found that 

r) = ^(r/. s)g„ _ ,( 2 ), (13) 

jc — 0 

the series terminating earlier when r is a positive integer < n. 

The expansion (1J) is a particular case of the more general expansion of 
W. Gordon® and J, L. Lagrange® 

(1 + 0*" “ "^[1 + (1 — n)Fi-n, b; c; z) 

” “ ® I /1 < 1 , I / - te j < 1 . (14) 

It follows from this expansion that when r — 0, 1, — 1 

g„{z, r) == (r/, n)F(-n, z; ~r; 2). (15) 

Pidduck considered the case f = — 1 and so his second coefficient is 
with a different notation 

g„(z + 1 , - 1 ) « s + 1 ; 1 ; 2 ) = F(-», -z; 1 ; 2 ). (16) 

A second expression for g»( 2 , r) in terms of the hypergeometric series is a 
consequence of Euler’s relation 

F(a, b; c; *) = (!- ar)~‘’F^o, c - b; c; (17) 

which gives the formula 

«.( 2 . r) = (-)’'(r/. n)F(-n, -2 - r; -r; 2 ). (18) 

3. The relation 

F(- », -2 - r; -r; 0 = ((2 + r/, n)/(r/, »)] (-/)"F(f - 

» + !, — »; g + f — n + l; (19) 

indicates also that 

g„(z, r) « (a + r/, ») 2 "/'(r - w + 1 , -n; z + r -n + 1; V«) ( 20 ) 

and Euler's relation 

F(a, 6; c; jf) « (1 — rc)^ ” ^F(c a, c b; c; x) (21) 
indicates that 

gf,(z, r) « (s + f A «)2“*F(s, r + a+1; f + a: — »+l; (22) 
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This formula gives an estimate of r) for large positive values of n 
when r + z is not one of the numbers 0, 1, 2, . . , « — 1 and is also inde¬ 
pendent of n. The h)rpergeometric series actually gives a convergent ex¬ 
pansion in a series of inverse factorials when gf,(z, r) is regarded as a func¬ 
tion of n. Similarly 

w, b; c; x) = x^’Kb, »)/(c, n)] (■“)”F(1 — » — c, —1 — w — i; a) 

(23) 

where z — 1/x and (21) gives for j r | > 1 

F(-n, b; C-, *) - / - - l)» + ‘ - \b. n)/ic, »)(-)"i?(c - b, 

1 — 1 “ n “ z), (24) 

Hence when | | > 1 and n is large 

F(—n, b\ c; x) ^ (—)’*a:^ “ ^(x — 1)** n)/(c, n). (25) 

Negative integral values of c which made (c, ») *= 0 should be excepted. 
Also negative integral values of & — 1 should be excepted unless ft *= c. 

4. Definite integrals for g^(s) and g„(z, r) may be derived from the 
well-known definite integrals for the hypergeometric function. In particu¬ 
lar, if-"!<«< 1,»>0 

B(z. 1 - z)g,(z) = / - >(1 + 0*(1 - (26) 

- I 

This result may be written in the alternative form 

gft(z) « (l/r) sin (tts) (tanh ^/iu)”duf5h u (27) 

— CO 

Differentiating m times with respect to z we find that 

Jr [«*'“ + (m + tv)" - «*<“ - ’■*> («- tv)"] 

“ “ (tanh ^fiuydufsh u (28) 

Putting * >= 0 we obtain the formula 

«i’"’<0) - /[(« + itT -(»-<»)"] (tanh >/,«)" du/sh u (29) 

for the coefficient of /” in Mittag-Leffier’s expansion 

1200(0]" « - f:/«i"'(0). (30) 

When I i?(s) | < 1 there is a formula 

g„(«) « (l/ir)^(cot cos — nu)du (31) 

0 
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which may be established with the aid of the recurrence relation and may 
be regarded as holding for negative integral values of n as well as for posi¬ 
tive integral values. Since the recurrence relation gives g„(at) 0 when 
« is a negative integer we have for all positive integral values of n 

ir 

gti{z) ^ {2/r)J*(cot ^/iuY cos (Va^^) (nu)du (32) 

0 

g„(z) = (2/7r)y'(cot sin (Va^s) sin {nu)du (33) 

0 

If n > 0 and | R{z) \ < 1 the formula 

gM - (l/7r)/(l + e^r(2 + (34) 

0 

may be derived from the series for g^(js) in terms of binomial coefficients. 
A corresponding formula may be obtained for g„(s, r). Another type of 
formula for g„(3) is obtained by starting from the expansion of Liouville^ 
and Lcrch*^ 

^ ^ktnixy (35) 

in which jfea,i(jr) «= <?”'*( — )** ” '(2a?)F(1 — n; 2; 2a:) for n > 1 
kolx) = c** 

The formula in question is 

r(2)g„(a) == “ ^kinix)dx, R(z) > — 1 forn > 0 (36) 

0 

A corresponding formula for g»(«, r) is 

T{z)gAz, ^ m - 1) - {-rfe-*L:{2x)x^ “ ^dx. R{z) > 0 (37) 

0 

where L^(u) is the generalized polynomial of Laguerre. With the notation 
of Sonine’s polynomial 

g^{z, - m - l)r(r) » r(m + » + l)/e~*r^(2jr)jc* ' ^dx. (38) 

0 

Another expression for g«(«) is obtained from the expansion 

(1 - «p [ - « (|4^)‘] M 
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m 

which indicates that 

*» rfjs) 

fK{x)x^ ~ 'dx = ~ 22), R{z) > 0 (39) 


Table of gn(nt) 


n 

0 

1 

2 

3 

4 

6 

6 

7 

8 

9 

10 

ftt 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

1 

2 

2 

2 

2 

2 

2 

2 

2 

2 

2 

2 

1 

4 

8 

12 

16 

20 

24 

28 

32 

36 

40 

3 

1 

6 

18 

38 

m 

102 

146 

198 

258 

326 

402 

4 

1 

8 

32 

88 

192 

360 

608 

952 

1408 

1992 

2720 

5 

1 

10 

50 

170 

460 

1002 

1970 

35:10 

5890 

9290 

14002 

6 

1 

12 

72 

292 

912 

2364 

5336 

108:16 

20256 

3.5436 

58728 

7 

1 

14 

98 

462 

1666 

4942 

12642 

28814 

59906 

115698 

209762 

8 

1 

16 

128 

688 

2816 

9424 

27008 

68464 

167184 

332688 

658048 

9 

1 

18 

162 

978 

4482 

16722 

53154 

148626 

374274 

864146 

1854882 

10 

1 

20 

200 

1340 

68(K1 

28004 

97880 

299660 

822560 

2060980 

4780008 


go(z) = 1. «i(2) = 2z, 3gg(z) = 4z» + 2z, 3^4(2) = 2z* + 4z’, gs(z) = 22*. 
15g4(2) = 4z» + 202> + 62, 45g6(2) = 4z« + 40z< + 462*. 

gni-z) = (-)"g„(2) 


K2h(V 0 = «a« + i(V>) = ^ in - V./. «) 

> Mittag-Leffler, G., Acta Math., IS, 1-32 (1801); 24, 183-245 (1901). 

’ Appell, P., i4«M, icole norm., (2) 9, 119-144 (1880). 

* Pidduck, P. B., Proc. Roy. Soc. (London), ABi, 347-366 (1910); 86 , 396-406 (1912). 

* Belorizky, D., Comptes Rendus, 195, 1222-1224 (1932). 

* Gordon, W., Ann. der Physik, (6) 2, 1031-1056 (1929). 

* Lagrange, J, L., Oeuvres, 2, 173-234 (1770-1773), see p. 220. 

» Liouvillc, J„ J. de Math., (2) 2, 433-440 (1867). 

* Lerch, M., J.f. Math., 130, 47-66 (1906). 
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BINARY FORMS 

By Rufus Oldenburoer 

Armour Institute or Technology 
Communicated June 8, liHO 

Elsewhere* the author has proved that, for a field K with (n + 1) or more 
elements, a form F of degree n with a symmetric matrix of coefficients can 
be written for a finite cr as a linear combination of a nth powers of linear 
forms with coefficients in K. The existence of such “representations” of F 
having been established it remains to determine a method of constructing 
all such representations. In the present note this pniblem of construc¬ 
tion is solved for binary forms by the introduction of certain forms termed 
“associates.” From these results solutions can be obtained for such classi¬ 
cal problems as the equivalence and reducibility of forms. The restriction 
of the treatment to binary forms is not a serious one since most of the 
theory can be generalized to forms in any number of variables. 

L Definitions, ' Let F be a binary form of degree n with coefficients in 
a field K for which the characteristeric is greater than n. Wc can write 

F^ t \l:\ ( 1 . 1 ) 

where the X‘s are elements of Jf, and the Vs arc linear forms with coeffi¬ 
cients in K, The sum ( 1 . 1 ) is termed a ^-representation of F with respect 
to K. If a takes on its smallest value in (1.1) for K, the integer e is termed 
the minimal number of F for and the associated representation is called 
minimal. The restriction above on the characteristic, of K is made through¬ 
out this paper so that F will have a unique symmetric matrix of coefficients. 
Unless the field is specifically mentioned the theorems of this paper are 
understood to be valid for fields with this restriction. We write F as 

% 

1 

where the indices range over 1 , 2 , and the matrix A — (^17 . ^ 5 ...*) is 
completely symmetric. We arrange the elements of A in a 2 -way display 
Wdafi II where a is the set of indices i, j, • • • 1 ^ and the set of indices s, .,., i 
of i4. In the matrix ||a^|| the indices i, j, ..., f vary with the rows of 
II whereas the remaining indices vary with the columns of \\a^ ||. The 
rank of ||a<^^|| is a 2-way rank of F studied elsewhere.* We write F in tlie 
standard form 

aox** + naix'*"*y + —. + ... + 



498 


MATHEMATICS: R, OLDENSURGER 


Piioc. N, A. S. 


We shall make extensive use of the following matrix: 


1 ao 

at 

Oi 

« 4 


at 

at 

a% 

# 

a4 

• 






an 


Let <T be the number of indices in the set s, ..k. The rank of equals 
the rank of \\a^ |1. We shall terra the rank of the ar-rank of F. We shall 
permit <r to take on the value n. Let r and f denote the vectors 





fo 



respectively. If the equation 


11^. lU 


0 


( 1 . 2 ) 


has a solution for i ^ 0^ the equation defines a form in x and y up to a 
constant factor, which form we shall term the cr-associaie of F. In the case 
where the 2-rank of a binary cubic is 2, the 2-a8sociate can be taken to be 
the Hessian of F. 

2. Relation between Representations ^ and the Determination of the Mini- 
mat Number ,—By equating coeflicients in (1.1) and using various theorems 
on vectors, we can prove the basic theorem of the present note, which 
theorem follows. 

Thborbm 2 .1. A binary form F of degree n has a representation (1.1) 
with w and s of the Us linearly independent in pairs if and only if the s- 
associate of F can be factored into a product of these Us. 

If a (T-rank of F is ff + 1 there does not exist a <y-associate F^ of F in the 
sense that F, 0. From this and Theorem 2.1 we obtain the following 
result. 

Theorem 2.2, The minimal number of a binary form F is the smallest 
value of o such that the a-rank of F is not greater than <r, and the o-associate of 
F can be factored for some choice of the coefficients of F, into Unear factorst 
linearly independent in pairs. 

For algebraically closed fields whether or not a binary form has a re¬ 
peated factor can be recognized by the use of resultants, whence a computa¬ 
tion of ranks and resultants yields the minimal number for these fields. 

3. Associates .—That the associates are intimately related to eadi other 
is brought out in the following theorem. 

Theorem 3.1. If p ^ a, and <r is such that the a-associate F, of a binary 
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form F exists, the p-associate Fp of F can be factored into F„G where G is 
arbitrary. 

The associates of a form F transform covariantly with F. 

4, Ranks. —A study of the matrices of the type of §1 yields the fol¬ 
lowing theorem. 

Theorem 4. 1. For a binary form F of degree n there exists a number y 
such that the (n — o) and o-ranks of Fequal (<r + l)for <r = 0, 1,2, ... (7 “■ 1) 
while the remaining 2~way ranks of F equal 7. 

The smallest value of <r for which the <r-associate of F exists is y. 

Like the minimal number, the tr-ranks of F + XL” differ from the corre¬ 
sponding ranks of F by at most 1. These results have numerous applica¬ 
tions to be given elsewhere. 

5, Uniqueness. —By use of the associates one can show that a <r-repre- 
sentation of a binary form F is minimal if a g (w/2) + 1. This representa¬ 
tion is unique in the usual sense if <r < (n + l)/2. For the complex field 
the minimal number of the “generar* binary form F of odd degree is 
(« H“ l)/2, whence the minimal representation of F is unique. We use 
'^general” here in the sense of Sylvester® and Elliott.® The present results 
shed considerable light on the theory of binary forms developed by these 
men. 

If the minimal representation of a form F is unique, the question of its 
equivalence to another form has a simple answer. 

6, Minimal Number. —From relations between the minimal number and 
various factorization properties of F for the complex field it follows that 
the minimal number of a binary form F attains the value n if and only if 
F *= L**" for linear forms L and M. That the minimal number does not 
exceed n was proved elsewhere.* 

* Oldenburgcr, Proc. Nat, Acad. 5ct., 24, las-'ias (1938). 

»Sylvester, PUL Ma^., 94, 391-410 (1861). 

* Elliott, Algebra of QuarUics. 

* Oldenburger and Forges, Bull. Amer. Math. Soc.t 5 (1940) (in press). 
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SUBGROUPS OF THE GROUPS WHOSE ORDERS ARE BELOW 

THIRTY 

By G. a. Miller 

Department of Matobmatics, University op Illinois 
Communicated June 19, 1940 

A subgroup which is neither the identity nor the entire group G is com¬ 
monly called a proper subgroup of G. In the present article only proper 
subgroups will be implied by the term subgfroup unless the contrary is ex¬ 
plicitly stated. The term total number of subgroups will be used whenever 
the identity and G itself are included among the subgroups of G so that the 
total number of subgroups of G is always equal to the number of the proper 
subgroups of G increased by 2 unless G is the identity. There are 88 groups 
whose orders are below 30 and these furnish many useful illustrations of 
group properties which can easily be verified on account of the low orders 
of the groups. They therefore provide a usfeul field for study in view of 
the fact that the larger groups which are not of prime orders can usually be 
most conveniently studied by means of their subgroups and have been thus 
studied since the time of J. L. Lagrange (1736'-1813). 

Among the general theorems, relating to the number of the subgroups of 
G the following are especially useful. The cyclic group of order being 
any prime number, contains exactly m — 1 subgroups and hence there is at 
least one group which contains an arbitrary given number of subgroups. 
In the particular cases when this given number is either 5 or 11 it has re¬ 
cently been proved that there is no other group which contains exactly this 
number of subgroups. The abelian group of order p^ and of the type nt — 

1,1 contains exactly /> + 1 subgroups of order p,p^ .. This is 

also the case with respect to the non-abelian group which is conformal 
therewith and exists in all cases when m > 2, except when p =» 2 and m »= 3. 
There exists a non-abelian group of order pq, p and q being distinct prime 
numbers and p > q^\i and only if p — 1 is divisible by g, and the number of 
its subgroups is then p + L When — I is not divisible by q the group of 
order pq contains exactly 2 subgroups and is cyclic. 

Suppose that a given group G has exactly k subgroups. It is then pos¬ 
sible to construct in the following manner an arbitrary number of groups 
which separately contain exactly 2jfe + 2 subgroups. To do this it is only 
necessary to find this arbitrary number of prime numbers which are sepa¬ 
rately prime to the order of G and then to form successively the direct 
products of G and the separate groups whose orders are equal to these sepa¬ 
rate prime numbers. For instance, the s)rmmctric group of order 6 con¬ 
tains 4 subgroups and the prime numbers 5, 7,11, etc., are separately prime 
to the order of this symmetric group. Hence each of the direct products of 
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this symmetric group and the group of one of the orders 5, 7, 11, etc,, con¬ 
tains exactly 10 subgroups. The resulting groups may clearly be used 
similarly to construct other infinite systems of groups containing separately 
exactly 4^ + 4 + 2 subgroups, etc. The entire system thus obtained is 
composed of abelian or of non-abelian groups as G is either abelian or non- 
abelian. 

The total number of the subgroups of an abelian group whose order is 
not a power of a prime number is the product of the total numbers of the 
subgroups in its Sylow subgroups. In particular, the total number of such 
subgroups cannot be a prime number, and the determination of the total 
number of the subgroups of any abelian group is reduced to the determina¬ 
tion of the subgroups of prime power abelian groups. In the special case 
when the abelian group is of order and of type 1”, p being any prime 
nuniber, there is a well-known formula which gives the total number of the 
subgroups directly. In particular, it can be seen from the following lists 
that among the groups whose orders are below 30 the abelian group of order 
Ifi and of type V contains 65 subgroups, which is the largest number of sub¬ 
groups contained in one of these groups. The generalized dihedral group 
of order 24 contains 52 subgroups, which is next to the largest number. 

List of the Groups and of the Numbers of Their Subgroups ,—Since 
a group of prime order contains no proper subgroup these orders are 
not included in the following list. The only other order below 30 for 
which there is no non-cyclic group is 15, It is known that a necessary and 
sufficient condition that there is only one group of a given composite order 
is that this order is the product of distinct prime numbers such that none of 
them diminished by unity is divisible by another. The number of the sub¬ 
groups of such a group is equal to the number of these distinct prime num¬ 
bers, In the following enumeration of groups only distinct abstract groups 
are considered while in the enumeration of the subgroups two subgroups are 
regarded as distinct unless each of them contains exactly the same operators 
as the other. For instance, the given group which contains 65 subgroups 
contains only three distinct abstract subgroups; viz,, one of each of the 
orders 2, 4, 8. A similar enumeration with respect to abstract groups 
would not, in general, be possible, but it has frequently been employed in 
regard to the permutation groups of a given degree. 

Exactly half of the 14 groups of order 16 contain more subgroups than 
operators. These are the dihedral and the hamiltonian groups of this 
order, each of which contains exactly 17 subgroups; the abelian groups of 
types 2, 1® and 1^, respectively, which contain 25 and 65 subgroups, re¬ 
spectively; the generalized dihedral group which contains the abelian group 
of type 2,1 and involves exactly 33 subgroups; the group whose commuta¬ 
tor subgroup of order 2 is not found in one of its cyclic subgroups of order 4, 
and the group whose central is a cyclic subgroup of order 4 but which in- 
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volves no operator of a larger order. Each of these two groups contains 
exactly 21 subgroups. The study of the various types of subgroups, such 
as invariant subgroups and commutator subgroups, has thus far received 
much more attention than the enumeration of the subgroups, but this 
enumeration clearly also throws light on the properties of the groups con¬ 
cerned and hence it may be permanently useful just as the enumeration of 
the possible groups of low orders has been. Important early contributions 
to the latter enumeration were made by A. L. Cauchy (1789“!857), J. A. 
Serret (1819-1885), A. Cayley (1821-1895) and others. 

List of the Groups and of the Numbers of Thkir Subgroups 


OKOBtKtt 

OBBCItllPTXON OF TBK OKOUFfl OF THB BAMU 

HUHBBRB 

4 

Cyclic, non-cyclic 

1.3 

6 

Cyclic, non-cyclic 

2,4 

8 

Cyclic, octtc, quaternion 

2.8,4 . 


Type 2, 1; type 1* 

6,14 

/9 

Cyclic, non-cyclic 

1,4 

10 

Cyclic, non-cyclic 

2,6 

12 

Cyclic, tetrahedral, dihedral 

4,8,14 


Dicyclic, non-cyclic abelian 

6,8 

14 

Cyclic, dihedral 

2,8 

15 

Cyclic 

2 

10 

Cyclic, dicyclic, dihedral, hamihonian 

3,9.17.17 


Type 3, 1; type 2*; type 2, 1*; type 1* 

9,13,26,65 


Non-abelian confonnal with type 3, 1 

9 


Operator of order 8 and its third powers 

13 


Generalized dihedral involving typt 2, 1 

33 


The commutator of order 2 is not a square 

21 


Twelve operators of order 4, different squares 

13 


Invariant maximal operator of order 4 

21 

18 

Cyclic, non-c 3 rclic abelian, dihedral 

4.10,14 


Generalized dihedral, central order 3 

26,12 

20 

Cyclic, non-cyclic abelian, dihedral 

4,8,20 


Dicyclic, metacyctic 

8,12 

21 

Cyclic, non-cyclic 

2,8 

22 

Cyclic, dihedral 

2,12 

24 

Direct products abelian Sylow subgroups 

6,14,30 


Direct products, non-abelian orders 8 

18,10 


Non-twelve, direct product tetrahedral and 2 

13.24 


Symmetric, dihedral, dicyclic 

28,32,16 


Generalized dihedral, generalized dicyclic 

62.24 


Operator order 12 and Its fifth powers 

24,8 


Non-cydtc abelian 12, octic gnd symmetric 6 

28 

25 

Cyclic, non-cyclic 

1,6 

26 

Cyclic, dihedral 

2,14 

27 

Type 8; type 2, 1; type !• 

2,8,26 


Non*abelian conformal with 1*, with 2,1 

17,8 

28 

Cyclic, non-cyclic abelian, dihedral, dicyclic 

4,8,26,10 
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MULTIPL Y CONNECTED DOMAINS 

By R. CouRANT, B, Manel and M. Shiffman 

Dbpartmekt of Mathematics, New York University and College of the City 

OP New York 

Commutiicaled June 17, 1940 

J. Introduction. —In the theory of conformal mapping of fe-fold con¬ 
nected domains the basic problem is to find types of domains B which 
depend on a finite number of parameters (essentially equal to the number of 
moduli) such that any ^-fold connected domain is conformally equivalent 
to one of them. Such a class of domains B will be called a class of normal 
domains. Methods developed for the solution of Plateau’s and Douglas’ 
problem have opened a new approach to this mapping problem. The pres¬ 
ent note, which depends on previous publications/ shows on this basis 
that a very wide variety in the choice of normal domains is possible. 

Theorem: The domains consisting of the exterior of k non-intersecting 
curves which are respectively similar under expansions and translations^ to 
any k given convex analytic curves form a class of normal domains. 

Proof. —Let G be an arbitrary domain in the (jc, y)-plane bounded by k 
non-intersecting Jordan curves Tj,j « 1, 2, .fe. Without restricting the 
generality we may assume that G is bounded. It is required to map G 
conformally on a domain B of the («, t;)-plane with boundaries Q, j « 1, 
2, .., jfe, of the type stated in the theorem. The mapping under considera¬ 
tion will be given by the functions v), v), the components of a vec¬ 

tor function r)* function X(n, v ) and the domain B are character¬ 
ized as the solution of the following minimum problem: In a domain B of our 
class, consider vectors r) which are continuous in J? + C with 
piecewise continuous derivatives in jB, map the curves Cj continuously and 
monotonically on Tj and have a finite Dirichlet integral, 

Dm - Vi/ZCSu* + 3i,^)dudv; 

B 

we seek the absolute minimum of the Dirichlet integral with respect to the 
vectors I and the domains B. 

That this variational problem has a solution 3f, jB, and that 36 is har¬ 
monic in B, has been proved in the papers [1], [2]. The only remaining 
point is to show that the variational conditions imply a conformal map¬ 
ping of B on G; this is equivalent to showing that the analytic function 

*(«.) - (!«-- tX)* - I..* - L* - 
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vanishes identically, where f is the analytic vector function with I as its 
real part. 

2, Variational Conditions .—It will be useful to consider variational 
conditions not only in the plane of the variable w =» « + w but also in an 
auxiliary plane of the complex variable f = re*®.* Let w « u;(f) be the 
analytic function that maps the exterior of the unit circle K of the f-plane 
conformally on the exterior of the curve Cy of the w-plane so that the point 
at 00 goes into the point at <». We have 



idm)^ 

{dw/d^y 


^(r) 

{dw/d^y' 



The variation of the boundary representation of 3E in the f-plane yields^ 

= Oon^: (2) 

where 3f denotes ‘^imaginary part.” The variation of the position of Cy by 
parallel translations in the tt^-plane yields a condition for which, when 
transformed into the f-plane, becomes 



Finally, varying by an expansion in the w^-plane, we get 


j/ dw/d^ 




We will express the conditions (2), (3), (4) in terms of the parameter 0 of 
the unit circle K, Setting =» f(8) on K and noting that there 

_ -“..dl— where du, dv are differentials on Ci, we obtain 

df i^de ■' 


f{d) is real, 

M4 



(5) 

f W ^d0<^O, 

Jk dJ0 

(6) 

» 0, 
dej 

(7) 



s 


where g(d) =» 
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By virtue of (6), condition (7) can be extended to 


Jk dB j 


(70 


where w' — w — wo, * t' — t^o and ro are any constants. 

S. ^(w) s 0.—As in [1], the proof that ^(w) ^ 0 follows by counting 
its zeros in B. We first show that/(^) has at least four zeros on K. Let 

(wo, «>o) be a point interior to Cj ; then «' — — v' =* j > o since 

^ ' de de dew/ 

Cj is convex. The condition (70 shows that g(^), and therefore/(d), must 
change sign. Thus, g(d) has at least two zeros d = a, d == |8 where g(6) 
changes sign. 

We can determine three constants a, b, c, not all zero, so that the function 


,. X , du ^ dv 

A{e)= -b- + a- 


( dv du\ 

V de de) 


du dv 


vanishes at d = o and at d — This function h($) is the outer product of 

r du dv’^ r a ft"! 

the vectors c T" and u " , v - , the former tangent to 

L rfd ddj L ^ ^ 

Cj at the point (w, v), the latter on the line through («, v) and 


(“• ‘)' 


Since Cj is convex, there are only two points («, v) where this outer 


product vanishes; moreover, h(B) changes sign there since the sine of the 
angle between the two vectors mentioned above changes sign. Now the 

conditions (6), (7) yield g(d)'A(d)dd ~ 0; this shows that g(d) must 

change sign at other places besides d = a and d = jd, for otherwise g(d)*A(d) 
would have constant sign. It follows that g(d), and therefore/(d), has at 
least four zeros on K, 

The analytic function ^(w) has at least four zeros on Cj by virtue of (1) 

dw ^ 

and the fact that — is regular and different from zero on K. Furthermore, 

4»(w) is regular in B and has a zero of order at least four at ®. For, in 
the neighborhood of oo, 

+ . 

w w* 


a 

dw 




and 


4>(w) 


O’ 
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li 4'(w) were not identically zero, the number N of its zeros would be given 
by iV — X) where the individual terms are 

j I 



9 . 


J_ 

2id 




i log/W 



and is the unit circle modified by arcs circumventing the zeros of /(^) 
on the boundary and protruding outside the unit circle. The sense of in¬ 
tegration is such that the exterior of the unit circle remains on the left. 


Because /(ff) has at least four zeros on the boundary^ and 



has a 


pole of the second order at co, we have Nj < -“4( V 2 ) + 2 «= 0. Thus 
< 0 contradicting iV > 4, so that must be identically zero. q. e. d. 

4. Concluding Remarks .—It would have been sufficient to show that 
< 3 to arrive at a contradiction. This allows us to normalize the domain 
B. One such normalization is to keep C\ fixed in size and position and 
allow Cs to vary only by expanding with respect to an interior point. This 
would give four zeros on Q, j 1, 2, two zeros on C* and no information on 
Cl. Thus, A^i < 2, A ^2 < 1, Nj < Ofor j 9 ^ 1, 2, and finally AT < 3. In this 
case, Cl need not be convex and C 2 need only be star shaped.^ Another 
type of normalization is to allow Ci, C*, Cs to vary only by expanding with 
respect to an interior point of each. 

Finally, it should be stated that the property of convexity was used in an 
essential way in the proof although no such restriction is needed in the 
existence proof for the minimum problem.® However, mapping theorems 
where certain non-convex curves appear have been established on the basis 
of Plateau's problem in the thesis of B. Manel, [4]. Also included in this 
thesis are cases where singularities appear on the boundaries of the normal 
domain. 


^ See the following papers: 

[1 ] R. Courant, ^'Plateau’s Problem and Dirichlet's Principle/* Ann, Math,, SS, 679- 
724 (1937). 

[21 R. Courant, "Conformal Mapping of Multiply Connected Domains,” Duke Math, 
Jour,, Oct., 814-823 (1939), 

[3 ] R, Courant, "The Existence of Minimal Surfaces of Given Topological Structure/* 
Acia Math., 72, 61-98 (1940). 

See also, 

[4] B. Manel, "Conformal Mapping of Multiply Connected Domains on the Baris of 
Plateau’s Problem/’ doctoral thesis at New York University, June 1939, to be published 
soon. 

Complete references to further literature, in particular the works of Douglas, are found 
in 13). 

• I.e,, under transformations of the form sc' » oap 4* h, y' * oy + c. 

* This procedure is used for elliptical domains in (4). 
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• Variational conditions have been derived in [3]. 
dw 

• “ is regular and different from zero on JC. 

• If c * 0, represents the outer product of the vector 



and the fixed vector 
* 


[—a, “6); the reasoning still applies. 

^ A curve C is star-shaped if there is a point such that any straight ray issuing from 
this point intersects C exactly once. 

* It seems plausible that the question of uniqueness, which is not discussed in this 
paper, is connected with the condition of convexity. 


RIBONUCLEIC ACIDS IN BOTH NUCLEUS AND CYTOPLASM, 
AND THE FUNCTION OF THE NUCLEOLUS 

By T. Caspkrsson and Jack Schultz* 

Kkmiska Institutionen, Karolinska Institutet, Stockholm, Sweden, and 
William G. Krrckhoff Laboratories of the Biological Sciences, California 

Institute of Technology 

Cottununicated July 13, 1940 

The material exchanges between nucleus and cytoplasm were studied 
actively in the early days of cytology, a study which reached its climax in 
the theory of '‘trophochromatin/’^ The methods used at that time were 
the biological stains which were then considered specific, but more detailed 
work showed that identity of staining reaction by no means implied 
identical substances. Particularly with the use of the Feulgen reaction for 
thymonucleic acid, the evidence for a direct transfer of chromosomal 
material to the cytoplasm broke down.* At the center of the discussion 
was the nucleolus, which in its staining properties resembled some of the 
cytoplasmic components, and in some cases appeared indeed to be extruded 
into the cytoplasm. With the recent advances in cytochemical technique, 
these problems can be studied more critically. The methods of ultra¬ 
violet spectrophotometry applied to the cytological material have been 
particularly useful in the analysis of the occurrence and distribution of the 
nucleic adds in the cell. As has been pointed out in detail elsewhere,* 
the absorption spectra of the nucleic adds are sufficiently striking—the 
maximum lying at 2600 A in the middle ultra-violet, due to the conjugated 
double bonds of the constituent pyrimidine rings—so that the course of the 
absorption curves of biological structures can give evidence of the presence 
in them of these substances. 

As is well known the nucleic acids are differentiated into two groups 
according to the t}rpe of carbohydralte the desoxy ribose, of which the 
thymonucleic acid characterizing the chromosomes is the type; and the 
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ribose nucleic acids, to which the nucleic acid of yeast belongs. The ab¬ 
sorption spectra, being determined by the nitrogenous constituents, do not 
differentiate between these two groups; but in conjunction with other 
tests the location of any of these substances in the cell may be determined 
by their use. In this way it‘was shown that the ribose nucleic acids are 
found in the cytoplasm of rapidly growing tissues in characteristically 
high amounts.® The data to be presented show that these substances are 
also present in the nucleolus and in high concentration around the nuclear 
membrane. Thus one of the r61es of the nucleus in cellular syntheses con¬ 
cerns the cytoplasmic nucleic acids, a discussion of which is of obvious 
relevance to the mode of action of genes. 

CXir measurements were made upon the egg of the sea urchin, Psammechinus mfVtam, 
the spinach root tip periblem cell and the cells of the DrosophUa melanogasier salivary 
gland. In the sea urchin we have an egg in which there are no elaborate systems of 
nutrition but the brunt of the syntheses is born by the egg itself, without any appreciable 
evidence of endomitosis in the nucleus, ^'he root tip of Spinaciat on the other hand, 
shows clearly the occurrence of endomitosis, Gentcheff and Gustafsson* having recently 
worked over the double reproduction of the chromosomes in the periblem cells of this 
form. Finally the salivary gland cell allows the study of composition of the nucleolus 
in relation to the giant chromosomes and, more especially in Drosophila, different genetic 
types may be compared. 

For these measurements preparations were made of cells fixed in a lanthanum acetate- 
acetic acid mixture, pressed between quartz cover slip and slide, with glycerine then 
allowed to diffuse under the cover slip. In order to obtain such isolated cells from the 
spinach root tip it was necessary to macerate the root in 45% acetic acid for several 
days, after which time the individual cells were teased apart, and the precipitation 
completed in the lanthanum acetate-acetic acid mixture. 

The technique of the absorption measurements has been described in detail else¬ 
where,^ The suitable places chosen in the relatively homogeneous nucleoli are centered 
in the ultra-violet microscope illuminated with monochromatic light dispersed by a 
mirror monochromator from a high-pressure, water-cooled mercury lamp. The light 
is directed onto the opening of a diaphragm in front of a photoelectric cell by means of 
an adjustable quartz prism and the current measured by a string electrometer of the 
Lutz-Edelman type. The object is then moved by means of a precision mechanical 
stage, until a neighboring free space is at the center of the field. Now by means of a 
variable rotating sector the light is cut down until the electrometer reading reaches 
the same value as the reading when the object was in the held. The percentage of light 
removed by the sector is then equal to the absorption by the object. The movement of 
the mechanical stage is sufficiently accurate in the case of relatively large objects like 
the nucleoli, so that the absorption measurements made at the different wave-lengths 
are all made at the same place in the object. 

The absorption spectra of different regions within the nucleus and/;yto- 
plasm of the sea urchin egg are given in figure 1. The course of two ( ' ' 

four curves is evidently determined by the contained nucleic acids, 'xu. 
absorption spectrum of the nucleolus shows a typical absorption maximum 
at 2600 A, with a subsidiary bump around 2800 A, indicating the probable 
presence of proteins containing the aromatic amino acids such as tyrosine 
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and tryptophane. A similar absorption curve is given by the cytoplasm 
around the nuclear membrane, with the difference that there is considerably 
more absorption due to the protein. The curve for the more peripheral 
cytoplasm is quite different; there is a high absorption in the short wave¬ 
lengths which sinks to a hump around 2600 A beyond which there is a 
second lower plateau aroimd 2800 A. Finally to complete the picture, the 
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FIGURE 1 

Ultra-violet absorption spectra of different parts of an ovarian 
egg of the sea urchin, Psammechinus miliaris. Measurements taken 
photoeleotrically; optical conditions: objective 2.5, ocular 6 X. 


absorption spectrum of the nuclear sap and extended chromosomes of the 
' liil vesicle shows a slight rise in the nucleic acid region and a plateau 
lu tWe region of the “protein*' band. Towards the shorter wave-lengths 
the rise is more rapid than that exhibited by the other curves, the ratio of 
the absorption at 2300 to the absorption at 2800 A being 3.7 for the germi¬ 
nal vesicle and only 2.3 for the peripheral c 3 rtoplasm. The absorption 
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curves for the various proteins are largely determined by the constituent 
amino acids;** and the protamines first isolated from fish sperm by 
Miescher contain only amino acids which give a high non-specific absorp¬ 
tion at the short wave-lengths.* These differences observed in the absorp¬ 
tion curves may perhaps be attributed to the presence in the germinal 
vesicle of the sea urchin of protamine like proteins. 



2600 3000A 

WAVE LENGTH 


FlCtURH a 

Ultra-violet absorption spectra of cytoplasm and 
nucleolus of Spinacia deracea^ var. Hertha, Curves A • 
and B, nucleoli; C, cytoplasm of the same cell as B; D, 
yeast nucleic acid in concentration corresponding to 
absorption of C at 2600. Optical conditionSi objective 
2.5, ocular 10 Xi condenser 1.25. 

According to Brachet® the only Peulgcn-positive structures in the sea 
urchin egg are the chromosome threads, which presumably account for the 
slight elevation of the absorption in the germinal vesicle in the region of 
the nucleic acid band. Thus the absorption data agree with the cl^mical 
data in showing that the major part of the nucleic acids of the sea urchin 
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egg belong to the ribonucleic adds. (Only the pentose nature of the carbo¬ 
hydrate has actually been determined for the sea urchin nucleic add;* 
but all of the nucleic acids so far analyzed in detail are either ribose or 
desoxy ribose.) Moreover this ribonucleic add is not only present in the 
nucleolus but its maximum cytoplasmic concentration is close to the nu¬ 
clear membrane. 

For the spinach cells similar measurements were made of nucleoli and 
also of cytoplasm for one of the cells (Fig. 2). The cells chosen for measure¬ 
ment were in early prophase, following a double reproduction. In these 
cells there is no striking accumulation of absorbing substances around the 
nuclear membrane. Both nucleolus and cytoplasm have their absorption 
maximum at 2600; the chief component may then be ascribed to the pyrim¬ 
idine band of the nucleic acids. Comparison with the absorption spec¬ 
trum of yeast nucleic acid in concentration sufficient to give the absorption 
of the cytoplasm at 2fi00 A (5.3 X lO"*^ mg./ml.) shows, however, that 
other absorbing substances, presumably as in the case of the sea urchin 
protein in nature, are present. Only the chromosomes give the Feulgen 
reaction; hence these nucleic acids in the nucleolus and cytoplasm of 
spinach are not desoxyribose adds. In these cells, presumably secretory 
in function, there is again the association of plentiful ribonucleic acid with 
active growth. 

The nucleoli of the salivary gland in Drosophila melanogaster are Feulgen 
negative, and not so pronouncedly basophilic as the two cases previously 
discussed. They are typical “plasmosomes,'' with considerable variation 
in their cytological appearance, stainability, etc. The absorption spectra 
of the cytoplasm in the salivary gland will be discussed elsewhere; they 
vary with the stage of development of the gland, beginning with a high 
nucleic add concentration, which decreases as the gland matures. Ac¬ 
cumulations of absorbing material are sometimes seen around the nuclear 
membrane. 

In figure 3, III, the absorption spectra are given of nucleoli from a single 
gland of a male larva from the Sw^ish B stock (one of the standard “wild” 
stocks). The curves belong to the same family, the differences being minor 
ones in height, due possibly in some cases to variation in thickness after 
smearing, as well as to slight differences in composition. They all show 
a high absorption at the short wave-lengths, a hump around the nucleic 
add maximum, and another lower level around the tyrosine-tr 3 rptophane 
band of the proteins. This nucleolus contains therefore a nucleoprotein 
with a lower percentage of nucleic acid than the others tested, so that the 
absorption of the proteins themselves plays a dominant rdle in the deter¬ 
mination of the characteristics of the curve. 

The absorption spectra of nucleoli in two sister females were also mea¬ 
sured (Fig. 3, IV). In these nucleoli the nucleic acid maximum is still 
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further masked; the curve can be fitted by that of a nucleoprotein con¬ 
taining about 3.5% nucleic acid, the protein having the absorption char¬ 
acteristics of serum albumin. The curve for the male necessitates a dif¬ 
ferent type of protein and about twice the percentage of nucleic acid. It is 
indicated, therefore, that the composition of the nucleoli is not a constant 
character but may vary within the species according to the genetic com¬ 
position of the individual. This problem will be further discussed in the 
succeeding paper. 

Discussion .—These three cases are, we believe, representative of various 
types of nucleoli. “True” nucleoli take basic dyes, are variable from group 
to group and give a negative Feulgen reaction (except for a few isolated 
cases® and for the so-called chromatic inclusions which are of interest in the 
problem of nucleolar synthesis). These characteristics, as well as their 
diverse behavior in digestion with enzymes,^® are adequately explained by 
the assumption that the nucleoli are composed of ribonucleoproteins, con¬ 
taining varying percentages of nucleic acid. Indeed, since this work was 
completed Brackethas shown that the ribonuclease of Dubos deprives 
Amphibian nucleoli and cytoplasm of their capacity to take the pyronin of 
the Unna methyl green-pyronin mixture, which would indicate that these 
nucleoli and cytoplasms also contain ribonucleic acids which are responsible 
for their basophily, in agreement with our view. The “specific” nucleolar 
stain of Semmens and Bhaduri^® gives evidence of another sort. The 
technique involves the Feulgen procedure, after which the tissue is left in 
5% sodium carbonate solution for an hour, to be stained in fast green there¬ 
after and differentiated in 70% alcohol saturated with the carbonate. 
Under these conditions the fast green stain remains in the nucleoli. It 
seems likely that the ribonucleic acids are dissolved in the carbonate solu¬ 
tion, since a similar procedme can be used for their extraction when it is 
desired to separate them from the thymonucleic acids (Delaporte).** The 
reaction to the stain after the solution of the ribonucleic acids would then 
be due to the presence of highly basic proteins (protamines, histones) in the 
nucleolus. There are no detailed experiments on the reactions of ribo¬ 
nucleoproteins with dyes, such as those carried out on the thymonucleic 
acids. ** It seems likely that the variations in the basophily of the nucleoli 
may be explained by the old hypothesis of variation in the nucleic acid 
content. Parenthetically, it may be remarked that claims of the presence 
of lipoids in the nucleolus are based mainly on the destruction of the struc¬ 
ture by “lipoid solvents.” Since these are also protein denaturing agents, 
the use of such methods is not instructive. There is to date no good evi¬ 
dence of lipoids in the nucleolus. 

The rdle of the nucleic acid compounds, particularly the nucleoproteins, 
in the general metabolism of the cell occupies increasing prominence, 
above all in the processes of synthesis accompanying growth and secretion 
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The enzymatic r61e of nucleoproteins in biological oxidations has been 
shown by the work of Warburg^* and others; the viruses as they are puri¬ 
fied and analyzed one by one fall consistently into the same group and 
cases are gathering in which the nucleoproteins act as growth factors. 
The cytochemical approacli traces the correlation between the occurrence 
of changes in the composition of the parts of the cell itself and the proc¬ 
esses going on at the time. We have already reported for a number of 
cases that cells in which active synthesis or growth is occurring are rich in 
the cytoplasmic ribonucleic acid compounds.* The present data permit 



FIOURB 3 

Ultra-violet absorption spectra of male (111) and female (IV) nucleoli 
from the Swedish B stock raised at 26 degrees. The male nucleoli are all 
from the same larva; among the females, A, B and C are from the same 
individual, D from another. Optical conditions: objective 2.5, ocular 10 X. 

the view to be discussed that these substances have their origin in the 
synthetic activity of the nucleus. 

In the sea urchin eggs the nucleolus has a high content of ribonucleic 
acid compounds, the nuclear sap a low content, and there is an accumula¬ 
tion of these substances in the cytoplasm around the nuclear membrane. 
There is thus no evidence for a direct transport of these substances from the 
nucleolus to the c 3 rtoplasm before a breakdown of the germinal vesicle. 
But they already ore present in the c 3 rtoplasm at this time; it would 
seemi therefore, from the presence of a gradient from the nuclear membrane 
peripherally that the synthesis occurs at that locus. In this way the syn- 
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thesis of nuclear products influencing cytoplasmic activity would take place 
at a surface which by its very nature is the joint product of both. 

It should be noted that such a gradient around the nuclear membrane 
will not necessarily be apparent unless the rate of synthesis exceeds the 
rate of transport. Thus such accumulations of absorbing material around 
the nuclear membrane do not occur noticeably in the root tip of either 
Allium or Spinacia, Nor do they occur around cleavage nuclei. But 
according to Brachet* the ribose nucleic acids are depleted during the early 
development of various marine eggs, while the thymonucleic acid content 
rises correspondingly. Thus during the cleavages in which very rapid 
division proceeds the ribose nucleic acid content decreases, and it would 
seem that here the cytoplasm may somehow serve as a direct source of pre¬ 
cursors for the chromosomes. The data do not, however, support Paint¬ 
er’s^’ view that the chromosomes endomitotically multiplied during oogene¬ 
sis themselves serve to provide these cytoplasmic precursors. As has al¬ 
ready been shown here for the sea urchin, and the same is true both in 
Drosophila and Mu^ca, the cytoplasmic synthesis takes place before the 
breakdown of the nuclei. 

The r61e of the nucleoli in the synthesis of the cytoplasmic nucleic acids 
is difficult to evaluate. The generalizations about nucleoli that were made 
very early^® are still applicable and are suggestive when considered in terms 
of the ribonucleic acid synthesis. Nucleoli of cleavage cells are in general 
small and inconspicuous; nucleoli from cells in which active synthesis is 
proceeding (gland cells, the growing oocyte) are generally large and com¬ 
plex; disappearance or breakdown of the nucleoli in mitosis is correlated 
with the development of the chromosomes. In some cases extrusion of 
nucleolar fragments into the cytoplasm has been described. In recent 
years it has been established that the nucleoli are produced at specific 
chromosomal loci in heterochromatin. The various data can be accommo¬ 
dated under the view that these chromosome regions are especially con¬ 
cerned with the ribonucleic acid metabolism of the cell. Evidence for this 
view is given in the succeeding paper. Here we need only say that the 
activity of the nucleoli is closely associated with an intense synthesis of the 
cytoplasmic ribonucleic acids. And, as has already been pointed out, the 
association of these substances with the processes of synthesis seems well 
enough established so that their study from the point of view of the nudeo- 
cytoplasmic relationships may provide some insight into the mode of ac¬ 
tion of the genes. 

* Carnegie Institution of Washington; during the tune this work was done, Inter¬ 
national Fellow of the Rockefeller Foundation. 

^ For a review of the earlier literature see Wilson, E. B., The CeU in Development and 
Heredity^ 3rd edition, New York (1925). For a more recent account see Ries, E.. 
Crundriss der Histophysidogie. Probleme der Bidogfet Vol. 2, Leipzig (19dS). 
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THE GENETIC CONTROL OF NUCLEOLAR COMPOSITION 

By Jack Scavvn* T. Caspbrsson and L. Aquilontos 

William G. Kbrckhofp Laboratorxbs of the Biological Scibncbs, Califorkia 
Institute of TECHNOLoay, and Kbmiska Institutionbn, Karolinska Institutbt, 

Stockholm, Swbdbn 

Communicated July 13, 1940 

In a sense the study of the nucleolus occupies a key position in the 
analysis of the inter-relations of the nucleus and the cytoplasm. It is a 
structure within the nucleus, resembling the cytoplsismic structures in the 
type of nucleic acid it contains; at the same time, like other genetic effects, 
it is related to a definite locus in the chromosomes. Moreover, as has al- 
retuly been discussed in the previous paper, its function appears somehow 
to be connected with the synthetic activities of the cytoplasm. This 
being the case, the effects of genetic changes in the nucleolar regions upon 
the composition of the nucleolus should give some insight into the possible 
uses of this structure for the analysis of the problems associated with the 
action of the genes. Viewed from another aspect, changes in the composi-* 
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tion of the nucleolus due to changes in the chromosomes should allow an 
additional attack on the relation of the thymonucleic and the ribonucleic 
acids* Evidence is here presented that the characteristics of the nucleolar 
nucleoproteins in Drosophila melanogaster are subject to change by genetic 
factors. 

The nucleolus in Drosophila melanogaster has been shown to be associated 
with the heterochromatin of the X and the Fchromosomes.^ A more de¬ 
tailed analysis of the available data gathered by different workers on its 
locus within the heterochromatic regions in the salivary gland chromosomes 
indicates that the locus of the nucleolar region in the X heterochromatin is 
close to, if not identical with, that of the locus for the large block of thy- 
monucleoprotein in the metaphase chromosome.^ Whether the nucleolar 
region of the Y is identical with that of the X cannot be determined at pres¬ 
ent. In the preceding paper we have shown the existence of a sexual dif¬ 
ference in the nucleolar composition; this difference may be due to a dif¬ 
ference between X and F, the male containing both an A' and a F chromo¬ 
some, the female containing two A’s, In the following, measurements of 
the absorption spectra of the nucleoli of males and females containing 
various chromosome rearrangements are described. The data are ex¬ 
ploratory in nature, and having been collected upon preparations used for 
other purposes as well do not form as simple and complete a series as could 
have been planned for the special study of the nucleolus. 

Two X chromosome rearrangements were used, one of which, symbolized 
as X\^ involves a break in heterochromatin within the nucleolar region. 
The other rearrangement, X^^, also has one break in the heterochromatic 
region, but just outside the nucleolar region. Both of these are so-called 
'^closed'' or ring chromosomes. They are the result of translocation be¬ 
tween the members of a pair of attached X chromosomes,* being deficient 
for a very small part of the tip of the X chromosome. Each contains a 
duplication of the heterochromatin from the point of rearrangement to the 
spindle attachment region. Thus for X"" the duplication extends from the 
nucleolar region to the spindle attachment; but X^ contains a duplication 
for all of the X heterochromatin. Hence the studies of these chromosomes 
involve simultaneously the effects of rearrangement and of duplication. 
For the F chromosome, the rearrangement studied is of a simpler nature, 
being on intercalation into the F of a part of the second chromosome.* 
In an attempt to test the effect of heterochromatin other than that around 
the nucleolar regions, measurements were made of a rearrangement involv¬ 
ing the exchange of part of the X chromosome for most of the small fourth 
chromosome, with the point of rearrangement in chromosome four being in 
heterochromatin, and that in X at the section of Bridges' map 3Fi.* The 
technique applied has already been described in the previous paper. 

The absorption curves for the male nucleoli are shown in figures lA-E, 
IID and IVJ9-E. Those for the Swedish B (the “wild t3rpe“ stock) 
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male have already been presented in the preceding paper. In each case 
where duplicate measurements are available they are of different nucleoli 
from the same individual. It is evident that the different types give 
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FIGURE 1 

I. Absorption spectra of 
nucleoli from a larva hetero¬ 
zygous for the Y~2 translocation 
G, and the mutant genes black, 
light and brown. Culture raised 
at 20-22Optical conditions 
for this and the other measure¬ 
ments here reported: objective. 
2.5 mm,; ocular 10 X. condenser 
L26 mm., condenser diaphragm 
6 . 

II. Absorption spectra of 
nucleoli: A, B, C. from a female 
larva. X^'/y w dm; D, from a 
male larva carrying AT®* (26®C.). 

in. Absorption spectra of 
nucleoli from homozygous 
female larvae (26®C.). 

IV. Absorption spectra of nucleoli: At B, C, from a female larva heterozygous 

for X* (raised at 16®C.); /?, £, from a male carrying y X*' raised at 26®C. 

V. Absorption spectra of nucleoli: A, 5, from a female larva dm raised 

at 18®C.; Ct the same at 26®C.; Z). from a female larva w®^*/y w dm; F raised at 
J8®C. 



characteristically different groups of curves, where the data are adequate 
to permit a judgment. The nucleoli of the Y-2 translocation male have 
absorption spectra that show a maximum around 2600 A, with a hump at a 
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lower level corresponding to the band around 2800 of tyrosine and trypto¬ 
phane. The males containing the closed X chromosomes show a different 
type of curve, with the 2600 peak more submerged in the ‘^protein” ab¬ 
sorption. A distinction between the two closed X’s is evident, although the 
scanty data for make caution necessary. In the wild t3T)e male, the 
2600 maximum is present only as a hump in the curve, similar to that at 
2800. The differences might be interpreted as due either to a decrease in 
the amount of protein in the different types containing rearrangements, as 
compared with the wild type, or, conversely, there could be an increased 
amount of nucleic acid. In order to determine this point adequately, 
measurements of the total amount of substance are necessary. As be¬ 
tween the Swedish B and the Ti F-2)(? males, the difference lies in the ab¬ 
sorption at the short wave-lengths, since the ratios of the absorption at 
2600 to that at 28(X) are sensibly identical in the two cases (1.6 and 1,7). 
The ratio is similar for the male (1.5), but the male is distinctly 
lower (1.3). It is thus possible that the increase in heterochromatin gives 
an increase of both nucleic acid and protein, while the effect of the re¬ 
arrangement is to decrease the amount of protein formed. In such case 
the intermediate character of the X^ curve as compared with the wild type 
and the F-translocation curves would be the result of a position effect on the 
X nucleolar region plus the effect of a duplication; in the F-translocation 
we observe the position effect itself and in the X^* male the effect of the 
duplication itself. These interpretations must, however, be regarded as 
provisional at present. 

In the female series the data (Fig. 1, II {A-C)\ III) permit the compari¬ 
son of the wild type from the preceding paper and X^* with the 
heterozygous X"^® female. The ratios of the absorptions at 2600 and at 
2800 are again instructive. For the X*^® female the ratio is 1.28; for the 
wild type it is 1,07; and for the heterozygote, 1.08. Evidently the effect 
of the closed X in heterozygous condition in the female is less marked than 
it is in the male, although even in this case a comparison of the ratios at 
2650/2800 shows a slight effect: X*^®, 1.29; X^*/y wdm, 1.15; Swedish B, 
1.03» Without a more complete analysis of these curves into their com¬ 
ponent absorbing substances, and, as said above, a knowledge of the total 
absorption of the nucleoli, only tentative conclusions can be drawn. Ap¬ 
parently in this case as in the male, the duplication in the X^* increases 
both the nucleic acid and the protein absorption. The question of the 
dominance of the normal nucleolar composition in the heterozygote where 
two differently produced nucleoli are fused is more complex. It brings up 
again the difference between the nucleolar composition of the sexes. As 
previously pointed out, this difference may be the consequ^ce of the 
presence of the F chromosome in the male, or it may be the result of the 
general difference of genic balance as between the sexes. A sexual differ- 
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ence similar to that found in the Swedish B measurements is found in the 
male and female with the protein absorption again more marked in 
the female. If the effect of the be assumed to be due to a duplication 
of heterochromatin including the nucleolar region, the results fall into line 
with the behavior of duplications for X chromosome regions in Drosophila 
in general: the effect, that is, the difference from the wild type, is greater 
in the male than in the female for a duplication of any given part of the X. 
It is of interest that the complicated relations of genic balance should be 
met with in intra-nuclear characters; McClintock has already described a 
similar case in the behavior of the nucleolar region of Zea mays. 

For the analysis of such possible genic balance relations, study of the 
effects of heterochromatic regions other than the nucleolar region itself 
should be of value. To this end measurements were made of the nucleoli 
in individuals heterozygous for the X-4 translocation (s 3 rmbolized 
previously referred to, and for the same chromosome as that used in the 
heterozygote for X^^, containing the mutant genes yellow, white and diminu¬ 
tive; a measurement was also made of a similar heterozygote containing 
an extra Y chromosome. The data (Fig. 1, V) give a curve of marked nu¬ 
cleic acid character, with an evident effect of the extra Y chromosome in 
accentuating the maximum at 2600. These preparations, however, were 
made (in connection with studies of the variegated types correlated with 
rearrangements of this kind) from larvae raised at 18 degrees. A check 
measmement of a control raised at 25 degrees, and therefore directly com¬ 
parable to the closed X heterozygote, shows a flatter curve. The absorp¬ 
tion ratio for 2600/2800 is only 1.19, as compared with the ratio for the 18- 
degree series of 1.37. It appears, thus, that there is an increase in the ratio 
of nucleic acid to protein at the lower temperatures, perhaps similar in 
nature to the effects of rearrangement in the nucleolar regions. There 
seems still, however, to be an effect of the X-4 rearrangement on nucleolar 
composition; for even at 25 degrees the 2600/2800 ratio (1.19) is higher 
than the value of 1.08 found in the X^/y w dm heterozygote. The ^re¬ 
arrangement here discussed also has the effect of inducing variegation for 
characters due to genes located in the regions transposed to heterochro¬ 
matin; these changes have been postulated on the basis of changes seen 
in the salivary gland chromosomes to result from changes in the nucleo- 
protein ratio of the genes themselves. Should the present indication of an 
effect on the composition of the nucleolus be substantiated, evidence can 
be obtained for the interrelations, of nucleolar and chromosomal composi¬ 
tion. It would follow that in addition to the chromosomal effects of these 
rearrangements there is also an effect of heterochromatin on the nucleo- 
protein metabolism of the nucleolus. 

The effect of the X-4 translocation on the nucleolus must be regarded as 
dominant, since it is manifested in the heterozygous female. It contrasts 
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with the effect of in this regard. We took the occasion to make mea¬ 
surements of heterozygotes for the X-4 rearrangement and for X^; it seemed 
possible that the more pronounced departure of X^ from the normal in the 
male might show in the heterozygous female as well. These heterozygotes 



KIOURB 2 

The data of the previous figures are summed for each type, and 
the logarithms of the extinction coefficient are plotted. For pur> 
poses of clarity they are placed at convenient distances on the scale 
of ordinates. The data for the Swedish B males and females have 

r 

been sutnmed, and the logarithms of the sums plotted directly. 

To the logarithms of the other sums the following have been added 
before plotting: females, dm, Q.6; 0,1; 

0,6; males, X«M.O; A'”. 0.9; r(F-2)G,0.8. 

were raised at 16 degrees instead of 18, as were the other heterozygotes for 
this rearrangement. But in any case, as the 2600/2800 absorption ratios 
calculated from the data (Fig. 1, IV, A, B and C) show, there is no striking 
difference from the w dm heterozygote. In the former case they are 
1.41,1.46 and 1.32, as compared with 1.42,1.31 in the latter case. 
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Discussion .—A comparison of the different sets of data is made in figure 
2. For each type the logarithms of the sums of the extinction coefficients 
of the individual nucleoli are plotted against the wave-length. In this way 
curves are obtained whose shape is independent of variations in concen¬ 
tration or thickness of the absorbing layerJ They are dependent solely on 
the nature of the constituent absorbing substances. Thus the logarithmic 
plots of the sums of the extinction coefficients for all the nucleoli of a given 
type give an estimate of the nucleolar composition such as would be ob¬ 
tained by an analysis of the composition of a mixture of all the nucleoli for 
each type. The different types can then be compared since nucleoli of 
like composition should give curves which are superposable each upon the 
other. It is evident that this is not the case for any of the types so plotted. 
The relations previously discussed emerge with especial clarity; the nu¬ 
cleic acid protein ratio is increased in the types with the rearrangements, 
as the height of the 2600 band shows. The males have in general a more 
pronounced maximum in the cases where direct comparison can be made. 
The females have a gentler group of curves, in which the protein absorption 
is more influential. But each of the genotypes has its own characteristic 
curve. 

We have discussed the differences in the absorption curves as due to 
genetic differences. The objection might be raised that within an individual 
the data are consistent, but that random non-genetic differences between 
individuals could account for the differences observed. This seems un- 
likely, since the seriation of the types is self-consistent, and the agreement 
between such types as the jy w dm and the Swedish B female is so close 
as to permit the discussion of dominance even though the stocks are un¬ 
related. Also, as is discussed below, the staining reactions of the nucleoli 
run parallel to our measurements. It follows then that the analysis of 
these changes in nucleolar composition is an analysis of the function of the 
genes in the formation and behavior of the nucleolus. 

The “nucleolar genes” are located in the heterochromatic regions, and 
they must therefore partake of the properties of those regions, if indeed 
they are not responsible for some of them. Heterochromatic regions have 
the capacity (1) to form large amounts of thymonucleic acid (or, better 
perhaps, thymonucleoprotein) in the chromosomes themselves; (2) to 
form^ or affect the composition of the nucleoli; (3) to affect the charac¬ 
teristics of neighboring regions translocated to them in such a way as to 
change the developmental effects of these regions in somatic cells** (4) 
to affect the content of the ribonucleic acids in the egg cytoplasm of Dro¬ 
sophila Only the first and second of these characteristics are known for 
organisms other than Drosophila melanogaster, and they appear to be quite 
general properties, We are not here concerned with the specific cytological 
characteristics such as the property of indiscriminate s]mapsis, and the 
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type of chromomere formed by these regions in the giant chromosomes. 

It would be premature to attempt a detailed correlation of these proper¬ 
ties. In outline, however, they seem all to be different aspects of the 
nucleic acid metabolism of the cell. For the nucleolus, the evidence here 
given permits the further specification that the tibonucleoprotein metabo¬ 
lism is controlled by these regions. Thus the connection becomes close 
between a region of the chromosome which produces much thymonucleic 
acid and a structure composed of ribonucleoprotein. How direct this 
relation is cannot be told, for in Zm the smaller portion of the nu¬ 
cleolar region forms the larger nucleolus and the presence of an additional 
nucleolar region has no effect on nucleolar size. On the other hand in 
Solanum, M. M. Lesley^^ has shown a quantitative correspondence be¬ 
tween the size of the nucleolus and the size of the nucleolar region, in a 
series of variants. Failing measurements of the composition of these 
nucleoli to show that the differences are merely quantitative, definite 
statements are precarious. It seems likely, however, that the difference of 
behavior between Zea and Solanum is another example of the difficulties 
attendant on the use of the effects of deficiency or duplication of a chromo¬ 
some section in the analysis of the effects of that section. For the composi¬ 
tion and size of the nucleolus are dependent on the general genic balance, 
and only when the nucleolar region itself is the limiting factor in nucleolar 
production can we expect to see changes in the characteristics of the nu¬ 
cleolus due to it. Indeed McClintock has shown in Zea that other chromo¬ 
some regions very easily take over the r61e of nucleolar synthesis; it is to 
be questioned whether this would so easily occur in Solanum. 

There are wide variations in the behavior and the staining reactions 
of the nucleoli of even closely related species. The present results are 
particularly relevant to the variations described by Bauer^® in the Chirono- 
mids in which some species show in aceto-carmine preparations a well- 
organized deeply staining nucleolus, others a Ugbt and diffuse type. In the 
present series in Drosophila similar variations are encountered, and indeed 
were the origin of this investigation. The parallel between the intensity of 
stain, the compactness of the nucleolus and the prominence of the nucleic 
acid band is rather good; in other words, the structural qualities of the 
nucleoli seem to be associated with their nucleic acid content. This indi¬ 
cates that the ribonucleic acids as well as the thymonucleic adds have a 
r61e in structure formation of the sort emphasized by Hammarsten.** In 
this way the genotypic control of the structural characteristics of the nu- 
deolus may be mediated by changes in its nudeic add content 

The heterochromatic regions are commonly known as genetically 
“inert" because where tests have been made no phenotypic dumges ure 
detected in the presence of duplications or defidrades. It is evident from 
the data reported and discussed here and elsewhere that the “inert" char- 
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acter is factitious* Actually the situation is that of a system in which all 
components are present in excess, similar to that discussed in connection 
with the nucleolar region in Zea, This is not surprising, if as we have sug¬ 
gested in the previous paper the ribonucleic acid compounds are influential 
in a variety of cellular syntheses. On this view the heterochromatic regions 
are particularly concerned with the synthesis of the nucleic acids; in the 
chromosomes their activity is manifest in the blocks of thymonucleopro- 
tein they produce; in the nucleolus and the C3rtoplasm they produce the 
ribonucleic acid compounds. In the formation and development of the 
nucleolus it is possible that we have, so to speak, a pattern of gene function; 
the ribonucleoprotein is formed at telophase, and in endomitotic nuclei 
grows parallel with the growth of the chromosomes. It remains to discover 
how far the specific effects of genes in development are part of the same or a 
similar system of nucleoprotein metabolism; the r61e of the heterochro¬ 
matic regions in variegation suggests that such a possibility is not unlikely.** 
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ARE DIFFERENCES IN SIZE BETWEEN PARTS OF THE BODY 
DUE TO GENERAL OR SPECIFIC FACTORSf 

By J. I. Cohen 

PSYCHOLOOtCAL LABORATORY, UNIVERSITY COLLEGE, LONDON, ENGLAND 

Communicated June 12, 1940 

The dispute between Castle^ and Sumner* on the problem expressed in 
the above title may perhaps be indirectly resolved by results obtained by 
the writer in a different connection. Castle maintains that the genetic 
influences determining total size in rabbits are general ones affecting all 
parts of the skeleton simultaneously, while special factors (if any) limiting 
the size of particular bones play only a subordinate r61e.* Sumner, how¬ 
ever, believes that size factors specific to certain limbs and parts of the 
body are more important than general factors in determining body size as a 
whole. Davenport holds what appears to be an intermediate view, namely, 
that general factors control growth “only to a degree that may be estimated 
as less than a half.“ Shull supports Castle's contention. 

The present writer, like Davenport, has been working on measurements 
of man, not of rabbits, and has not been primarily concerned with the 
problem of the inheritance of human size.* Nevertheless, the observed 
results obtained by him seem to admit of a genetic interpretation. 

Briefly, a large number of anthropometric measurements of several 
groups of adult persons were obtained. These measurements were then 
intercorreiated and analyzed by means of the factorial techniques currently 
used in statistical psychology. The object of the analysis was to extract a 
minimum number of factors accounting for a maximum amount of the total 
variance of the traits. The measurements include head length, head 
breadth, head circtunference, head "diagonal,” trunk length, chest breadth, 
chest depth, chest circumference, stature, sitting-height, arm length, leg 
length, shoulder breadth, pelvic breadth, pelvic circumference, waist cir¬ 
cumference and various facial measurements. 

The samples consisted of 164 male and 106 female adult psychotks and of 
50 normal adult males. 

' In numerous analyses of the measurements of the sut^oups, it was 
found that the bodily parts could best be regarded as determined by two 
major growth reactions, one governing magnitude in all ph}rsical dimen¬ 
sions and the other governing disproportionate growth in length measure¬ 
ments on the one hand, or in circumferential measurements on the other. 
In other words, we may consider individual differences in the external 
measurements of the body to be determined by a process making for general 
magnitude and a process making for proportions of the parts. The vari¬ 
ance of the former is much greater than that of the latter.* 
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In order to get a measure of a person’s mass or bulk in the linear sense, 
corresponding to a ponderal measure or to the measure of the surface area 
of the body, it is necessary to obtain a weighted mean of representative 
measurements of the body in all its three dimensions. This can be pro¬ 
vided by the first factor saturations in the traits which are measured. Now 
even when we know a person’s bulk, we do not know his shape or propor¬ 
tions. We do not know whether he has relatively long limbs and short 
trunk or vice versa, we do not know his head shape and so on. This in¬ 
formation can be supplied by weighting the initial measurements with 
saturations of the traits in the second factor. 

The amount of variance accounted for by the first and second factors 
varied in the different subgroups as may be seen below: 


PKXCBMTAOB OP TOTAl, VAXIANCB ACCOUNTS!) POS: 
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We may hazard the hypothesis that there are genetic influences deter¬ 
mining growth or size of the body in all its dimensions, vertical, horizontal 
and sagittal. Over and above this tendency to grow to a certain bulk or 
magnitude, we may postulate the existence of genetic factors making for 
excess or differential growth longitudinally on the one hand, or circumfer¬ 
entially on the other. 

If this hypothesis is accepted, the views of Castle, Sumner and Daven¬ 
port must all be modified. General factors, in our analysis, appear to 
account for between twice and three times the amount of variance as specific 
factors. Davenport and Sumner would both seem to be underestimating 
the significance of general factors while Castle seems to overestimate them. 

The view to which we are led here conforms well with that put forward 
by Pearl in his discussion of individual differences in bodily habitus. The 
following statement of Pearl sums up the position well: “The vertebrate 
plan of structure comprises a principal and primary bodily axis which is the 
longitudinal one, with cephalic and caudal ends. The secondary axes are 
two in number and at right angles to each other, the dorso-ventral axis and 
the lateral axis. The external form—somatology or bodily habitus—of 
such an animal is plainly bound in general to depend upon the relative or 
proportion^ grow^ along each of these wees."' I would like to add that 
growth in bulk proceeds in all three dimensions whereas growth in shape or 
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proportions proceeds differentially in the first or in the second and third 
dimensions. 

> Castle, W. E.. Proc. Nat. Acad. Set., 10,19-22 and 181-182 (1924). 

» Sumner, F. B., Ibid., 10,178-180 (1924). 

» Castle, W. E., Carnegie Inst. Puhl., No. 320 (1922). 

* Cohen, J. I., Nature, 144 944 (1939). 

* Cohen, J. I., Mental Science, 86, No. 362 (1940). 
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A PENTAPLOID LARVA OF THE NEWT, TRITURUS 

VIRIDESCENS 

By Gerhard Fankhauser 
Department ok Biology, Princeton University 
Communicated July 11, 1940 

During the past two years a search has been made for exceptional poly¬ 
ploid individuals among salamander larvae, by means of chromosome 
counts in amputated tailtips. Several triploid larvae have been found in 
the common newt, Triturus viridescens,^ and triploid as well as tetraploid 
larvae in the two-lined salamander, Eurycea Hslineata^ 

In November and December, 1939, about forty larvae of Triturus viri- 
descens were raised by the students in a course on animal development, from 
eggs which had been obtained by pituitary implants. On December 15 the 
larvae were turned over to Miss Rita Crotta for fixation. While examining 
the animals she noticed a suspicious pigment pattern in one larva which had 
larger but fewer melanophores than the rest. This type of pigment pattern 
had been found before to be a reliable indication of polyploidy.® More¬ 
over, the pattern seemed to be sufficiently different from that previously 
observed in triploid larvae to indicate a higher degree of polyploidy, prob¬ 
ably tetraploidy. 

The tailtip of this larva was at once amputated, fixed and stained in toto. 
The nuclei of the various tissues were much larger than in the diploid or 
triploid tailtips. Unfortunately, the epidermis of the tailfin, in which the 
chromosomes can be most easily counted, contained only very few mitotic 
figures, and none of these were in metaphase. 

Within two weeks the larva had regenerated a small new tailtip. This 
was amputated together with a piece of the original tail. This second tail- 
tip preparation contained one good metaphase in the regenerated portion. 
In this large and crowded figure fifty-four chromosomes could be counted, a 
number which is as close to the pentaploid» fifty-five, as one could expect 
considering the difficulties of the enumeration. 
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A week later the whole animal was fixed, and the posterior end of the tail, 
with a small regenerated cone, was stained and mounted. In this third 
tailtip preparation one fairly good metaphase was discovered which con¬ 
tained certainly more than forty-eight chromosomes. 

While both counts indicated that the larva was more than tetraploid, 
probably pentaploid, the evidence was not considered sufficient. An ex¬ 
tensive series of measurements of nuclei was planned with the expectation 
that a comparison of the size of the nuclei with that in diploid and triploid 
larvae would contribute reliable evidence of the chromosome number. 
However, when the whole animal was sectioned later on, a considerable 
number of mitoses were found in the central nervous system and the intes¬ 
tine. In the former, the figures are too small and crowded to allow even an 
approximate count. In the intestine, the cells are larger, and the chromo¬ 
somes more widely spaced. Still there is too much overlapping of the 
chromosomes in intact metaphase plates which are complete within a single 
section and normally considered to be the most reliable figures for chromo¬ 
some counts. However, several metaphase plates had been divided by the 
knife in such a way that few chromosomes were broken, and a count of the 
intact elements in the two adjacent sections was possible. Since all the 
chromosomes of Trilurus viridescens are V- or J-shaped, fragments of 
chromosomes not containing the spindle attachment point are quite easily 
recognized. In six metaphases from various regions of the intestine the 
following chromosome numbers were counted: 

54 (very few fragments present), 

53 (. “ ), 

at least 52, 

“ 51, 

“ “ 50, 

“ 50. 

These numbers include only those chromosomes that could be made out 
clearly. Moreover, one or more chromosomes may have been missed if 
they were cut at or near the spindle attachment point and were therefore 
recorded as fragments. It is thus highly probable that the actual number 
in all these figures is pentaploid, fifty-five. 

A high degree of polyploidy is also indicated by the very large size of the 
individual nuclei in the various tissues of the tailtip (Figs. 2 to 7). For in¬ 
stance, the nuclei of the epidermis cells, which are flat discs, appear more 
than twice as large as those of the diploid larva (Fig. 2). When twenty 
nuclei of each animal were drawn on cardboard and weighed, the ratio of 
the weights was found to be close to five to two. The cell boundaries are 
not clearly visible in tailtip preparations except in the gland cells in the 
epidermis (Fig. 7) which show that the cell size has increased in proportion 
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to the size of the nucleus. This is also demonstrated by the increase in size 
of the melanophores over the whole body of the animal (Figs. 8 and 9). 

Since rather complete records of the development of all eggs had been 
kept by the students in the course, it was possible to trace the development 
of the pentaploid back to the gastrula stage. As far as the records show, 
the early development of the pentaploid embryo proceeded normally and at 
the same rate as that of the diploid embryos. When the pentaploid came 
under closer observation as a young larva, at the age of three weeks, it did 
not differ markedly from the diploid controls, with the exception of the pig¬ 
ment pattern. A photograph taken a few days later shows that the penta¬ 
ploid was only slightly larger than the control (Fig. 8). The absence of 
pronounced gigantism agrees well with the observations on triploid and 
tetraploid salamander larvae reported previously.* At all levels of 



FIGURE 1 

Metaphase plate from intestine containing at least 
53 chromosomes in two sections. Camera lucida drawing. 
X 1533. 


polyploidy, the increase in cell size is compensated by a corresponding de¬ 
crease in cell number* This is well shown by a comparison of pentaploid 
and diploid lateral line organs in the tailtip preparations (Figs. 4 and 5). 

The pentaploid began to feed on small Daphnia and pieces of Enchytraeus 
at the age of three and a half weeks, at the same time as the controls. The 
digestion of pieces of Enchytraeus seemed to proceed somewhat more slowly; 
it was observed twice that, twenty-^four hours after a meal, some of the 
food was still in the stomach while in the controls it had all passed into the 
intestine* The rate of heart beat was normal; at the age of five weeks it 
was 76 per minute, as compared with 76 and 78 in two diploid larvae. The 
color of the heart, however, was light pink instead of deep red as in the con¬ 
trols, because of the mnaller number and larger size of the erythxtKytes. 
The difference in size and number of the red blood cells passing trough the 
heart and gills was dearly visible under the binocular. 
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On several occasions it was noticed that the pentaploid reacted more 
slowly than the diploid larvae, Furthermore, from the age of four weeks 
on, fluid began to accumulate in the body cavity. The ascites gradually 
became more severe and extended to the heart region (Fig. 9). 

On January 3, 1940, the pentaploid and a control were photographed and 
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Camera lucida drawings of nuclei from different tissues of tailtip preparations. 

In each figure the pentaploid nuclei are on the left. 

2, Epidermis of taililn. X 370. 

5, Connective tissue of tailfin. X 614. 

4. Nuclei of corresponding lateral line organs on axis of original tailtip 
(No. 4 from end). X 313. 

6, Nuclei of corresponding lateral line organs from third tailtip (last organ 
on dorsal fin). X 3X3. 

6. Nuclei of erythrocytes, from capillaries of tailfin. X 614. 

7. Nuclei and cell boundaries (broken lines) of gland cells (Leydig cells) 
in tailfin. X 270. 

atayed in a solution of chloretone 1 :5000 for over thirty minutes, a treat¬ 
ment which had never been found to have any harmful effect on diploid or 
triploid larvae. On the next morning the control was completely normal 
while the gills of the pentaploid showed the effects of an overdose of chlore¬ 
tone, i.e., an almost complete reduction of the small branches and a strong 
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curvature of the main stems. Because of its poor general condition the 
animal was preserved on the following day. 

While the morphological effects of pentaploidy in this larva were thus 
rather slight, the high chromosome number seemed to have more serious 
physiological consequences, as is indicated by the early appearance of as¬ 
cites, the reduced reactivity and the increased susceptibility to chloretone. 
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FIGURE 8 

Pentaploid larva and diploid control, 3Va weeks old. The 
pentaploid appears normal except for pigment pattern and 
slightly larger sUe. In both larvae the melanophorcs on head 
and body are "contracted." Tracings of photomicrographs. 
X 10. 


It is possible that these phenomena were all connected with the great in¬ 
crease in cell size and the reduction in cell number in the various organs and 
tissues. The microscopical anatomy of the larva is under investigation at 
present and will be described elsewhere. 

It is significant that the viability of the pentaploid salamander larva was 
much lower than that of the two tetrapldid larvae of Eurycea bislineaUa 
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which were raised in 1939; these in turn were not as vigorous as the triploid 
larvae of both Eurycea and Triturus tdridescens. Unfortunately, tetraploid 
larvae have not yet been found in Triturus^ and attempts to induce tetra- 
ploidy by cold treatment of unsegmented eggs during the first cleavage 
mitosis have not been successful so far (unpublished observations of M. 
Perrot), There exists, therefore, still a gap in the polyploid series in this 
species which now extends from haploidy^* ® to pentaploidy. 
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PENTAPLJOID 


DIPLOID 


FIGURE 0 

The same larvae as in figure 8, 6Vs weeks old. Body 
cavity of pentaploid distended with fluid (ascites). In 
both larvae the melanophorea arc ^‘expanded/' Tracings 
of photomicrographs. X 10. 

No definite infonnation is available concerning the origin of this excep¬ 
tional pentaploid embryo. Triploid salamander larvae presumably arise 
in nature trcm the union of an exceptional diploid gamete with a normal 
haploid gamete. Tetraploid individuals would originate if two exceptional 
gametes should meet, or if a doubling of the chromosome number should 
take place during the first cleavage mitosis. Furthermore, additional sets 
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of chromosomes might be supplied by supemuaterary spermatoztm, since 
the eggs of newts and other salamanders are normally polyspermic. Usu* 
ally, the accessory sperm nuclei remain well separated from the pronudei 
and degenerate before the first cleavage.* On rare occasions, howeva-, two 
spermatozoa may possibly penetrate into the egg so nettr each other that 
the nuclei fuse, as is frequently seen in highly polyspermic eggs which do 
not cleave. In eggs of the salamander, Hynobius retardatus, which seem 
to be monospermic as a rule, Makino^ has actually observed the fusion of 
three nuclei. However, whether such a situation would lead to a bipolar 
triploid mitosis or to a tetrapolar mitosis with irregular distribution of the 
chromosomes, as it does in dispermic sea urchin eggs, is not known, since 
the behavior of the division centers associated with the sperm nudei has 
not been observed. 

‘ Fankhstuier, O., Proc. Am, Phil. Soc., 79,715-739 (1938). 

* Fankbauser, G., Jour. Hered., 30, 379-388 (1939). 

* Fankhauser, G., Jour. Morph, (in press) (1940). 

* Kaylor, C. T.. Jour. Exp. Zool., 76, 375-394 (1937). 

* Fankhauser, G., and R. B. Griffiths, Proc. Nat. Acad. Set., 25,233-238 (1939). 

* Fankhauser, G., Jour. Exp. Zool., 62,185-225 (1932). 

’ Makino S., Jour. Fac. Sci., Hokkaido Imp. Vniv., Ser. VI, Zool., 3, 117-167 (1934). 


UNEQUAL BREAKS IN TWO SISTER CHROMATIDS INDUCED 
BY X-RAYS IN DROSOPHILA MELANOGASTER 

By M. Dbmerec and Eileen Sutton 
Caxnboib Institution or Wasrington, Cold Spring Harbor, N, Y. 

Communicated July 13, lO'M) 

A great deal of work, both experimental and observational, has been 
done on the number of strands per chromosome at different stages of the 
nuclear cycle, the time of splitting of the chromonemata and the effects of 
irradiation on split chromosomes. 

From genetical experiments we have the results of Patterson^ on mosaics 
derived from irradiating sperm of Drosophila, from which he conduded 
that the chromosomes were already split in some of the sperms (about one 
in seven) at the time of irradiation, but not in others. Moore,* who ob¬ 
tained similar results, supposed that the chromosomes of all the sperm were 
split at the time of breakage; mosaics would result from single dm»no- 
nema breaks, but both chromonemata could be tauken simultaneously at 
the same levd, and sperm thus affected would give rise to flies widi homo¬ 
geneous mutant tissues. 

Moore’s conclusions are in keeping with the cytological data of Nd>el* 
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and Sax/ These workers have shown by irradiation experiments on 
TradescanHa that a single x-ray *‘hit'* can break either one or two chro- 
monemata at a given point of a split chromosome. 

Kaufmann^ and Kaufmann and Bate^ have published data on duplica¬ 
tions in Drosophila salivary chromosomes. These studies show that one of 
two sister chromatids may be broken at one point, while both chromatids 
are broken at a second point in the same chromosome. In this paper a 
further example of differential breakage of two sister chromonemata will 
be described. 

4 - 

Description and Results ,—The progenitor of j!V 264-86 mutant is a single 
notch female found among the offspring oi y pn females which were mated 
with x-rayed wild-type Swedish B males. Genetic tests showed that this 
notch is a dominant sex-linked character, lethal when homozygous and 
hemizygous, and that it belongs to the Notch series of changes localized 
in the 3.0 region of the X-chromosome. 

The iV2B4-86 females heterozygous for diminutive {dm) had diminutive 
bristles, and some of them showed mosaic spots covered with long, wild- 
type bristles. Since mottling is a characteristic feature of chromosomal 
rearrangements involving heterochromatin, this behavior of dm suggested 
that such rearrangement might have occurred in iV264-86. Cytological 
studies confirmed this indication. They showed that a segment of the 
chromosome was taken out of the Notch region and inserted into hetero- 
chromatiri of 4 at 101F. 

Since the fourth chromosome segregates freely from the JV-chromosome, 
the inserted piece also segregates independently of the X-chromosome from 
which it came. Consequently two recombination classes are found: (a) 
hypoploid class with the deficient X-chromosome but without the fourth 
carrying the insertion, and (6) hyperploid class with the insertion and the 
normal X-chromosome. The hypoploid class is viable and fertile in hetero¬ 
zygous females, and the hyperploid class is viable and fertile in both 
sexes. 

Analysis of Deficiency ,—Cytological analysis indicates that this de¬ 
ficiency involves the region from 3C8 to 3J?6, inclusive (Fig. 1). In this 
study salivary glands were used from larvae which had one deficient and 
one normal X-chromosome. In a great majority of figures obtained with 
that material the bands present in both chromosomes show dose synapsis. 
In order to confirm the analysis on unsynapsed chromosomes, slides were 
prepared from the salivary glands of larvae which had one defident chro¬ 
mosome and the other carrying the translocation (1.4) 258-18, in which the 
tip of the X-chromosome following the band 3C4 is exchanged with 4. 
In many figures of that material X-chromosomes are unsynapsed at the 
distal end. 

Genetic tests showed that the defident chromosome carries the wild- 
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type allels of w and ec, and that it is either deficient or carries recessive 
allels of rstf fa and dm (Fig, 1). 

Analysis of the Inserted Segment. —Cytological study shows that a seg¬ 
ment from 3C7 to 3£r) is inserted into heterochromatin of 4 at 101F, in its 
normal position in relation to the centromere. By genetic tests it was de¬ 
termined that the loci fa and dm present in the segment show mottling 
(Fig. 1). 

Discussion. —All adequately tested Notches behave genetically as de¬ 
ficiencies for fa and spl, and some in addition behave as deficiencies for the 
adjacent loci such as w and dm. Cytological studies of various Notches 
indicate that some do not show any cytologically detectable deficiency, 
while others are deficiencies for smaller or larger segments centering in the 
3C region of the Bridges^ salivary chromosome map. Since all cytological 
deficiencies, include band number 3C7, that band is considered as repre¬ 
senting the Notch locus. Similar evidence indicates that 3C1 represents 
the w locus, 3C4 rst^ ^D\.2dm and 3F 1.2 ec. 

Both cytological and genetic evidence indicates that the inserted seg¬ 
ment carries the locus /a, since the 3C7 band has been located in the inser¬ 
tion and since hyperplpid flies show mottling in the fa locus. Cytological 
observations indicate that the fa locus is not involved in the deficiency. 
Genetic evidence in support of this assumption is impossible to obtain since 
a change in the fa locus has occurred which behaves genetically as a de¬ 
ficiency, Such changes are not rare in the neighborhood of a breakage 
point. However, in this case the/a locus is not the only one which has been 
changed, but also the r$t locus which is represented by the fourth band 
from the break. In this instance a short region involving not less than four 
and not more than six bands is affected. We have studied 27 breaks in the 
same region and this is the only case where reattachment to euchromatin 
produced a block effect. That suggests that such occurrences are not fre¬ 
quent, 

Cytological evidence shows tliat the inserted piece is one band longer 
than the deficiency. If it were the reverse the interpretation would have 
been simple, because the total number of all bands in the rearrangement 
would have been one less than the total number of bands in ^e original 
chromosome, and the loss of one band could easily have been accounted for. 
However, the total number of bands in the rearrangement is one in excess 
of the total number in the treated chromosome. This increase in the num¬ 
ber of bands could occur if the chromosome were split at the time of the 
break and if two chromatids were broken at different places. In subse¬ 
quent rearrangements the longer of the two segments and the chromatid 
with the shorter deficiency were recovered. 

A picture of this situation can be obtained from the diagram in figure 1. 
On the right side the limits of both the deficiency and the inserted segment 
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coincide. At the time of breakage the chromosome might not have been 
split at this point, or if it were split the breaks in both chromonemata must 
have coincided. However, on the left side the inserted segment is longer 
than the deficiency and the chromosome must have been split in this re- 
gion at the time of the break and the breakage points in the two diro- 
monemata did not coincide but were one band apart. 

Now, what is the probable mechanism which produced these changes? 
It is known that the rearrangement involves chromosomes which are 
brought into the egg by the x-rayed sperm. Therefore the breaks were 
undoubtedly caused by x-ray treatment. The right break, which occurred 


DEFICIENCY 
INSERTED SEGMENT 
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KtOlIRK 1 

Above, section of normal salivary chromosome. Below, changes in the two affected 
strands; straight line shows extent of deficiency, + « unaffected gene, full 0 » gene 
showing mutation; in the other strand, arrows show position of breaks, 0 gene 
producing mottled effect. 


at the same point in both of the recovered strands, might have been caused 
(a) by a single electron hit causing a break in the chromonema before it 
was split, (b) by a single electron hit causing breaks at the same point in 
two strands, or (c) by two independent hits each causing a break in one of 
the two strands at approximately the same point. The left breaks, which 
are at different points in the two recovered chromatids, might have been 
caused by (a) two independent hits, each producing a break in one of the 
two chromatids of the chromonema, or (b) one hit producing two breaks, 
one in each chromatid, at two different points of the chromonema. 

Genetic analysis of the region adjacent to the left break gives the clue 
for deciding between two possibilities. It is evident from figure 1 that in 
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the strand involving a deficiency the loci /a and rst are affected, namely, 
that a section of the diromosome adjacent to the break and extending 
through at least four bands has been changed. It is known that a break in 
the chromosome sometimes induces a change in the locus adjacent to that 
break. We have a few cases where a locus a short distance from the break 
has been affected, presumably through the position effect. However, such 
a condition is very rare and seems to be specific to the locus. Except for 
the present case it has never been observed for the rst locus. The incidence 
of breaks induced in the two strands at different places but close together 
is not known, but since this is the first case of this type on record it is justi¬ 
fiable to assume that it must be low. Since the frequency of each of these 
two events is low it seems very probable that their occurrence together indi¬ 
cates that they were induced by the same cause, which in the present case 
means by a single electron hit. This could be brought about through the 
action of a single excitation shock given by an electron to the surrounding 
matter and diffused over a relatively large area covering two strands in 
width and four bands or about 1.5 microns in length. However, this effect 
took place in the sperm where the chromosomes are very likely coiled and 
thus the length of the affected region may be considerably smaller than in 
the salivary gland chromosomes where the chromonema is stretched. It is 
reasonable to assume that salivary gland chromosomes are about one 
hundred times as long as chromosomes in the sperm, thus a 1.5 micron 
section of salivary chromosomes is condensed to about 150 A in the sperm. 
The spread of the physical excitation phenomena over such distance is not 
contrary to physical expectation. 

Summary. —Cytogenetic analysis of iV264-86, which was obtained from 
an x-rayed male, shows that two strands of the X-chromosome were af* 
fected by the treatment. One of the strands has a deficiency from 3C8 to 
3£5, inclusive, and in addition changes tufa and rs^ loci, while a piece from 
3C7 to 3£S, inclusive, has been taken out from the other strand and in¬ 
serted into chromocenter of 4. Thus the right breaks occurred at the same 
point, while the left breaks occurred at different points but dose to each 
other. It seems probable that the left breaks and the change in adjacent 
loci were induced by the exdtation produced by a ringle decbon hit. 

1 Patterson, J. T., GmuHics, 18, 32^2 (1238). 

< Moore, W. G., GmMics, 19, 209-222 (1934). 

* Nebei, B. R., Amet. J&ur. Sot., 24,365-372 (1937). 

«Sax, Goneiks, 23, 494-516 (1938). 

* Kaufmann, B. P.. Jour. Horod,, 30,179-190 (1930). 

* Katilmaim, B. P., and Bate, R. C., Froe. Nal. Aoad* 5^'., 24,366-^71 (1988)* 

7 Bridges, C. B., Jour. Herod., 29, 11-18 (193S). 
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A NOTE ON THE VARIATION OF DELTA SCUTI 
By Theodore Eugene Sterne 
Harvard Collkgk Observatory 
Commtmicated July 15, 1040 

The star B Sculi, —9^9' (1900), was found by Fath,*'^ from 

photoelectric measures made during July, 1935, and July and August, 
1936, to be variable with a range of the order of 0”‘2 and a period of Of19377. 
The radial velocity had already been found by Colacevich* to be variable 
in that period. Neither the light curve nor the radial-velocity curve, how¬ 
ever, is regularly periodic, and both curves appear to be in a state of con¬ 
tinual change. From the several nights on which simultaneous light and 
radial-velocity measures were made, it was seen that changes in the light 
ciiTve are Correlated with changes in the radial-velocity curve; and, finally. 
Path found that the range of the variation in light, appeared to be periodic 
in a period of 5^24774. He suggested that this might be an interference 
period, between the fundamental period of 0^19377 and a slightly longer 
“secondary” period of about 0^20120, Such a pair of periods would get 
into step with each other once every 5.24774 days, producing very nearly 
the observed variation in the range. 

It was pointed out by Sterne* that the preceding periods could not reason¬ 
ably be reconciled with the pulsation theory. For any single gaseous star, 
there are a set of dynamically possible modes of radial oscillation, which 
differ among themselves in the disposition and number of their nodal sur¬ 
faces, and in their periods. In the mode of lowest order (mode zero), the 
displacement vanishes only at the center; in the next mode the displace¬ 
ment vanishes at the center and also over a spherical surface inside the 
star. The ratio of the period of mode one to that of mode zero depends 
upon the law of distribution of matter within the star, as well as upon the 
effective ratio of specific heats, 7 , of the mixture of matter and radiation 
within the star. The ratio of periods was computed for a polytrope of index 
three by Edgar/ for certain particular values of y. The ratio of the period 
of mode two to that of mode zero was computed for this same model by 
Miss Kluyver/ who adopted a value of 20/13 for 7 ; while Sterne,^ in order 
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to determine what effect varying degrees of concentration of density would 
have upon the ratios of the periods, found the periods of all the modes of 
three other stellar models for all values of 7 . The general theoretical 
result is that no reasonable distribution of density can yield a ratio, be¬ 
tween the periods of the zero'th and first modes, that lies as close to unity 
as the ratio of 0^20120 and 0^19377. The order of the modes that could 
yield so close a ratio would have to be about the twenty-sixth or higher, 
and it is nearly impossible to imagine how a limited number of modes of 
such high order could be maintained in oscillation in a star, with the effec¬ 
tive exclusion of modes of lower order. 

To see whether it could not be reconciled with the pulsation theory, 
Sterne* rediscussed the observational material. The residuals of Path's 
observations from the mean light curve, formed according to the period 
0^19377, were found not to be periodic in a period 0^20120 and thus this 
value of the secondary period was ruled out. The residuals, however, 
could be fitted by a secondary period of Of18688, or alternatively of Of15739. 
A third possible value, 0^13603, was not in as good agreement with the ob¬ 
servations as either of the two longer values. The first of the three ob- 
servationally plausible values was inconsistent with the pulsation theory; 
the last two were not obviously inconsistent with it. Path's observations 
were made at the Lick Observatory, between about 0.7 and 0.9 of the Julian 
day, and did not enable one to discriminate between the two most observa- 
tionally probable values of the secondary period. The two alternative 
periods fitted the obseiyed magnitudes and the observed ranges equally 
well, and both fitted an observed sine-term in the ephemeris of the times 
of median increasing magnitude. Both values of the secondary period, 
moreover, seemed to fit the radial-velocity measures published by Colace- 
vich.* The principal indeterminacy, which arose from the distribution of 
the observations in time during the hours of darkness at a single observing 
station, could be removed only by observations made in different longi¬ 
tudes. There was another, and trivial, indeterminacy arising from the 
seasonal distribution of the observations. 

As the result of an arrangement made by Path through correspondence 
with the director, S Sculi was observed photoelectrically® by the Russian 
Abastumani Observatory, on Mt. Kanobili in Georgia, during the summer 
of 1938 while Path observed the star at the Lick Observatory. Path has 
recently discussed^ the important Mt. Kanobili observations, along with 
his own. The shorter, of Sterne's pair of suggested values of the secondary 
period, appears to fit the combined Mt. Kanobili and Lick observations 
better Hmt the lot^r value. The value adopted for the secondary period 
by Path is Of157382. For the fundamental period he finds Of 198770, and 
he finds evidence also for a third period, 0:095156. The corre^onding 
ranges are 0?033, 0T167 and OfOlL Beiades these three periods, that 
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persist throughout the three observational series, he finds small variations 
that do not persist throughout them all, and still others that appear to be 
erratic and hardly distinguishable from observational errors. 

It is the purpose of this note to indicate the bearing of Path's recent re¬ 
sults on the pulsation h 3 ^thesis. The three observed periods are in the 
ratio of 1:0.812:0,491. As has been mentioned, Miss Kluyveri has com¬ 
puted the ratio of the period of the second radial mode, of a polytrope of 
index three, to that of the zero’th mode. The value of y that she adopted 
was 1.54, and the ratio of periods that she found was 1:0.515. A slightly 
smaller value of y would make the agreement with the observed ratio, 
1:0.491, exact. Unfortunately, the period of the first mode of vibration 
of the polytrope does not appear to have been correctly computed by 
anyone, and a comparison with the observed ratio 1:0.812 is not now pos¬ 
sible. The periods computed by Edgar,® and included with reservations 
by Sterne'^ in his tables, appear to be inconsistent with Miss Kluyver’s 
computed results and to be too short. 

According to the Henry Draper Catalogue, the visual magnitude of 
5 Scuti is 4.74 and its spectral class is FO. Its revised spectral class is given 
as Fh by the Lick observers and as FAs by Mount Wilson. The Mount 
Wilson absolute visual magnitude is +1.4. From the spectral class and 
absolute magnitude, the star's radius is found® to be about 3.6 times the 
sun's; and from the spectral class, absolute magnitude, and mass-luminos* 
ity-temperature relation the mass is found to be about 2.5 times the 
sun's. The mean density is thus about 0.076 gm./cm.’, and with this mean 
density a polytrope of index three would have the period Of19377 for its 
lowest mode if y were just about 1.54. However, the observational deter¬ 
mination of the density is very rough, and but little stress should be laid < 
on the close agreement between the values of y inferred on the one hand 
from the ratios of periods, and on the other from the length of the funda¬ 
mental period. Moreover, the polytropic model can be but an approxi¬ 
mation to the actual distribution of density. Nevertheless, it can at least 
be stated that there does not now appear to be any insurmountable dis¬ 
crepancy between the periods of 6 SctUi and the pulsation theory. The 
very small non-persistent variations (of the order of one or two hundredths 
of a magnitude) reported by Path do not seem to the present author to be 
serious obstacles. Such small, irregular variations may not be related to 
pulsations at all, but may be merely superficial in nature, or due to convec¬ 
tion currents. It seems improbable that any luminous star should be 
absolutely constant in brightness, and in Cepheids one should expect the 
effects of the important pulsations and of the small erratic disturbances to 
be additive. 

It is greatly to be hoped that the periods of the first and second modes 
of a polytrope of index three may be computed for several values of y 
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in order to allow a more complete comparison to be made. It is possible 
that some information may thus be obtained about the distribution of 
density, since one ratio, but not two, can be fitted by varying y. 

In view of its smallest damping,one would in general expect the mode 
of longest period to exhibit the greatest amplitude. However, the theo¬ 
retical problem of the relative amplitudes is complicated by the influence, 
upon the maintenance of the oscillations, of the manner in which the com¬ 
pression-sensitive sources of energy are distributed throughout the stellar 
interior. Sources concentrated into regions where there are no changes 
in temperature and density, during the oscillation of a certain mode, can¬ 
not be effective in maintaining that mode in a state of oscillation even 
if the rate of generation of energy increases rapidly with increasing tem¬ 
perature and density. On the other hand, compression-sensitive sources 
in regions where there are changes in temperature and density, during the 
oscillation of a particular mode, can be effective in maintaining that mode 
in oscillation. It is of some interest in this connection to notice that the 
ranges of the three periodic variations found by Path in 5 ScuH are in the 
ratios of 1:0.197:0.066 magtaitudes, in decreasing order of periods. 6 Scuti 
is a member of the Canis Majaris type of stars. The existence of 
sine-terms, in the ephemerides of cluster-t 3 rpe variables like RR Lyrae, 
indicates that some of these stars also oscillate in more than one mode 
simultaneously. Classical Cepheids like 5 Cephei, of still longer period, 
exhibit great regularity in their light curves. The differences between 
the numbers of modes that are oscillating in some Cepheids, and in others, 
doubtless arise from differences of model that may involve differences in 
their distributions of sources of energy and in their compositions. 

Summary, —^From photoelectric observations made in different longi¬ 
tudes, Path has found {Lick Observatory Btdktin, No. 501, 1940) that the 
secondary period of the star 5 Scuti is probably 0^157382, and he finds evi¬ 
dence for a persistent third period of 0f095156. It is pointed out that 
these periods and the fundamental period of 0.103770 can be not unreason¬ 
ably interpreted as the three longest periods of radial oscillation. For a 
more complete comparison with the pulsation theory, and to gain knowl¬ 
edge about the distribution of density, it is desirable for the periods of 
the first and second modes of a polytrope of index three to be computed 
for each of several values of the effective ratio of specific heats. 

> Path, Lick Ohs. Bull., 17, 17S (1935). 

» Path, Ibid., 18, 77 (1987). 

• Colacevich, Ibid., 17, 171 (1936). 

* Sterne, Ap. J., 87, 133 (1938). 

* Edgar, M. N., 93, 422 (1933). 

• Kluyvcr, B. A. N., 7, 313 (1936). 

» Sterne, M. N., 97, 682 (1987). 
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GALACTIC AND EXTRAGALACTIC STUDIES, VIII, A NEW 
DETERMINATION OF THE PERIOD^LUMINOSITY CURVE 

By Harlow Shapley 
Harvard College Observatory 
Communicated August 13, 1940 

J. Introduction,—Tha basic significance of the period-luminosity rela¬ 
tion among Cepheid variables in all studies of the distances and dimensions 
of external galaxies encourages every effort to improve its empirical stand¬ 
ardization. The coordinates of the period-luminosity curve most com¬ 
monly used in recent years are those published in Harvard Monograph No. 
2, p. 135 (1930). For the derivation there given, the form of the curve is 
based on Cepheid variables in the Small Magellanic Cloud and in the 
globular clusters. The zero point of the curve (which happens to give 
absolute magnitude zero for the median of average cluster-t 5 rpe variables) 
is based on, the parallaxes and motions of the brighter galactic Cepheids. 
Recently the zero point has been examined critically by R. E. Wilson, who 
not only had at his disposal a great deal more observational data on radial 
velocities and proper motions than were at hand for my original derivation 
of the curve, but has also included in his discussion the effects of space 
absorption on the magnitudes and galactic rotation on the motions of 
galactic Cepheids.^ Wilson finds no need as yet for altering the adopted 
zero point, the computed correction being 0.0 0.2 for the cluster-type 

Cepheids and —O.M ^ 0.2 for the classical Cepheids. 


TABLE 1 

New Periods and Magnitudes for Thirteen Variables 


H. V. 
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• 

m 

A 

H. V. 
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A 

1408 

0.214 

16.6 

0.06 

1943 

0.210 

16.76: 

0.6: 

1420 

0.204 

16.6: 

>1.0 

1964 

0.321 

16.46: 

1.1: 

1665 

0.207: 

16.76 

0.4 

2002 

0.371 

16.2 

1.0 

1676 

0.166 

16.8 

0.6 

2114 

0.300 

16.4 

1.1 

1731 

0.327 

16.6 

1.0 

2173 

0.482 

16.2 

1.3 

1028 

0.221 

16.46 

0.0 

3610 

0.178; 

16,8: 

>0.6 

1823 

0.624 

16.3 

0.0 






It is now possible to re^amine the form of the period^uminosity curve 
with the aid of much new material on variable stars in the two Magellanic 
douds. Altogether we have available the periods and corrected median 
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magnitudes of 307 variables in the Small Cloud, and 137 in the Large Cloud. 
To those already published for the Small Cloud,‘ we can now add the list of 
faint variables given herewith in table L More than half of these thirteen 
stars have periods of less than two days and are valuable therefore in 
strengthening the fainter end of the period-luminosity curve. In fact, 
most of these stars had been suspected, on the basis of the insufficient ob¬ 
servational material then at hand, to be cluster-type Cepheids, or possibly 
variables in the period-interval between one and two days where it had 
been supposed until recently that periods rarely occur.* Miss McKibben 
derived the periods and median magnitudes for the stars of table 1; she 
and Miss Dowse have assisted in the calculations for the present paper. 


TABl^E 2 


INTBJKVAI. 

MBAN 

MBAN 

NO. OF 


OF VOO P 

LOO P 

m 

FTABA 

WBJOHT 

0.0-0.2 

0.140 

16.71 

17 

1 

0.2-0.4 

0.297 

16.46 

53 

3 

0.4-0.6 

0.601 

16.22 

61 

4 

0.6-0.8 

0.688 

15.88 

58 

4 

0.8-1.0 

0.897 

16.64 

39 

2 

1.0-1.2 

1.108 

15.03 

36 

2 

1.2-1,4 

1.263 

14.82 

19 

1 

1.4-1.6 

1.486 

14.40 

17 

1 

1,6-1,8 

1.662 

14.05 

2 


1.8-2.0 

1.877 

12.98 

3 


>2.0 

2.212 

12.85 

2 



2. The Period Luminosity Curve ,—^The data for the individual stars are 
plotted in figure 1, where the vertical ordinates are absolute photographic 
median magnitudes and the abscissae are logarithms of the periods. Prac¬ 
tically without exception the periods are very accurately determined, and 
the considerable scattering therefore represents observational and natural 
deviations in magnitude. The plotted crosses in the diagram represent 
means for intervals of two-tenths in the logarithm; table 2 contains these 
mean values. The fifth column of the table shows the weights adopted 
in the solution for the straight line in the diagram, for which the equation is 

m « 17.04 - 1.74 log P 

( 1 ) 

**=.05 >*=.06 

Although a straight line adequately represents the period-luminosity 
relation for the intervsd from 1.2 to 40 days, there is no o priori reason for 
expecting that the complicated phenomenon of Cepheid variation should 
exffibit throughout its wboh range of occurrence a linear relation between th 
and log P. In fact, we know that the curve flattens out for p^iods shorter 
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than one day, and the present evidence of figure 1 indicates also a devia* 
tion irom linearity for the longest periods. 

To obtain the absolute photographic magnitude as a function of period, 
the zero point has been ba^ on Wilson’s work on Hnsairal Cepheids, men¬ 
tioned atove. From his results we find that corresponding to log F «= 0.89, 
M — —1.83. From (1) we have m = 15.49 for log P = 0.89. On the 



0.0 0.6 1.0 Log P 1.5 . 2.0 2.5 

FIOVRB 1 

Photographic period-lutnlnosltjr curve. 


absolute scale, therefore, since the modulus is m — M « 17.32, the straight 
line representation may be written 

jj/0.28 - 1.74 log P (10 

which will be closdy approximate for periods between 1.2 and 40 days. 

It seems best, however, to represent the observations with the non¬ 
linear curve drawn in figture 1, and the coordinates (Ml this curve are those 
appearing in table 3 as the best values now available for the period-lumi¬ 
nosity relation. The last column of table 3 gives the differences between 
the eadier photographic period-luminosity curve and the present revision. 
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Not only are there few stars with periods longer than forty days, but 
their redness and relatively great apparent brightness make them difficult 
to measure with accuracy or certainty in the magnitude system applicable 
to the Cepheids of shorter period. The scattered points in figure 1 for log 
P > 1.6 may therefore be revised with further study of the magnitude 
system. A special photometric program is now under way at the Boyden 
Station of the Harvard Observatory which should stabilize the magnitude 
sequences for these brighter stars. 

In the absence of periods shorter than one day, no revision is offered for 
the period-luminosity curve fainter than apparent magnitude 17.0, or 
absolute magnitude — 0.35. 


TABLE 3 

Coordinates of Adopted Pbriod4vUMinositv Curve 


uoo or 

ABS . ro . 

H . MON. 2 

LOO or 

ABB. ro . 

if. MON. 2 

FBIUOD 

MAONITUDB 

— ADOrTBO 

rBBtOD 

MAOMITUDB 

— ADOPTBO 

0.1 

•"0,61 

+0.06 

1.0 

-2.02 

+0.13 

0.2 

0.68 

0.07 

1.1 

2.20 

0.13 

0.3 

0.86 

0.08 

1.2 

2.39 

0.13 

0.4 

1.01 

0.08 

1.3 

2.69 

0.12 

0.6 

1.17 

0.10 

1.4 

2,80 

0.12 

0.6 

1.33 

0.11 

1.6 

3.02 

0.09 

0.7 

1,49 

0.12 

1.6 

3.26 

+0.06 

0.8 

1.66 

0.13 

1.8 

3.73 

-0.08 

0.9 

-1.84 

+0.13 

2.0 

-4.24 

-0.36 


3, Conurning Space Absorption in the Cloud ,—The large scatter shown 
by the individual points in figure 1 is of considerable interest. The material 
as it stands is fairly homogeneous. The observations have been reduced to 
the system of a single observer, and the various sequences throughout the 
Cloud reduced to a common magnitude system.^ Many factors have con¬ 
tributed to the scatter, but unresolved doubling, thickness of the Cloud in 
the line of sight, space absorption in the Cloud, Bberhard and background 
effects and the natural spread of the luminosities for a given period are the 
most important. A considerable checking of results shows that the spread 
can be little decreased by more profuse or more precise photometry. The 
thickness of the Cloud can contribute about two-tenths of a magnitude to 
the spread. In places, local space absorption appears to play an important 
r61e; for escample, what appears to be the effect of fairly heavy localized 
absorption is iUustrated in figure 2 for six variables with periods almost 
alike, but with a spread in luminosity of more than 1.5 magnitudes. (In 
figure 1 these six stars are represented with dots and extruding lines.) The 
three faintest variables are in the denser part of the Cloud. 

It might be expected from figure 2 that the median magnitudes for a 
given period would be systematically brighter in the outer parts of the ssrs- 
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tern because of centralized space absorption. But, after the reduction of 
all observations to the system of a single observer and a single magnitude 
sequence, no appreciable general absorption is established. To examine 
this matter closely, period‘luminosity curves were derived separately for 
the inner and outer regions, and also for the nucleus and for the border re¬ 
gions. The resulting equations below should be compared with (1), and 
with each other. 


Inner: ’ = 17.00 — 1.69 logP (143 stars) 

=b.07 

Outer: m = 17.06 1.79 log P (164 stars) 

=*=.09 =fc.l2 

Nuclear: m = 16.84 “ 1.44 log P (77 stars) 

=*=.12 =*=.11 

Border: m == 17.01 — 1.70 log P (80 stars) 

=*=.08 =*=.10 


( 2 ) 

(3) 

(4) 

(5) 


The mean errors of the parameters indicate the fit of the calculated straight 
lines to the normal points for intervals of two-tenths of the logarithm of the 
period. A comparison of the constant terms in the foregoing relations 
indicates that the absorption in the nucleus and inner regions is not greater 
than farther out; if anything, the nucleus is the clearest—^a somewhat sur¬ 
prising result. But the slope of the period-luminosity curve is also low 
in the nucleus. Notwithstanding the large mean error, this low value is 
probably significant, and is indirectly attributable perhaps to the remark¬ 
able period-frequency phenomenon discussed in an earlier paper:’ among 
the nuclear stars there are relatively few short-period classical Cepheids. 
If we take a mean slope of 1.57 for the nuclear and border regions, we ob¬ 
tain: 

Nuclear: m = 16.95 — 1.67 log P 

=*= .05 

Bolder; m *= 16.94 — 1.57 log P 

sfa.05 

■ 

An extended study of the variables in nuclear regions is now in progress, 
with the hope of throwing more light on equation (4), as well as on the fre¬ 
quency of periods and on internal absorption. 

Another test of the possible differences in space absorption, when inner 
and outer regions are compared, is obtained directly from the mean appar¬ 
ent magnitudes of the variables with periods between five and ten days. 
We have: 
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MKAN 

MBAN 

limCBXB 

VBDOCVO 


PBRZOD 

MAOMITUDC 

OP STABS 

KAOHITUDV 

Inner 

7.130 

15.60 

41 

16.60 

Outer 

6.899 

15.68 

20 

15.66 

Nuclear 

7.126 

15.65 

27 

15.65 

Border 

6.785 

15.75 

11 

16.72 



Illustration of local space absorption in Small Magellanic Cloud. The variables in 
descending order (left-hand margin) are H. V. 1954, 1925, 1787, 1478, 1538 and 828. 
The periods, in days, are respectively, 16.7, 16.8, 16.2, 17.5, 16.4, 16.8. Minimum 
magnitude for H. V, 1478 is considerably brightened by a partially unresolved com¬ 
panion star. H. V. 1825, also of small range, is not visiUy double. The three faintest 
variables are in the densest part of the nucleus; the three brighter variables are well 
out the dense nucleus, but not in border areas. 


where the last coltimn contains magnitudes reduced to the period 7.13 days. 
The result is the same as before, 8ince> in photographic magnitudes^ 

Inner — Outer —0.06 ^ 0.06 (m» e.) 

Nuclear - Border » -0.07 ^ 0.06 (m. e.) 
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and the center of the Cloud is if anything the clearest part, so far as these 
mean results are an adequate test of absorption. 

For the 137 stars for which periods have been determined in the Large 
Magellanic Cloud ^ the linear relation is 

m = 17,14 - 2.08 log P . . 

* .08 .09 


The higher slope of the curve may indicate merely that the magnitude sys¬ 
tem differs from that of the Small Cloud, notwithstanding our earlier at¬ 
tempts to harmonize the magnitude sequences. The new southern photome¬ 
try should clear up this discrepancy. 

4. Distance of the Small Cloud .—With the revised period-luminosity 
relation we are able to make a revised determination of the distance of the 
Small Magellanic Cloud. The new modulus is 

w - Af = 17.35, 


a value differing inappreciably from 17.32, derived ten years ago. Al¬ 
though the modulus is well determined, with a mean error, probably not 
exceeding a tenth of a magnitude, the distance of the Cloud is indeterminate 
over a considerable range because of uncertainties as to the correction 
necessary to allow for galactic space absorption. The galactic latitude of 
45® insures fairly high transparency; and from available long-exposure 
Bruce photographs we have evidence of a high population of external 
galaxies in the neighborhood of both Magellanic Clouds.^ But much 
further analysis of stellar and nebular distribution in the southern hemi¬ 
sphere will be necessary before the distances to the Clouds can be given 
with close accuracy. For the present we may compute the distance of the 
Small Cloud on three assumptions as to the total photographic absorption, 
suggesting that the middle value be used for the present: 


ABttOHPTtON, 

m 


DXSTANCB 
IN KIL.OPARSBC8 


0.0 

0.26 

0.6 


29.5 

26.3 

23.4 


5, Summary .—^The number of classical Cepheids in the Small Magel¬ 
lanic Cloud for which we know the periods and median magnitudes has been 
much increased recently, and with the standardization of magnitude se¬ 
quences throughout the Cloud it has been possible to revise the period- 
luminosity curve. Recent work by Dr. R. E. Wilson on the zero point of 
the period-luminosity curve makes the revision especially appropriate at 
this time. 

Throughout the interval from 1.2 to 40 days (which covers the periods of 
most of the variables known in the Magellanic Clouds), a linear relation 
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between the logarithm of the period and the median magnitude is fairly 
satisfactory. A non-linear curve is adopted (table 3) which differs but 
little from the one now in general use. A study of the period-luminosity 
relation throughout the Small Cloud reveals no measurable difference de¬ 
pending on the density of star distribution. 

The scattering of points about the adopted curve (Fig. 1) is significant^ 
and only a part can be attributed to **Cloud thickness.*' Possibly space 
absorption within the Cloud is spotty in distribution and accounts for some 
of the larger deviations^ but there seems to be a real dispersion in absolute 
luminosity for Cepheids of the same period (Fig. 2). The new value ob¬ 
tained for the distance of the Small Cloud (section 4) is affected by the un¬ 
certain information on space absorption in the galactic system. 

> Mt. Wilson Contr. No. 604 (1939). 

• Shapley and McKibben, Han. Circ. 439, 1-6 (1940). 

• See fifth paper of this series, these Procbedinos, 26, 106 (1940); Hanard Reprint 
192. 

• Shapley. Han. Ann.. 105, No. 8 (19.37). 


THE SPECTRUM OFBD +30^3639* 

By P. Swings and O. Strote 

McDonald Obsbrvatorv, Univbrsity of Tbxas, and Ybrkbs Observatory^ Uni¬ 
versity OF Chicago 

CommumcRted August 9, 1940 

Recent investigations have again directed the attention of astronomers 
to this remarkable object consisting of a carbon Wolf-Rayet nucleus of 
type WC8, which is surrounded by a nebula showing strong forbidden lines 
of ionized nitrogen. 0. C. Wilson^ has used Wright’s measurements of the 
nuclear bands in his discussion of the physical duuacteristics of the Wolf- 
Rayet stars. Wright had called attention to the red shift of some of the 
bands and had attributed it to the encroachment of the absorption compo¬ 
nents on the violet edges. Wilson has also advanced an alternative explana¬ 
tion based upon the interpretation of the red shift as a gravitatioxud effect, 
and has stressed the importance of wave-length measurements in this 
object. 

We have recently found® a second object, HD 167362, which, like BD 
4-30^3639, shows the rather peculiar association of an exciting WoK-Rayet 
nucleus without any trace of nitrogen with a surrounding nebulosily which 
is very rich in nitrogen. This star has also fairly narrow emission bands. 
We secured in September, 1939, several slit spectrograms of Campbell’s ob- 
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TABLB 1 


EiossioN Limbs Dub to tbb Nuclbub or BD 30'’3688 


1 

1 


IPENTIPZCATIOK 

VIOLET 

BDOB 

RED 

BOOK 




X 

INT. 

ELEMENT 

X 

INT. 

. 

A 

WBIOHT 

A 

PL&SKBTT 

NOTES 

3332.8 

2 

|gy|u 

3333.00 

4 









3330.40 

4 






3340.1 

3 


3340.74 

0 



3342. 



3347.8 

1 

OIV 

3348.08 

2 






3369.4 

3375.6 

1 

1 

OIVi 

3349.11 

3 






OIV 

3376.6 

2 






3380.2 

1 

OIV 

3381.3 

4 

i 



i 


3386.7 

1 

OIV 

3385.6 

5 








0 in 

3384.95 

4 






3381.0 

2 

0 II 

3390.26 

8 




1 


3396.6 

2 

OIV 

3396.8 

2 






3404.1 

3 

OIV 

3403.58 

3 



3404. 



3412.9 

4 

OIV 

3411.76 

4 



3414. 



3429.1 

2 ! 

0 in, 

3428.67 

3 



3429. 





0 III 

.3430.60 

4 






3446.4 

3nn 

0 III 

3440.39 

4 

3439.6 

3462.0 

3447. 





O III 

3444.10 

6 


1 






0 III 

3446.73 

2 








0 in 

3460.94 

4 

i 





3466. 

1 

O HI 

3466.12 

6 


1 




3470. 

3603.7 

3664. 

1 : 
2nn : 
2 

on 

3470.81 

8 






He I 

3664.6 

1 





(1) 

3661. 

2 i 

OIV 

3560.42 

1) 





(1) 



OIV 

3563.36 


1 

i 

3664. 



3667. 

2 


1 

•• j 





(1) 

3586.8 

1 

Hel 1 

3587.4 

1 






3609.42 


c in 

3608.61 

6 

3606.1 

3612.2 

3611. 




1 

C HI 

3608.96 

4 






3640.0 

2n 

1 

0 III 

3638.70 

3 



3640. 



3665.6 

2 ! 









3703.91 

2nn 

0 in 

3702.76 

5 



3705. 


(2) 



0 in 

3703.37 

5 








0 HI 

8704.73 

3 








o in 

3707.24 

6 








c in 

3703.62 

2 








He I 

3706.00 

3 






3712.28 

3714.63 

2 

3 

0 in 
0 in 

3712.48 
3716.08 


3711.5 

3716.4 




3760.13 

6 

O III 

3769,87 

i 9 

3767.0 

3763.6 

3760. 



3774.02 

2 

0 III 

3774.00 

0 

3772.6 

3778.6 




3780.96 

! 2 

0 in 

3781.26 

6 

3788.4 

3793.7 

3794. 



3804.14 
3813.0 

1 2 









1 

Hell 

3813.63 



■ 


1 

(8) 



0 III 

3810.86 

2 
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TABLE 1 { PontinuMd ) 


Emission Lines DijrB to the Nucleus op BD 30^3639 


X 

INT. 

IDBNTlPICATtON 

VIOLBT 

BDOB 

RBP 

BPOB 

X 

WBtOHT 

X 

fi,a«kbtt 

NOTSB 

KLBKBNT 

X 

INT. 

8817.6 

1 

0 III 

3816.75 

1 





(3) 



He I 

3819.61 

4 






3888.77 

5 

He I 

3888.65 

10 / 

3883.2 

3894.3 

3884£ 


(4,6) 



C III 

3889.18 

4) 



3894E 



3916 20 

4 



. A 






3919.81 

4 

CII 

3918.98 




( 3916£ 





CII 

3920.68 

V 

3913.0 

.3927.2 

■J .3920Af 

3920.2 


3924.22 

2 

Si in 

3924.44 




/ 3925£ 





He II 

3923.51 

) 






3934.53 

1-2 

C IV 

3934.1 







3961.39 

1 

?0 III 

3951.82 

0 






3961.66 

2 

0 HI 

3961.59 

8 



3962. 



3974.30 

1 

on 

3973.27 

10 






4026.13 

3 

He I 

4026.19 




4027. 

4020. 

(3. 6) 



He IT 

4025.64 


4023.2 

4a36.6 




4031 61 

2 



..3 






4056.58 

3 i 

C III 

4066.06 

5 

4052.3 

4000.6 

4066.7 

4056.6 

(6) 

4070.59 

4n ; 

C III 

4067.87 

9 

4065.0 

4075.2 

4070. 

4068. 

(3. 4. 6) 



C III 

4068.97 

10 




4071. 




C III 

4070.30 

10 






4088.49 

2 

Si IV 

4088.86 

10 

4085.2 

4093.1 

4088.9 

4089. 

(6) 

4115.04 

3 

Si IV 

4116.10 

8\ 



4113J5 J 







1 



4115.IJIf}* 

4117. 


4120.41 

3 

Hel 

4120.81 




4121.4Jif) 



1 


C III 

4122.05 

In 

4113.2 

4133.6 




4128.41 

1-2 

Sill 

4128.05 




4129.6Ar 

4127. 


4130.74 

2 

Si II 

4130.88 

DH 



4133. £ 

4130. 


4142.85 

1-2 

Hel 

4143.77 

1 

mm 






4166.94 

4 

C III 

4156.50 


4152.1 

4158.9 

4156.4 

4166. 




C III 

4152.43 

3 






4162.90 

3 

C III 

4162.80 

5 

4159.7 

4166.1 

4163.8 

4164. 


4168.56 

1 

Hel 

4168.97 

1 






4176.99 

1 1 









4186.44 

5 

C III 

4187.16 

10 

4182.3 

4191.3; 

4187.7 

4186. 

(4) 

4200.90 

2 

He II 

4199.87 

2 



4200.6 

4200.2 


4213. 

1 

Si IV 

4212.44 

3 





(6) 

4228.64 

2 





1 

4229.6 

4229. 


4237.77 

1-2 

. . . 




j 

4239. 



4263.08 

1 

1 ! 

Oil 

4253.98 

Sn 


1 



(6) 

4267.60 

6 

CII 

4267.27 

10 

4260.2 

4273.8 

4266.9 

4267.2 




CII 

4267.02 

8 1 






4316.16 

2 

on 

4317.16 

8 

1 



4316.7 

4317. 




CII 

4317.42 

4 






4326.23 

5 ; 

c in 

4326.70 

s 

4321.2 

4329.9 

4325.8 

4326. 

(6) 

4347.40 

2 

on 

4346.57 

7 



4347. 

4349. 




on 

4347.43 

5 








on 

4349.43 

8 
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TABLE 1 <Con<tfiH«d) 

Emission Lines Dub to thb Nucleus op BD 30^3639 


X 

tHT. 

rosNTxriCATion 

VXOLBT 

BDOB 

BBD 

BDOB 

X 

WRIOBT 

X 

PLASKBTT 

Nona 

blbkbnt! 

_mi 

isr. 

4367.68 


C III 

4368.14 

4d 



4368.1 

4368. 


4376.16 

1 

o in 

4376.16 

ln\ 








CII 

4374.28i 

5 I 




4379. 




CII 

4376.78 

2d( 





4382 05 

3 

.i 


.. ; 





(3) 

4387.69 

3 

He I 

4387.03 

3 



4385(nn) 

4388.1 

(3) 



C Ill 

4388.24 

2 






4413.05 

3 

Cll 

4413.62 





4413.0 

(3) 



CII 

4411.20 

5 ( 








on 

4414.89 

iW 



4416.2 



4419 95 

2 



.. ; 




4417 6 


4441.20 

4 

C IV 

4441.81 

0 



4441.4 

4440.6 

(7) 

4457.21 

Inn 


. 

« * 



4457. 

|4464. 

11 

(8) 









1 4450. 


4472.27 

3 

He I 

4471.48 

6 



4472.4 

4471.4 

(4. 6) 

4516.12 

4 

C III 

4516,93 

4 



4516.6 

4616,4 

(4) 



c in 

4516.02 

3 






4642.03 

2-3 

He 11 

4641.63 

i 5 



4642.7 

4642.2 

(5) 

4663.0 

1 

Si III 

4652.61; 

9 



4555.0 

4564.1 


4668.0 

1 

Si HI 

4667. &3 

7 



4569. 

4667.8 


4603.06 

2n 

C III 

4603.47 

2d 



4693.9 




* 

O II 

4600.98 

9 








on 

4606.19 

8 






4610.22 

2n 

CII 

4618.85 

5d 



4619. 

4620. 


4631.66 

2 

Si IV 

4631.38 

3n 



4634. 

4633.7 


4660.20 

10 

C III 

4647.40 

20 

4646.0 

4654.1 

4661.6 

4660.6 

(4.6) 



C III 

4650.16 

19 








C III 

4661.36 

18 






4666.33 

4 

Si IV 

4664.14 

4n 




4666.4 

(3) 



CIV 

4668.64 

5 








CIV 

4666.6 







4666.74 

4 

C III 

4666.90 

6 



4666.0 

4665. 

(4) 



C III 

4663.63 

4 








CIV 

4664.6 







4686.67 

4 

Hell 

4686.81 

300 



4687.1 

4686.3 

(4.6) 

4704. 

1-2 






4702,2 


(5) 

4786.7 

1 

CIV 

4786.6 




4780.4 

4786.6 



OIV 

4783.4 

2 




1 



Notes: 

E M edge; M maximum. 

(1) The separation of these three lines is difficult. 

(2) Very broad band with complex structure; complicated also by the presence of a 
line of nebular origin. 

(3) Measurement difficult. 
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(4) Absorption components measured at: 3882.16 (5); 4063.06 (2); 4180.93 (2); 
4466.19 (2); 4610.27 (2); 4641.74 (7, from 4637.82 to 4646.03); 4660.28 (2); 4680.04 
( 2 ). 

(6) Absorption components measured by Wright at; 3883.0| 4022, 4050.9, 4063.8, 
4084.7, 4320.6, 4465.8, 4638, 4641.8, 4681.0,4696.7. 

(6) Line uncertain. 

(7) This line is narrower than the C III lines and has a weak violet absorption com¬ 
ponent. 

(8) This very broad line may be double. 


ject at the McDonald Observatory. The nuclear lines of BD +30®3639 
are relatively narrow and the surrounding nebulosity is not too rich in 
lines. The star is, therefore, suitable for accurate measurements of wave¬ 
lengths. One of the spectrograms was obtained with the 500-mm. camera 
and the quartz prisms, the dispersion being 40 A/mm. at X 3933; another 
quartz spectrogram was taken with a dispersion of 100 A/mm. at X 3033. 

The spectrum has been investigated by Wright,* Plaskett,^ Beals,* Edldn* 
and Stoy.’^ Our spectrograms are intended to supplement the earlier ma¬ 
terial. The sharp lines of nebular origin have been used to correct the 
radial velocity.* 

Table 1 contains the results of measurements of the emission lines due to 
the Wolf-Rayet nucleus. It is limited to the region from X 3330 to X 4786; 
for the region X <3330, we refer to the investigation by Stoy. Above 
X 4786, our measurements are in good agreement with Wright’s table and 
are, therefore, not reproduced. In the region covered by table 1, Stoy has 
measured lines at XX 3342, 3358, 3375 and 3385. 

The first column of table 1 gives the measured wave-lengths with two 
decimals when obtained from the spectrogram of higher dispersion; the 
ultra-violet lines given with one decimal or with no decimal were measured 
on the spectrogram of low dispersion. Columns 6 and 7 give the edges of 
some of the lines. Columns 8 and 9 contain the wave-lengths by Wright* 
and by Plaskett.^ Most of the lines are satisfactorily identified. 

Table 1 shows that the nucleus of Campbell’s object is a typical carbon 
star; there is no trace of nitrogen at any stage of ionization. 

For the discussion of a possible red shift, the only suitable nuclear fea¬ 
tures are the strong unblended lines, for which we have good identifications 
and reliable laboratory wave-lengths and which are not too close to lines of 
nebular origin. Only the lines measured with the higher dispersion are 
here considered. About fifteen lines may be used for this purpose. It is 
obvious that there is no systematic red shift. An appreciable displacement 
toward the red is observed only in the few cases where the violet absorption 
component is very strong. 

We have also considered our results of measurements of two other 
planetary nuclei with narrow bands, namely NGC 6543 and HD 167362. 




VoL. 26, 1940 ASJ JiOmMV: SlVINGS AND STRUVE 663 

The first WoK-Rayet nucleus contains N IV and C IV with similar intensi¬ 
ties, whereas the second is a pure carbon star. In neither case is there an 
appreciable systematic red shift. 

If we consider the best unblended identifications, we find the following 
average widths: 


TABLE 2 


Widths of thb Bright Lines of Various Elements 


Blrmbnt 

Ionization Potbntiai. 

WtDTlC IN aK./aBC. 


24.26 

965 

He 

24.46 

859 

Si+++ 

44.96 

677 

C++ 

47.64 

666 


54.62 

474 


This table illustrates the well-known decrease in width with increasing 
ionization potential. The lines do not show an occultation effect, so that 
the sequence in width corresponds to a sequence in ejection velocity, 

A direct determination of the ejection velocity may be made for He I and 
C III, for which absorption components of the P Cygni type have been 
observed. The result is: for He I, Vcj. =* 488 km./sec.; for C III, V^j. — 
378 km./sec. This confirms the relation with ionization potential. 

* Campbell’s hydrogen envelope star. HD 184738; a (1900) t9*30*?8; « (1900) 

4 - 30 * 18 '. ' 

* Ap, Jour., 91, 394 (1940). 

» Pfoc. Nat. Acad. Set., 26, 454 (1940). 

» Pub. Lick Obs., 13, 220 (1918). 

* Pub. Dorn. Ap. Obs., Victoria. 2,287 (1924) (especially table 18, p. 348). 

^ Ibid., 4, 271 (1929). 

» Zs. f. Ap., 7, 378 (1933) (see table 9). 

’ Pub. Astr. Soc. Pac., 47, 162 (1936). 

* The sharp-line spectrum consists of the usual lines of a low-excitation nebula; the 
Balmer series is seen to Hta on our low-dispersion spectrogram. 
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GALACTIC AND EXTRAGALACTIC STUDIES, IX. A PHOTO¬ 
METRIC SURVEY OF 22,000 GALAXIES IN THE ZONE FROM 

h ^ +41® ro 5 = +46® 

By Harlow Shapley and Rebecca B. Jones 
Harvard College Observatory 
Communicated August 13, 1940 

1. Introduction .—In an earlier paper a report was made on the space 
distribution of galaxies in high southern galactic latitude. ‘ Radial and 
transverse density gradients were considered, and an average space-density 
parameter was derived. The five hundred square degrees covered in that 
photometric survey are sufficiently near the south galactic pole to leave us 
essentially free from the difficulties of space absorption. 

In the present study we examine the distribution, to photographic magni¬ 
tude 17.5, and fainter, of the galaxies in a belt which encircles the sky at 
declination +43? 6, and is therefore principally in the northern galactic 
hemisphere. A zone in this particular declination is selected because the 
plates can be made when the fields are near the Oak Ridge zenith and be¬ 
cause the Selected Area sequences,^ an hour apart in declination +45®,’ are 
available for magnitude work. More than half of the plates contain these 
standard magnitude sequences, well located for direct use in estimating 
nebular magnitudes, or for comparison (in galactic latitudes higher than 
20®) with the sequences set up by the star-count method. This direct tie- 
up all around the zone with a consistent set of standards provides what is 
perhaps the most homogeneous collection of nebular magnitudes yet ob¬ 
tained. 

2. The Observations .—The forty-four three-hour photographs used for 
the survey were made by Mr. Henry A. Sawyer with the 16-inch Metcalf 
telescope at Oak Ridge during the past five years. The marking of new 
galaxies and the estimates of photographic magnitudes were nearly all 
made by Miss Rebecca Jones. The plate material is described in table 1. 
It will be noted that the belt crosses the galactic plane twice, and that the 
highest northern galactic latitude attained by the plate centers is +74?0, 
the highest southern, —18? 2. The material is therefore suitable for ex¬ 
amining the galactic latitude effect (space absorption), while still keeping 
clear of the numerous clusters near the north galactic pole. 

In form, table 1 closely follows the first table of Harvard Reprint 194.^ 
The codrdinates, equatorial and galactic, of the plate centers are for the 
equinox 1900; the qualities {Q) in the sixth column are on the scale of 10 
for the highest quality; and are, respectively, the plate limit for stars 
and the limit of nebular completeness, and Nih^^ is the total number of 
objects equal to and brighter than magnitude 15.5. 
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TABLE l 

Summary of Platbs, Magnitude Limits and Counts 


PIRATE 

RA (1900) DSC. 

X 

0 

Q 


n 


iYii.i 


MC 27466 

0*3r6 +43°66' 

88?4 

-18?0 

6 

18.3 

17.6 

200 

5 

150 

2746;^ 

1 01.2 

44 04 

94.0 

"17.8 

6 

18.2 

17.7 

301 

18 

240 

29210 

1 36.2 

43 07 

100.7 

"17.7 

7 

18.2 

17.5 

224 

11 

163 

29232* 

2 10.6 

43 20 

106.9 

"15.7 

6 

18.2 

17.6 

363 

39 

275 

27881 

2 41,1 

43 51 

111.9 

"13.0 

7 

18.2 

17.6 

442 

30 

366 

30616* 

3 13.0 

43 38 

117.1 

"10.2 

7 

18,0 

17.6 

305 

59 

225 

27899t 

3 48.1 

43 59 

122.0 

" 6,2 

6 

17.8 


40 

1 

27 

29214 

4 16.7 

43 13 

126.2 

" 3.3 

6 

17,8 


26 

0 

13 

29211 

4 49.0 

43 19 

130.1 

4 1.3 

5 

18.0 


12 

1 

7 

27586 

5 20.2 

43 16 

133.6 

4 5.9 

4 

18.0 


16 

0 

13 

27909 

6 67.3 

44 16 

136.1 

412.1 

5 

18.2 


29 

2 

20 

27546 

6 30,4 

44 01 

138.8 4-17.4 

7 

18.6 

17.6 

185 

18 

139 

28733 

7 06.0 

44 00 

141.1 

+23.3 

6 

18.3 

17.7 

670 

7 

468 

28763 

7 36.8 

44 01 

142.7 

+28.8 

6 

18.2 

17.6 

571 

10 

453 

29493 

8 16.0 

43 39 

144.5 

+36.5 

6 

18.0 

17.6 

711 

21 

583 

29215 

8 38.5 

44 01 

144.4 

+39.8 

6 

18.2 

17.7 

926 

36 

716 

27687 

9 17.9 

43 23 

146.2 

+46.9 

8 

18.4 

17.7 

835 

35 

663 

30078 

9 47.6 

43 47 

143.6 

+52.2 

8 

18.5 

17.9 

1226 

41 

1028 

29266 

10 22.1 

43 29 

141.6 

+68.3 

6 

18.4 

17.5 

1377 

32 

1096 

2928i{ 

10 64.8 

43 27 

136,8 

+63.8 

8 

18.5 

17.6 

1016 

35 

811 

28788 

11 26.2 

43 43 

128.7 

+68.3 

7 

18.1 

17.6 

769 

16 

594 

27639 

11 58.1 

43 47 

115.3 

+72.1 

9 

18.3 

17.4 

1277 

49 

974 

27704 

12 27.6 

43 46 

98.2 

+74.0 

5 

18.1 

17.6 

878 

43 

677 

3CX)38- 

13 04.1 

43 42 

74.4 

+73.6 

7 

18.0 

17.6 

1435 

31 

1172 

30129 

13 41.8 

43 26 

66.2 

+70.2 

6 

18.1 

17.5 

1079 

38 

890 

29962 

14 13.4 

43 69 

46.7 

+65.4 

6 

18.3 

17.6 

714 

19 

583 

29979 

14 42.8 

43 61 

41,0 

+60.8 

6 

18.1 

17.4 

639 

59 

474 

28949 

16 10.6 

43 25 

37.2 

+66.2 

6 

18.0 

17.3 

650 

67 

415 

30079 

15 48.9 

44 (M) 

36.0 

+49,2 

7 

18.2 

17.6 

1726 

69 

1425 

30186* 

16 26.3 

43 34 

34.8 

+42.7 

6 

18.0 

17.6 

1143 

50 

939 

29637 

16 54.4 

43 48 

36.5 

+37.5 

6 

17.9 

17.2 

600 

49 

367 

30123* 

17 26.6 

43 29 

36.0 

+31.6 

8 

18.3 

17.6 

808 

40 

616 

30224 

17 68.1 

43 32 

37.6 

+26.1 

6 

17.7 

17.2 

442 

14 

373 

28960 

18 33.9 

43 08 

39.2 

+19.8 

6 

18.0 


222 

24 

189 

30086 

19 06.3 

43 46 

42.1 

+14.7 

7 

17.9 


282 

23 

243 

30229 

19 38.9 

43 27 

44.7 

+ 9.2 

7 

17.9 


83 

10 

69 

30210 

20 10.3 

43 29 

47.8 

+ 4.4 

8 

17.9 


11 

1 

7 

29673 

20 46.8 

43 22 

61.8 

- 0.9 

5 

17.9 


8 

0 

4 

29670 

21 14.9 

43 31 

65.4 

- 4.4 

6 

17.9 


11 

0 

9 

27412 

21 48.4 

43 18 

89.9 

- 8.6 

7 

18.3 


61 

5 

42 

29661 

22 19.8 

43 02 

64.6 

-12.0 

6 

17,9 


41 

13 

30 

27880 

22 61.3 

43 47 

70.1 

-14.0 

6 

18.2 


59 

4 

44 

29760 

23 27.1 

43 30 

76.3 

-16.6 

8 

18.0 

17.4 

148 

17 

108 

29768 

23 68.0 

43 04 

81.9 

-18.2 

6 

18.3 


61 

5 

36 





6.4 

18.12 17.51 

22^311 

1047 

17,736 


* Contains recognised duster of galaxies, 
t Exposure 155 minutes; all others 180 minutes. 
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TABLB 2 

SUMKARY OP MaONITOOBS 


rLATK 


15.6 

15.0 

16.7 

15.8 

15.0 

16.0 

16.1 

16.2 

16.3 

16.4 

16.6 

MC trrm 

2 

3 

5 

5 

10 

15 

20 

25 

33 

35 

36 

38 

27463 

13 

14 

16 

17 

22 

23 

25 

27 

29 

32 

36 

41 

29210 

9 

10 

11 

13 

15 

15 

16 

16 

22 

26 

30 

35 

20232 

27 

31 

33 

41 

46 

51 

54 

59 

69 

77 

85 

93 

27881 

19 

23 

29 

31 

37 

43 

51 

69 

68 

78 

86 

93 

30616 

30 

38 

46 

61 

67 

73 

77 

79 

83 

93 

102 

113 

27899 

1 

1 

1 

2 

6 

7 

8 

10 

12 

12 

13 

15 

29214 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

20211 

0 

1 

1 

2 

2 

3 

3 

4 

4 

4 

4 

4 

27686 

0 

0 

1 

1 

2 

3 

3 

4 

4 

6 

6 

7 

27909 

2 

2 

2 

2 

2 

3 

3 

4 

6 

6 

9 

14 

27546 

11 

13 

15 

17 

21 

23 

27 

31 

36 

41 

44 

48 

28733 

4 

4 

6 

8 

11 

16 

20 

24 

34 

48 

59 

69 

28763 

5 

6 

8 

14 

21 

28 

36 

46 

59 

73 

87 

104 

29493 

15 

16 

18 

23 

32 

39 

48 

56 

64 

78 

89 

102 

29216 

27 

33 

42 

60 

55 

59 

69 

80 

90 

104 

116 

128 

27687 

27 

29 

34 

44 

56 

68 

79 

90 

107 

121 

134 

149 

30078 

29 

32 

34 

42 

55 

66 

77 

87 

101 

119 

136 

156 

29265 

25 

27 

32 

43 

59 

66 

74 

82 

92 

106 

121 

137 

20283 

22 

29 

39 

41 

49 

56 

66 

77 

93 

116 

187 

159 

28788 

8 

12 

16 

19 

26 

34 

43 

52 

60 

74 

86 

99 

27639 

43 

49 

56 

60 

70 

75 

88 

99 

109 

121 

140 

188 

27704 

25 

30 

32 

39 

45 

57 

69 

81 

95 

116 

129 

142 

30038 

21 

25 

36 

45 

55 

64 

77 

93 

120 

154 

177 

197 

30120 

26 

28 

34 

36 

44 

53 

61 

69 

76 

98 

113 

128 

20962 

14 

16 

20 

23 

29 

36 

42 

49 

60 

74 

89 

107 

20979 

38 

42 

44 

61 

66 

64 

71 

77 

87 

101 

111 

120 

28949 

45 

51 

60 

63 

68 

79 

93 

107 

121 

132 

148 

167 

30079 

39 

48 

58 

71 

86 

107 

128 

146 

164 

182 

200 

222 

30186 

39 

40 

53 

68 

91 

109 

125 

141 

167 

199 

225 

253 

29637 

24 

31 

42 

58 

71 

80 

96 

112 

129 

150 

164 

177 

30123 

20 

25 

29 

33 

45 

63 

64 

76 

90 

106 

128 

142 

30224 

9 

13 

17 

27 

40 

50 

64 

80 

105 

121 

138 

158 

28950 

12 

18 

26 

33 

38 

45 

53 

62 

74 

84 

94 

107 

30086 

18 

21 

24 

27 

32 

38 

46 

56 

69 

80 

94 

110 

30229 

7 

9 

11 

14 

17 

18 

21 

26 

33 

37 

42 

47 

30210 

1 

1 

1 

2 

2 

2 

2 

3 

3 

3 

3 

3 

29073 

0 

0 

0 

0 

0 

1 

2 

3 

3 

3 

3 

3 

29670 

0 

0 

1 

1 

1 

1 

2 

3 

4 

5 

6 

8 

27412 

1 

1 

1 

1 

4 

7 

10 

13 

19 

23 

25 

26 

29661 

10 

11 

13 

13 

14 

17 

19 

21 

23 

24 

24 

25 

27880 

1 

2 

2 

2 

2 

2 

3 

5 

6 

12 

15 

19 

29760 

12 

14 

16 

18 

22 

24 

26 

29 

31 

32 

34 

38 

20768 

2 

3 

5 

10 

12 

16 

18 

18 

19 

22 

24 

25 


Cum. tot. 44 088 806 967 1171 1438 1080 1978 2281 2673 3127 3086 4016 
Log tot. 44 2.83 2.01 2.99 3.07 8.16 3.23 3.30 8.30 8.43 8.50 3.50 3.60 
Log tot. 18 2.60 2.70 2.83 2.91 3.00 3.07 8.14 8.21 3.26 8.33 3.39 3.44 
Log tot. 9 2.30 2.41 2.40 2.00 2.64 2.70 2.77 2.83 2.00 2.98 8.04 3.11 
Non-cum. tot. 683 125 109 204 267 201 280 SOS 892 404 406 480 
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10.6 

16.7 

16.8 

16.9 

17.0 

17.1 

17.2 

17.8 

17.4 

17.5 

17.5 

17.7 

17.8 

1X7.8 

43 

46 

60 

60 

68 

78 

84 

93 

101 

117 

333 

143 

152 

159 

45 

49 

66 

64 

71 

77 

91 

106 

122 

160 

171 

198 

224 

240 

45 

50 

65 

64 

70 

76 

87 

93 

102 

120 

138 

149 

153 

163 

104 

111 

121 

130 

136 

141 

156 

166 

185 

213 

238 

251 

266 

275 

121 

136 

162 

170 

189 

214 

239 

253 

271 

294 

315 

333 

344 

356 

123 

128 

136 

142 

147 

153 

161 

171 

185 

201 

213 

219 

223 

225 

16 

16 

17 

20 

22 

24 

27 

27 

27 

27 

27 

27 

27 

27 

0 

0 

1 

2 

3 

4 

i 

9 

11 

12 

13 

13 

13 

13 

4 

4 

4 

6 

5 

6 

6 

6 

6 

6 

7 

7 

7 

7 

8 

8 

9 

9 

10 

12 

12 

13 

13 

13 

13 

13 

13 

13 

16 

17 

18 

19 

19 

20 

20 

20 

20 

20 

20 

20 

20 

20 

61 

66 

72 

78 

82 

88 

94 

104 

110 

118 

125 

130 

134 

139 

82 

94 

no 

128 

\m 

170 

203 

225 

254 

291 

336 

380 

426 

468 

124 

140 

160 

180 

196 

213 

248 

272 

304 

356 

391 

421 

443 

453 

117 

130 

146 

168 

188 

213 

261 

300 

352 

435 

502 

661 

581 

583 

141 

154 

171 

191 

211 

238 

284 

316 

364 

431 

504 

697 

664 

716 

182 

206 

233 

247 

26;i 

288 

316 

341 

370 

422 

472 

531 

580 

663 

102 

209 

228 

264 

293 

325 

376 

433 

486 

567 

647 

732 

831 

1028 

UH 

177 

192 

228 

268 

323 

391 

470 

673 

707 

808 

886 

956 

1096 

185 

203 

225 

264 

297 

338 

403 

461 

523 

607 

664 

716 

768 

811 

122 

140 

162 

189 

214 

243 

285 

332 

386 

452 

508 

542 

671 

594 

226 

254 

291 

324 

401 

467 

537 

610 

701 

778 

860 

919 

956 

974 

176 

192 

210 

233 

269 

297 

336 

386 

437 

495 

561 

614 

653 

677 

245 

272 

304 

368 

426 

495 

586 

679 

789 

933 

1024 

1112 

1167 

1172 

158 

177 

202 

236 

270 

316 

388 

457 

546 

637 

704 

763 

825 

890 

124 

145 

174 

212 

239 

266 

319 

360 

409 

460 

499 

534 

560 

583 

146 

161 

179 

202 

225 

254 

293 

318 

354 

395 

431 

457 

469 

474 

186 

197 

211 

233 

252 

274 

312 

337 

358 

387 

401 

411 

414 

415 

24$ 

269 

295 

346 

392 

453 

671 

685 

800 

942 

1096 

1246 

1352 

1425 

204 

319 

348 

391 

426 

466 

532 

696 

665 

774 

847 

903 

033 

939 

201 

213 

226 

248 

266 

286 

319 

338 

354 

363 

365 

367 

367 

367 

168 

184 

204 

230 

251 

274 

320 

356 

402 

460 

502 

554 

589 

616 

183 

203 

229 

259 

280 

299 

331 

349 

364 

371 

873 

373 

373 

373 * 

i2;i 

134 

147 

154 

162 

176 

178 

183 

187 

188 

188 

188 

188 

189 

134 

151 

172 

193 

208 

223 

237 

239 

243 

243 

243 

243 

243 

243 

63 

66 

60 

63 

65 

66 

69 

69 

69 

69 

69 

69 

69 

69 

6 

5 

6 

6 

6 

6 

6 

7 

7 

7 

7 

7 

7 

7 

3 

3 

3 

3 

3 

3 

3 

3 

4 

4 

4 

4 

4 

4 

S 

8 

9 

9 

9 

9 

9 

9 

9 

9 

9 

9 

9 

9 

30 

32 

34 

37 

39 

40 

42 

42 

42 

42 

42 

42 

42 

42 

27 

27 

28 

29 

29 

30 

30 

30 

30 

30 

30 

30 

30 

30 

22 

24 

28 

32 

35 

38 

39 

43 

44 

44 

44 

44 

44 

44 

44 

48 

54 

60 

65 

71 

76 

86 

96 

104 

106 

107 

107 

108 

20 

30 

32 

32 

32 

32 

33 

36 

36 

36 

36 

36 

36 

36 

4727 

fil86 5762 6521 7288 8083 0307 

10427 

imi 

13330 

14685 

15900 

16813 

17735 

3.67 

3.71 

3.76 3.81 

a.86 3.01 3.07 

4.02 

4.07 

4.12 

4.17 

4.20 

4.23 

4.26 

3.52 

3.56 3.60 3.66 3.71 3.76 3.83 

3.89 

3.95 

4,01 

4.06 

4.09 

4.12* 

4.16 

3.19 

3.24 3.20 3.35 3.41 3.48 3.55 

3.61 

3.67 

3.74 

3.78 

3.82 

3.84 

3.86 

711 

450 

576 

759 

717 

845 1224 

1120 

1284 

1619 

1355 

1215 

913 

022 



558 


ASTRONOMY: SHAPLBY AND JONES 


Peoc. N* a. S, 


Table 2, in which detailed photometric results are summarized, is analo¬ 
gous to the corresponding tabulation in the earlier paper, except that 
cumulative totals are given in place of numbers at each tenth of a magni¬ 
tude. The lines at the bottom of the table give the magnitude frequency 
(as cumulative totals) directly for all 44 plates, and logarithmically for 
these 44 as well as for 18 and 9 plates of highest latitude. The last line 
gives the non-cumulative totals for all the plates. 

3. Discussion .—An 8 X 10-inch plate made with the Metcalf refractor 
covers fairly successfully thirty-five square degrees; but, in an analysis of 
the distribution of galaxies, only the central twenty-five square degrees are 
commonly used, in order to avoid the uncertain corrections for distance 
from the plate center that would be necessary if the eastern and western 
edges of the plate were also included. The loss at these edges can be de- 
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FIGURB 1 

Total numbers of galaxies brighter than magnitude 17.1 In each square degree for 
44 plates (left), and for 18 plates of highest latitude. 


duced from the totals in table 1. Thus for all the plates together there are 
16,1 galaxies per square degree for the central twenty-five square degrees, 
and only 10.4 galaxies per square degree for the strips at the east and west 
ends of the plate. This difference corresponds, on the ave£rage, to an 
effective loss of nearly one-third of a magnitude; it is partly true magnitude 
loss, partly failure to discover faint galaxies in an area of slightly distorted 
images. 

To examine possible distance-correction effects within the area of twenty- 
five square degrees we have constructed figure 1, wherein the results of all 44 
plates have been collected in a single dieckerboard array, and also sepa¬ 
rately for the 18 plates with highest galactic latitudes. North is at the top, 
east on the left. These arrays include, for each of the twenty-five squares, 
the number of galaxies for which the mean of the twice-estimated magni- 
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tudes is 17.0 and brighter. Before assembling the arrays, appropriate cor¬ 
rections were made to eliminate from the counts the effect of four nebular 
clusters (footnote to table 1) that might distort the numbers in a few of the 
squares. The relatively high uniformity of the plates over an area of 
twenty-five square degrees results in part from the curving of the plates by 
air pressure throughout the exposures, Cramer Hi-Speed emulsions, 
specially sensitized, have been used. 

Figure 2 presents a similar pair of checkerboard arrays for objects fainter 
than magnitude 17,0, again for all forty-four plates as well as separately for 
those in high latitude. This second pair of arrays reflects as much on the 
chances of discovery and the completeness of the survey over the plates as 
on possible distance effects on the magnitude estimates. The deviations 
from uniformity are of the same order of magnitude as the natural uncer¬ 
tainties. The most conspicuous deviations may be the result of unremoved 
clusterings; but an examination of the mean values for vertical columns and 
horizontal lines in the different parts of figures 1 and 2 suggests a slight tilt 
of the photographic plates, during exposure, about a horizontal axis. 
There is also an indication in these mean values of a discovery effect,’^ or a 
slight systematic magnitude correction, for the corner squares. The differ¬ 
ence between comers and central areas is best illustrated by the following 
tabulation of means, which includes all forty-four plates: 


To magnitude 17.1 
Magnitude 17.1 and fainter 
Total range 


CBNTKAl, 

25 CENTRAL 

B CBHTKAI. 

4 CORNER 

BQUARS 

SgUARBR 

IQUAU8 

SQUARES 

250 

292 

272 

310 

402 

406 

402 

374 

652 

697 

675 

684 


The result for the eighteen high latitude plates is essentially the same as for 
the forty-four plates. The difference shown for the total range of magni¬ 
tudes: 


Central 9 square degrees — 4 corner square degrees » — 9 

corresponds to an average magnitude gain in the comer square degrees of 
0.01, and is therefore negligible. To magnitude 17.1, the difference center 
minus comers of fourteen per cent corresponds to a gain of 0?09, and for 
the objects fainter than 17?0 there is a loss of 0?04. 

Obviously the checkerboard arrays provide a very sensitive means for 
plate analysis, even when galaxy counts rather than star counts are used. 
In view of the relative smallness of the derived magnitude deviations, com¬ 
pared with the natural irregularities and the possible uncertainties of the 
magnitude system, no corrections have been applied to the magnitudes on 
account of the position of the objects on the plates. 

It has seemed advisable, however, to reduce the magnitude estimates by 
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Miss Jcmes on the MC plates (16-mch Metcalf tefractor) to the system of 
the A plates (24-inch Bruce telescope), which cover a much larger part 
of the sky. The reduction to the Bruce system was carried out before the 
foregoing examination of the magnitudes was begun; it was simplified by a 
study of long exposures made by both telescopes on the same rich high lati¬ 
tude fields. Plate MC 27639 was measured and the results published by 
C. K. Seyfert.* The magnitudes given by him have been reduced to the 
Bruce system through the intermediary of measures made by Miss Frances 
Wright on the same plate. 

It will be seen from an inspection of the cumulative totals for each plate, 
at each tenth of a magnitude from 15.4 to 17.8 (table 2), that the limit of 
completeness is almost uniformly at 17.5, The limits of the stellar se- 
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FIGURE 2 

Total numbers of galaxies of magnitude 17.1 and fainter in each square degree for 
44 plates (left), and for 18 plates of highest latitude. 

quences (faintest stars clearly detectable) are much fainter, and in the mean 
we have, from the data in table 1, 

Wj — « 0.67 0.03 (m. e.). 

For many of the plates in low latitude the population of faint galaxies is too 
small for dependable estimation of the magnitude to which the survey 
appears to be complete. 

4, Summary. —(o) The present paper contains in summarized form 
information on the apparent photographic magnitudes of some twenty- 
two thousand external galaxies lying in a dedination belt five degrees wide, 
centered at +43?6. 

(b) A thousand of the objects are brighter than or equal to magnitude 
15.5. The average plate limit for stars is magnitude 18.12; the nebular 
survey is complete only to magnitude 17.5, but 4400 of the measured galax- 
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ies within the twenty-five square degrees area are fainter than that mag¬ 
nitude* 

(c) The distribution over the plates has been used to examine the nature 
of the various systematic errors of discovery and measurement. An error 
arising from plate tilt is intimated; but there is very little suggestion of 
error from neglected distance correction (figures 1 and 2). 

(d) The belt at +43?6 crosses the Milky Way twice, and the results 
obtained are therefore useful in examining the effect, on the distribution of 
external galaxies, of interstellar space absorption along the Milky Way. 
Qualitatively the absorption is clearly shown in the last three columns of 
table 1. This latitude effect and the magnitude-frequency curves will be 
more closely studied in a following paper. 

' These Procbbdxngb. 26, 166-176 (1940); Harvard Reprint 194. 

* Scares, Kapteyn and van Rhijn, Mt, Wilson Obs, Papers, Vol. IV (1930). 

* Harv, Ann., 105, No. 10, 226 (1937). 


INHIBITION OF CARBOXYLASE BY THIAZOLE 

P YROPHOSPHA TE 

Bv Edwin R, Buchman, Erik Heegaard and Jambs Bonner 

Gatbs and Crblun Laboratorjbs of Chemistry and William G. Kbrckhofp 
LABO ftATORIBS OP THE BIOLOGICAL SCIENCES, CaLIPORNIA INSTITUTE OP 

Technology 

Communicated August 9, 1940 

In the course of investigations dealing with vitamin Bi (thiamin) analogs, 
and having as their goal the furtherance of our knowledge of the physio¬ 
logical r61e of the vitamin, we have observed that a number of substances 
having a structure similar to that of cocarboxylase (thiamin pyrophos¬ 
phate^), although not themselves able to replace the latter in the enzy¬ 
matic decarboxylation of pyruvic acid, are able to inhibit markedly the 
activity of the carboxylase system. The most active inhibitant studied 
is the p 3 rrophosphoric acid ester of the thiamin thiazole moiety (the 
thiazole pyrophosphate portion of the cocarboxylase molecule), which will 
be referred to as “thiazole pyrophosphate/' 

The experiments were carried out with the usual Warburg manometric 
technique. Each vessel contained 0.2 g. dried brewers’ yeast which had 
been washed with alkaline phosphate buffer to remove cocarboxylase. The 
yeast wag suspended in 2.0 ml 0.2 M phosphate (pH 6.2) to which was 
added 0.5 ml* of 0.1 M sodium pyruvate solution (pH 6.2) containing 
0*1 mg* and 0*1 mg. Ma++. In the side arm of each vessel was 

placed 1.0 ml. aqueous solution containing 4 y cocarboxylase (synthetic^) 
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and varying amounts of thiazole pyrophosphate; this solution was then 
tipped into the main part of the vessel after temperature equilibrium had 
b^n reached. Measurements were made at 25°C. 

The thiazole was pyrophosphorylated by the method* which Weijlard 
and Tauber used in the case of thiamin. The crude material was purified 
by conversion into the silver salt^ and from this we obtained a crystalline 
manganese salt which was used in the experiments tabulated below: 

TABLE 1 

Inhibition or Carboxylase by Increasing Amounts of Thiazole Pyrophosphate 

(Manganese Salt) 

vsaaBL NO. 12 3 4 fi 6 

Thiazole pirrophosphatc (Mn salt) 0 4 y S y 16 y 32 7 8 O 7 

Cmm. COj in 30 min. 412 388 385 339 226 41 

Free thiazole pyrophosphate, liberated in non-crystalline form from the 
silver salt, gave results consistent with the above. The inhibition is not 
due to a change in pH; moreover, pyruvic acid decarboxylation is not 
affected by free thiazole, thiazole monophosphate or sodium p3rrophosphate. 

We believe that the observed inhibition phenomenon is to be explained 
on the basis of a competition between cocarboxylase and thiazole pyro¬ 
phosphate for the specific carboxylase protein with which the two are 
similarly able to combine. The introduction, together with cocarboxylase, 
of a substance also capable of combining with the specific protein but 
giving an inactive “enzyme analog^ results in a lowered rate of pyruvate 
decarboxylation. This interpretation receives support from experiments 
in which the thiazole pyrophosphate was not added to the protein simul¬ 
taneously with the cocarboxylase but at a definite time interval before the 
addition of the latter. It was found that under these conditions the rate 
of COs production was initially lower than when coenz 3 rme and inhibitor 
were added together. 

Since it is logical to assume that the protein-inhibitor bond is similar 
to that between protein and cocarboxylase, this latter must therefore be 
joined to the protein through the pyrophosphate group,® which is common 
to both it and the inhibitor. Thus we have independent confirmation 
of the prevailing view* regarding the nature of this binding, which view 
was until now supported almost entirely by analogy with the alloxazine- 
proteid complex.^ 

We conclude that there has been demonstrated here a not hitherto recog¬ 
nized type of competitive inhibition of enz 3 rme reactions, caused by com¬ 
petition not between substrate and inhibitor but between coenzyme and 
inhibitor. The importance of this type of inhibition must be emphasized 
because its study may throw light on structural relationships in protein 
chemistry and on enzymt reaction kinetics and also because there is the 
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possibility that such inhibition mechanisms are of significance in the 
chemistry of the cell. 

The authors wish to express their gratitude to the Research Corporation 
for financial aid and to Dr. R. T. Major of Merck and Co., Inc., for gener¬ 
ous gifts of cocarboxylase and other chemicals. 

* Lohmann, K,, and Schuster, P., Biochem. Z., 294, 188 (1937). 

* Weijlard, J., and Tauter, H., Jour. Amer, Chem. Soc., 60, 2263 (1938). 

* We are indebted to Mr. J. Weijlard (Merck and Co., Inc.) who kindly communi¬ 
cated to us the results of unpublished experiments on the pyrophosphorylation of thia- 
zole. 

* Lohmann and Schuster (ref. 1, page 190) have obtained the silver salt of thiazolc 
pyrophosphate after cleavage of cocarboxylase by sulfite. 

* A binding through the agency of some other grouping in the cocarboxylase molecule 
is also to be expected. 

* See Stern, K. G., and Melnick, J. L., Jour. Biol. Chem., 131, 610 (1939); Bersin, 
T,, Kurzes Lehrbuch der Ertzymohgie, page 96, Akadcmischc Verlagsgesellschaft, 1938. 

^ Kuhn, R., and Rudy, H., Ber. Deut. Chem. Ges., 69, 2563 (1936). 


OA^ HOMOTOP Y GROUPS 

By Samuel Eilentberg 

Department of Mathematics, University of Michigan 
Communicated July 25, 1940 

]. We shall denote by Jf a finite polyhedron with a fixed cell-decom¬ 
position and an orientation attached to each cell. will stand for the 
subpolyhedron consisting of all cells of K of dimension ^ m. By definition 

as: 0. 

Let G be an abelian group and Y a topological space. A triple (JC, 
where A** is an »-chain in K with coefficients in G and / is a continuous map¬ 
ping f{K) c: F, is called a continuous n-chain in Y with coefficients in G, 
Such »-chain9 and (» + l)-chains may serve to define a homology group 

W(Y, 

2. Let yo be a fixed point of Y. An n-chain (X, A”,/) will be called an 
(n, m)-chain if/(X’"~ *) == yo where 0 ^ w ^ n. Using the (n, m)-chams and 
the (n -f 1, m)-chains we can define a new homology group i^"' "(F, G). 

In the definition of i^"’ ” it is essential to specify the point yo- However, 
if yi is any point which may be joined by an arc to yo, then the resulting 
group is isomorphic with the initial group. 

3. Let »•(( y) be the <th homotopy group* of Y with the point yo as origin 
(( > 0). It is convenient to introduce the notation v»{Y) »= 0 to indicate 
that Y is arewise connected. It is well known that if ir,(F) “ 0 for » < m 
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then every mapping f(K)ClY is homotopic to a mapping/i(/OCK such 
that /) (Jf«= yo* In particular, it follows that every continuous r-chain 
in Y is “homotopic” to an (r, w)-chain in F. Hence 

Theorem I. Ifir^iY) = Ofor i < m then H** «(F, G) attd W{Y, G) are 
isomorphic. 

As particular cases we obtain: 

(1) ®(F, G) and li"(F, G) are isomorphic. 

(2) If Y is arcwise connected then ij**' \ F, G) and IJ” (F, G) are isomorphic. 

(3) If ViiY) = 0/or i < n then I?*' “(F, G) and ^|“(F, G) are isomorphic. 

4. Take, now, the integers T as the coefficient group. Let an (n, «)- 
chain A* == (Jf, A**,/) be given where 

~ integers. 

i 

I 

Since/(ir*“ « y© the boundary of the oriented »-cell o” is mapped into yo, 
the mapping /(<r") determining therefore uniquely an element d(/, a”) of 
7 r„(F). Set 

d(A”) - T?). 

* 

For n > 1, d(A’') is an element of T,(y), forn “■ 1 the fundamental group 
Ti(Y) may not be abelian and d (^4 is defined only modulo the commutator 
subgroup of )r](y). If A’* is the boundary of an (n -f- l)-cell of K then it is 
clear that diA”) = 0. Hence » 0 if il” botmds in K, and d is a 

homomorphic mapping of if"’ "(i^i T). 

Theorem II. Far n > 1 the operaiim d establishes an isomorphism of 
n”'-{Y,T)andv„{Y). 

For n ^ I the operation d establishes an isomorphism of l(‘’ ‘(F, T) and 
the factor group of ir]{Y) by its commutator subgroup. 

Using (2) and (3) we deduce from Theorem II the following two known 
results: 

{i) If y is arcunse connected then i|*(F, 7^ is isomorphic to the factor 
group o/ irj (F) by its commutator subgroup. 

(5) If ri{Y) “» 0 for i < n{n > 1) then i|*(F, T) and ir«(F) are iso¬ 
morphic.* 

5. In view of Theorem II we may denote for » > 1 the group l|"' ”(F, G) 
by ir,(F, G) and call it the nth homotopy group of F with coefficients from 
G. These groups do not furnish any esseuti^y new invariants of F as 
they can be computed using t„(Y) and G.* 

6. The groups if*' *” can also be defined relative to a subset F' of F 
which contains yo. 

‘ The mechanism defining this group is quite analogous to the one used by N. B. 
Steenrod, ‘'Regular Cycles of Compact Metrk Spaces," iltm. Mafk., 41 (1040), in print. 

* W. Hurewics, Proc. Ahad. Amsteriam, 38, llS-119 (1086). 
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* W. Hurewicz, Ibid,, 38, 621-628 (1936). 

* For other generalizations of the homotopy groups see N. Aronszajn, C. R. {Paris), 
202 , 1475-1478 and 1643-1046 (1936). 


ON A GENERAL RULE CONCERNING THE HALF-VALUE 
PERIODS OF ELECTRON-EMITTING NUCLEI 

By Arthto E. Haas 

Department of Physics, University op Notre Dame 
Communicated August 8, 1940 

In an earlier paper^ the author has pointed out some periodicities in 
the properties of stable nuclei. In the following it will be shown that some 
periodicities also reveal themselves if we consider the half-value periods 
of unstable electron (|5“)-emitting nuclei. 

A table which was recently published by Livingood and Seaborg* con¬ 
tains more than 300 unstable nuclei. Among them are 93 which are 
classified as emitting "“-particles (without positrons) and as belonging 
either to class A, i.e., isotope and element certain, or at least to class 
i.e., elem^t certain, isotope probable. To these 93 nuclei are to be added 
about seven more, the discovery of which has been published only since 
January, 1940,* 

We may now arrange these unstable ^-emitters in series according to 
their "isotopic number," By the latter the difference iV — P or, what 
amounts to the same, A — 2Z is understood where N is the number of 
neutrons, P of protons, A the mass number and Z the charge number. 
We shall, however, distinguish between such series for which the charge 
number is even and such for which the charge number is odd. Table 1 
contains all sequences of two or more consecutive 0 “-emitters of classes 
A and B; only those j9“-emitters are omitted for which we know neither 
a preceding nor a succeeding nucleus or belonging to 

class A or J3. 

Prom table 1 we may formulate the general rule that in each sequence 
the half-value period increases from place to place. Although table 1 
contains some 60 nuclei, only four nuclei do not fit into the scheme of this 
rule, namely nNa*^ (I ** 2), (I *» 6), «Ni®* (I « 7), perhaps «In“* 
(I 14), and finally in the high sequences I « 22 and 36 the nucleus with 
longer life precedes that with shorter life, in contradiction to the rule. 

We find as another rule that those ^“-emitters for which both indices, 
i.e., charge and mass numbers, are odd, would be transformed into stable 
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nuclei by addition of a proton. The only possible exception to this rule 
is the i3“-emitter since the barium isotope is not known, 

although it might be suspected for other reasons.* 

TABLE 1 

Sequences or /3 “-Emitters with the Same Isotopic Number 

I - 2 7N»{/1) *F»M) iiN««(/a) wAI»(/l) 

(odd) 0.022 8 Ss 12# 14.8 h 2.4 m 14.30 d V >1 y / 

I i- 2 tHe»(^) aBcHA) oC'*(A) 

(even) 0.8# 380 y very large 

I » 3 tOHA) ioNe«(4) uMg^C/l) »S«(A) 

31s 40# 10.2 m 170 m 88 d 

I - 4 i7C1«(B) uK«(A) iiSc«(/1) 

37 m 12.4 h 85 d 

I - ft «Ar“(A) «Ca«(4) 

110 m 180 d 

1 - 6 iiSc«(A) nV»*(/l) »Mn“(A) i7Co»(A) 




44 h 

3,0 m 

2.59 h 

7 y 

I 

» 7 

nrmA) 

8iCr»*(4) 

wFeW(A) 

faNl“(A) 



2.0 m 

1.6 h 

47 d 

2.6 h 

I 

- 8 

„Cu»(A) 


/mAb^HA)' 




6 m 

20 m 

V 17 d . 

/ 

1 

- 12 

iiA8^*(A ) 


«7Rb« 

itYWlA 



66 m 

34 h 

? ? 

60 ti 


1-13 ttBr«(A) iTRb«(A) 

65 m very large 

I - 14 «Rh»MA) 

44# 2.3 m 72 b or 2.7 a 

I - 1ft 4 iM#w>CA) «Rh‘»(B) 

9 m 46 d 

I - 16 «7Ag‘«(A) 

22 s 48 d 

1 - 17 «Mo»»>(B) «Ru*«(B) 

24 m 20 h 

I - 19 «Pd»“(A) itCd^HA) 

17 m 2.6 d 

I - 20 nSb»«(A) Mn«(A) 

2.8d 13,Od 

I - 26 wSntwCB) MTei»(4) 

(even) 9 m 70 m 

! - 26 iiSb»«(A) mI'^KA) 

(odd) 80 h 8.0 d 

1-27 iiTeJ»i(A) .... MBa*>nA) 

26 m 86 m 

I - 32 67Ho»»(B) «Tm»w(.4) 

36 h 106 d 

It might be noteworthy that some regularity reveals itself also in the 
case of the series I «= minus 1, which consists of positron-emitters. As is 
seen from table 2, the half-value periods decrease monotonically with 
the charge number up to Si (Na and A1 being missing), irrespective whether 
the chaiige number is even or odd. 
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TABLE 2 

The Series I « — 1, Containino it-Bmittbrs 

iN^KA) nO^KA) ioNe^<*(i4) i,Mg«(^) i4Si«(i4) 

21.0 m 9.93 m 126 s 70s 20.3 s 11.6 s 3.7 s 

I Haas. A. E., Proc, NaL Acad. ScL, 26, 306 (1940). 

* Livingood, J. J. and Seaborg, G. T., Rev. Mod. Phys., 12, 30 (1940). 

» Walke, H., Phys. Rev., 57, 163 (1940); 57, 177 (1940); Pollard, E., Ibid., 57, 241 
(1940); Seaborg, G. T., Livingood, J. J., and Kennedy, J. W., Ibid., 57, 363 (1940); 
Ruben, S. and Kamen, M. D., Ibid., 57, 649 (1940); Sagane, R., et al.. Ibid., 57, 760 
(1940); Amaki, T., et al., Ibid., 57, 751 (1940); Kennedy, J. W. and Seaborg, G. T., 
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THE EFFECT OF FAST NEUTRONS ON THE CHROMOSOMES 

OF TRADESCANTIA 

By Norman Giles 

Biological Laboratories, Harvard Univbrsitv 
Communicated August 8, 1940 

The development of the cyclotron as a powerful and convenient source 
of high energy neutrons has made available another t 3 ^e of radiation for 
use in biological studies. Already several investigations have indicated 
certain differential effects of neutrons as compared with x-rays and gamma 
rays on biological materials. In several cases a greater relative effective¬ 
ness has been found for a given total amount of ionization produced by the 
recoil protons resulting from neutron bombardment as compared with an 
equal amount of ionization produced by other types of radiation, par¬ 
ticularly secondary electrons resulting from x-radiation and gamma rays 
(Lawrence and Lawrence,^ Zirkle and Aebersold,® Zirkle, Aebersold and 
Dempster,® Zirkle and Lampe,^ Gray and Read,® Spear, Gray and Read®). 
In most of these studies rather general physiological responses have been 
observed. Of particular interest to the cytogeneticist is the effect of radia¬ 
tion on genes and chromosomes. The production of mutations has been 
demonstrated in Habrobracon by Whiting,’' in Drosophila by Nagai and 
Locher* and Timof6eff-Ressovsky and Zimmer,® and in mice by Snell. “ 
Chromosome aberrations have been produced by Marshak’^i* in root 
tips of Vicia faba, Lycopersicon^ escidentum, and Pisum sativum and by 
Nishina, Sinot6 and SfttA^* in root tips of Vida faba. In the present 
study some preliminary observations of the effect of fast neutrons on the 
microspore duomosomes of Tradescantia are reported. 
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Methods .—The inflorescences from a clone of a dipoloid Tradescantia 
which has been used in extensive x-ray experiments by Sax^* were also 
used in the present investigation. The flowering stalks, kept in card¬ 
board containers, were placed in the beam of neutrons produced by bom¬ 
barding a beryllium target with 11 Mev deuterons in the Harvard cyclotron. 
No shielding to exclude radiations other than neutrons was attempted in 
these preliminary experiments, but certain control experiments which 
will be discussed later were carried out. The intensity of the radiation 
was varied by varying the distance of the inflorescences from the target 
and keeping the time of exposure constant. The ionization produced by 
the neutrons was measured for each exposure, and readings are given in 
“n” units, an “n" unit being defined as that amount of ionization produced 
by neutrons which gives the same reading on a bakelite Victoreen thimble 
ionization chamber as does one roentgen of x-rays. Following treatment, 
the flowering stalks were kept in the greenhouse. Observations were made 
at the first post-meiotic division in the microspore at suitable periods fol¬ 
lowing treatment by the use of aceto-carmine smear preparations. 

Experimental Results—Tht effects of neutrons on chromosomes are 
qualitatively the same as those produced by x-rays. Observations were 
made at twenty-four to thirty hours and at five day^ following neutron 
treatment. At the earlier stage only chromatid aberrations were ob¬ 
served, and at the later, only chromosome aberrations. The configurations 
were the same as those resulting from chromosome breakage and fusion of 
broken ends following x-ray treatment as described and diagrammed by 
Sex.^* 

Quantitatively, however, the results obtained with neutrons differed in 
two major respects from those obtained by irradiation of developing 
Tradescantia microspores with x-rays. In the first place, a neutron dose 
of a given intensity in “n*’ units was much more effective in producing 
aberrations than an equal dose of x-rays in *‘r^' units. The data on which 
the comparisons are based are presented in table 1. 

Chromatid dicentrics, resulting from breakage of the two sister chroma¬ 
tids of a single chromosome followed by fusion of broken ends to produce 
a dicentric and an acentric fragment, were used as these haVe been found 
to show an approximately linear proportionality to dosage in x-ray experi¬ 
ments and to be independent of the time factor. In the neutron experi¬ 
ments also the percentage of breaks has been found to be approximately 
proportional to dosage (Fig. 1). However, for equal doses of *'n'* and 
units, neutrons are about 16 or 17 times as effective in producing aberra¬ 
tions as x-rays. 

The second diffmnce between the neutron and the x-ray results was in 
the shape of the dosage curves for exdiaage break aberrations. In the 
case of x-rays it has been shown that both chromatid and chromosome 
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exchanges increase as the square of the dosage. With neutron treatment, 
however, it seems clear that both types of exchange aberrations are ap¬ 
proximately proportional to dosage. The data for chromatid exchange 
breaks are presented in table 2. 


TABLK 1 

The Relation between Neutron Dosage and Chromatid Dicentrics; Time 
Constant. The Ratio of Effectiveness in the Production of Chromaiid Dt 

CENTRICS OF EqUAL ToTAL lONUAl ION BY NeUTRONS AND X-RAYS. EXAMINED AT 

30 Hours 


DOSS IK 
n" UNITS 

total* 

CUROMO80MBS 

CHSOItATlD 

DICENTRICS 

% 

% B PRODUCED 
BV BQUAL 
X-RAV DOSE* 

ratio: 

NBUTRONS 

X*HAYB 

10.1 

22.32 

85 

3.8 

0.24 

16.8 

14.6 

2301 

155 

6.3 

0.37 

17.0 

21.0 

2954 

265 

9.1 

0.66 

16.6 


^ Fiifures for total chromosomes which are not multiples of six in this and the follow¬ 
ing tables indicate occasional microspores with seven chromosomes as a result of non¬ 
disjunction of meiosis. 

* The values for % B (» per cent breaks) given in this and the following tables are 
averages for several slides and consequently cannot be calculated directly from the 
figures cited in the tables. 

* Calculated from the equation % B •» (D/45)>*' (Sax^*). 

The data for chromosome exchange breaks, including both rings and 
dicentrics, represent the combined results of two separate experiments, 
both of which gave similar results. The figures are given in table 3 and 
the relations between percentage of breaks and dosage for the different 
break types are plotted in figure 1. 

TABLE 2 

The Relation between Neutron Dosage and Chromatid Exchange Breaks; 

Time Constant. Examined at 30 Hours 


DOSB IN 
n" DKITS 

TOTAI, 

CUROMOIOMM 

excbanors 

RtNOS 

total 

% B* 

10.1 

2232 

32 

4 

30 

3.2 

14.6 

2391 

60 

S 

58 

4.9 

21.0 

2984 

98 

14 

112 

8.0 


* Bach aberration involves two breaks. 


In order to exclude the possibility that slow neutrons were producing the 
effects observed, a control experiment was carried out. Two similar sets of 
inflorescences were used, but one was completely surrounded by sheet 
cadmium 0.106 cm. thick to filter out the slow neutrons. The two sets 
were placed at equal distances from the target and irradiated at the same 
time. The results are shown in table 4. 
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TABLE 3 

The Relation between Neutron Dosage and Chromosome Aberrations; Time 

Constant. Examined at 6 Days 


DOSB IN 
n*' tiNiT« 

TOTAl. 

CHAOMUttOinES 

mCBNTItXCft 

KINOa 

TOTAL 

% B* 

10.1 

3384 

32 

12 

44 

2.6 

13.5 

3017 

62 

26 

88 

4.9 

14.6 

3497 

57 

20 

77 

4.4 

21.0 

3078 

76 

22 

98 

6.3 

27.0 

3604 

86 

36 

122 

6.8 

32.3 

478;i 

163 

42 

205 

8.6 

61.0 

4313 

200 

66 

266 

12.5 


* Each aberration involves two breaks. 


TABLE 4 

Test of the K6le of Slow Neutrons. Cadmium Filter Used to Exclude Slow 

Neutrons in B . Examined at 24 Hours 



TOTAl, 

CRMQUOaOMRS 

CintOMATID 

DICENTRICS 

%» 

KXCIIANOKS 


A 

3360 

147 

4.45 

78 

4.6 

J5(Cd) 

3064 

143 

4,7 

62 

3.9 

* Bach aberration involves two breaks. 





It can be seen that the percentages of aberrations for the two series are 
essentially the same, indicating that the fast neutrons rather than the slow 
ones are producing the effects observed, since a Cd filter of the thickness 
used removes all thermal neutrons (Livingston and Bethe^*). In other 
control experiments no detectable effect on the chromosomes or the division 
spindles was found when flower buds were exposed to the magnetic field 
and to the background radiation from the cyclotron chamber. 

Technical difficulties prevented any accurate determination of the 
amount of ionization in the beam due to gamma rays. In the case of the 
beam produced by the cyclotron of the University of Michigan, Zirkle 
and Lampe* have estimated that the total ionization in tissue due to gamma 
rays does not exceed twenty per cent. However, there is evidence that the 
effect of gamma rays on chromosomes is essentially the same as that of 
x-rays (Muller’®). Consequently, whatever amount of ionization due to 
gamma rays is present, it would tend to reduce the magnitude of any dif¬ 
ferential effect due to neutrons, so that the factor of 16 or 17 is actually a 
minimum value. 

Discussion ,—It seems probable that the greater effectiveness of neutrons 
as compared with x-rays in producing chromosome aberrations must be 
due to the vastly different nature of the ionization produced in tissue by 
these two types of radiation* Neutrons produce ionization in tissues 
principally as a result of collisions with materials containing hydrogen 
with the resulting ejection of protons. These recoil protons produce a 
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very intense ionization along their paths as compared with that produced 
by the secondary electrons generated in matter by x-rays. On the average, 
one ion pair is formed every 10"® cm, along a 0 particle track and every 
10“’ cm, along a proton track. The difference in ion density is thus 
about 100 times as great for the protons per unit distance of path as for 
secondary electrons. 

There is considerable evidence in the case of x-rays which indicates 
that the biological effects produced are proportional to the total amount of 
ionization quite independently of the wave-length of the rays which in¬ 
fluences the distribution of the ionization (Packard,^’ Muller,*® Timof^efF- 
Ressovsky*®). However, since the ionization density over the effective 
x-ray range varies only by a factor of alx^ut 10, it is not surprising that there 
is a greater effect in the case of protons with their much greater ionization 
density. Investigations producing evidence for this greater effectiveness 
of recoil protons from neutron bombardment have been cited. Similar 
results with a particle ionization have been obtained by Zirkle*® who has 
shown that the biological effect of this type of radiation on fern scores 
depends not only on the total amount of ionization but also on the distri* 
bution or intensity of this ionization within the cell. 

In the present study a given neutron dose in “n" units was found to be 
from 16 to 17 times as effective m producing chromatid dicentrics as is an 
equal x-ray dose in ‘*r” units. This particular type of aberration has been 
found in the x-ray experiments to depend upon “one hit/* showing a linear 
relationship with dosage (Sax*®). Both threads are broken at tlie same 
locus with the subsequent fusion of broken ends to give a dicentric chro¬ 
matid plus an acentric fragment. In seeking an explanation for the greater 
effectiveness of neutrons in terms of the difference in ionization density, 
it is well to keep in mind that all of the chromosome aberrations observed 
in these experiments result from breakage and subsequent fusion of broken 
ends in such a way as to produce new and recognizably aberrant configura¬ 
tions. There is good evidence, however, that many breaks are produced 
by irradiation only to refuse in the original position without resulting in 
visible aberrations. Consequently, we observe only a fraction, and prob¬ 
ably a relatively small one, of the chromosome breaks that actually occur. 
It seems likely that the greater density of ionization in tissues produced 
by recoil protons causes a greater number of breaks to occur within certain 
spatial limits—^which are known to play an important rdle in the produc¬ 
tion of aberrations (Sax*®)—and consequently permits a greater number of 
aberrant reunions. It seems probable that only occasionally does a single 
x-ray hit occur in such a way as to break both sister chromatids at pro- 
pha^; iu most cases only one chromatid is broken and such breaks usually 
refuse. In the case of recoil protons, however, the greater ionization density 
should result in more cases where a single hit is effective in breaking both 
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sister chromatids and thus facilitating their subsequent refusion to pro¬ 
duce chromatid dicentrics. It is generally assumed in the case of x-radia¬ 
tion that a single ionization is the “hit"' which is effective in producing 
gene mutations and at least some types of chromosome rearrangements. 
However, the greater effectiveness of proton ionization in producing chro¬ 
mosome aberrations suggests that more than one ionization may be neces¬ 
sary and the differences in the types of curves obtained with neutrons cue 
more easily explained if an electron or proton path is thought of as the 
effective “hit/* 



OOSe \H UNITS 
KIGimE i 

Relation between the frequencies of chromatid and chromosome aberrations 
and neutron dose in units. Time of exposure constant. 3 » chromatid 
dicentrics; # « chromatid exchanges; O m chromosome exchanges. 

Presumably an explanation based on differences in density of ionization 
similar to that given for the dicentric chromatids would also explain the 
greater number of exchange break aberrations with neutron radiation at 
the dosages studied. However, it is more difficult to compare exchange 
breaks as to their frequencies with neutron and x-ray treatment since, as 
indicated earlier, they appear to show different relationships with increas¬ 
ing dosage—an exponential relation for x-rays and a linear relation for 
neutrons. At low dosages neutromi are considerably more effective in 
producing aberrations, but as the dosage increases this greater effective^ 
ness becomes less. Actually there should be some dosage above which 
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X-rays would be more effective than neutrons. In the present experiments 
this point is not reached within the limits imposed by the possibility of 
making a correct analysis of the percentage of aberrations in the treated 
cells. If the curves are extrapolated to higher dosages, however, this point 
can be determined. In making the calculations it is assumed, as is pointed 
out below, that the neutron dosage measurements should be multiplied 
by a factor of 2.5 to give the actual ionization in tissue as compared with 
x-ray dosages. When this is done for chromosome exchange breaks it is 
found that above a dose of approximately 500 imits, which is taken as 
equal to 1250 “r" units, x-rays are more effective than neutrons in terms of 
equal total amounts of ionization. If this general relation holds for all 
cells it should mean that above some given dosage, the exact value of 
which would vary with the kind of cell considered, x-rays would be more 
effective than neutrons in producing cellular injury as measured by chromo¬ 
some aberrations. If chromosome aberrations play some part in the re¬ 
gression of tumors following irradiation, these results may mean that above 
certain dosages neutrons would be less efficient in therapy than x-rays. 

It is possible that the apparent greater efifectiveness of neutrons over x- 
rays in producing chromosome aberrations may be due to inaccuracies in 
the methods of comparing the relative amounts of ionization produced by 
these two types of radiation in tissue. This particular phase of the prob¬ 
lem is being investigated in various laboratories. It is pointed out, how¬ 
ever, by Marshak that Aebersold and Anslow have unpublished data 
which indicate that the unit is not larger than the roentgen by a fac¬ 
tor greater than 2.5. If this is the case, ionization from recoil protons is 
still some 6 to 7 times as effective as ionization produced by x-rays in break¬ 
ing Tradescantia chromosomes. 

The experiments of Tiraof^eff-Ressovsky and Zimmer* indicate that 
neutrons are less effective than x-rays in producing gene mutations in 
Drosophila. However, since all other work so far has indicated a greater 
biological effectiveness for neutrons, it seems desirable to await confirma¬ 
tion of the mutation results before attempting a comparison of these with 
the present findings. 

Tlie fact that the exchange break aberrations in the case of the x-ray 
experiments increase as the square of the dosage when the time factor is 
kept constant has been taken to indicate that these aberrations are de¬ 
pendent upon two independent x-ray hits (Sax**). In the present study 
these aberration types, particularly the chromosome exchanges, show an 
approximately linear relationship to dosage. This seems to indicate that 
both the breaks necessary to produce an aberration are the result of a 
single hit. The difference in the types of ionization paths in tissue of the 
elections and protons may explain this difference, a single proton track 
being capable of producing two breaks. The relation between dosage and 
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aberrations is not entirely linear for the chromatid exchange breaks, how¬ 
ever, and the presence of an exponent greater than one suggests that two 
independent hits are sometimes involved. More data are necessary to be 
certain of the relationship. It is also hoped that the time-intensity and 
intermittent exposure experiments which are being undertaken will pro¬ 
vide critical evidence on this point. 

Acknowledgments, —The writer is greatly indebted to Professor K. T. 
Bainbridge, Doctor B. R. Curtis and Doctor I. A. Getting of the Harvard 
Physics Department for their cooperation and advice in canying out these 
experiments. All the neutron exposures were arranged and measured by 
Doctor Curtis. He also wishes to express his appreciation to Professor 
Karl Sax for advice and criticism. 

Summary, —The effects of fast neutrons on the microspore chromosomes 
of Tradescantia have been investigated and compared with the effect of 
x-rays. Qualitatively the results are the same as those found after x-ray 
treatment. Quantitatively, however, neutrons appear to differ consider¬ 
ably from x-rays in their effects on chromosomes. For equal total doses 
in terms of ionization as measured with a bakelite Victoreen *‘r”-meter 
neutrons are from 16 to 17 times as effective as x-rays in producing chro¬ 
matid dicentric aberrations. Also, exchange break aberrations, producing 
chromatid and chromosome rings and dicentrics, are found to show an 
approximately linear relationship to dosage instead of the exponential 
relation found with x-rays. An attempt is made to explain these differences 
between neutrons and x-rays as a result of the great difference in the types 
of ionization paths which these two radiations produce in tissue. 
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CHROMOSOME HOMOLOGIES IN TWO SUB-SPECIES OF 

DROSOPHILA VIRILIS 

By Harrison D, Stalker 

Department of ZoOlogy, University of Rochester 

Communicated July 17, 1940 

It has been shown by Hughes^ that the two sub-species, Drosophila virilis 
virtlis Sturtevant, and Drosophila virilis americana Spencer (Spencer*), 
differ, not only in their salivary chromosomes, but also with respect to the 
metaphase chromosome configuration. The virilis metaphase plate shows 
five pairs of rod-shaped chromosomes and one pair of dots. In americana, 
on the other hand, the female metaphase plate consists of one pair of rods, 
two pairs of V-shaped chromosomes and a pair of dots, while the male has 
one pair of rods, one pair of V-shaped chromosomes, a pair of dots, and one 
V-shaped chromosome typically showing somatic pairing with two rod¬ 
shaped chromosomes. 

Hughes has concluded that one pair of V-shaped chromosomes in ameri- 
cana, the pair found in both sexes, corresponds to two rod-shaped chromo¬ 
somes in virilis: also that the other pair of V-shaped chromosomes found in 
the americana female corresponds to an autosome and the JT-chromosome of 
virilis; while the two rod-shaped chromosomes pairing with the V-shaped 
chromosome in the americana male correspond to a virilis F-chromosome 
and an autosome. (See Fig. 1.) 

The following investigation was undertaken to determine genetically the 
chromosome homologies existing between the two sub-species. More 
q>ecifically it was desired to secure genetic confirmation of Hugheses cyto- 
logical findings in regard to the relationsh ps existing between the X, the Y 
and the autosomes in americana. 

Reciprocal crosses were made between a stock of virilis carrying marker 
genes on all five major chromosomes, and three strains of americana. The 
three americana strains were all collected from points within ten miles of 
Wooster, Ohio. One of them, the “Smithville^' strain, is the one which 
Hughes used in his cytological investigation. 

The virtlis marker stock carried y (yellow) on the X-chromosome, va 
(varnished) on the second chromosome, tb (tiny bristle) on the third 
chromosome, px^ (plexus*) on the fourth chromosome and ru (ruffled) on 



570 


GENETICS: H. D. STALKER 


Proc. n. a, a 


the fifth, the sixth, or dot-shaped chromofiome being unmarked. The first 
series of crosses was between americana females and virilis males. 

Pi americana 9 9 X y, wa, tb, px*t ru (virilis) cf <f 
B,C hybrid cTcf X y, w», tb, px*, ru (virUis) 9 9 

Table 1 gives the types and frequencies of the back-cross offspring. 

TABLB 1 

Offspring from Backcross op Hybrid Malb {americana 9 9 X virilis X 

virilis 9 9 

FHBNOTVPBS SmTRVtLLB OYSmTOlt FBI WKS^S 



d'c? 

9 9 

cTd* 

9 9 

<r<f 

9 9 

y va tb px* ru 
wild 

96 

136 

36 

63 

73 

144 

yva lb px^ 

76 


34 


88 


ru 


108 


43 


91 

va tb ru 
ypx* 

149 

121 

59 

47 

164 

92 

y px^ ru 
va tb 

70 

116 

29 

60 

42 

111 


It can be seen that with all three races tested, the back-cross offspring 
show a complete linkage between va and tb^ thus suggesting that the V- 
shaped autosomes of americana correspond to the second and third chromo¬ 
somes of virilis. 

Table 1 shows further that in all cases the females were wild type for 



A B C 

FIOITRB 1 

A — Metapbase chromosomes of nule or female Drosophila virilis 
virilis. B — Metaphase chromosomes of female Drosophila virilis 
americana. C—Metaphase chromosomes of male Drosophila virilis 
americana, 

the characters yellow and plexus*, while all tiie males showed these char¬ 
acters. The sex-linked behavior of yellow in the hybrid is in agreement 
with its location in the AT-chromosome of viriUs. The change from an auto¬ 
somal inheritance of plexus* in viriHs to a sex-linked mode in the hybrid 
suggests that the viriUs chromosome carrying px^, namely the fourth 
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chromosome, is joined to the X to form the V-shaped heterochromosome of 
americana. 

A reciprocal cross was made to test genetically Hugheses findings of an 
americana V-chromosome pairing with the X, but not, like the X-chromo- 
some, attached to an autosome. 

Fi y, va, tb, px*, ru (virilis) 9 9 X americana o’ cT 

B.C. hybrid X y,va, /ft, px'*, ru (virilis) 9 9 

TABLB 2 

Offspring from Backcross of Hybrid Malb (virilis 9 9 X americana <f<^)»X 

virilis 9 9 

FaBKOTYPXB SMXTHVttXlt OVBKTON PBS W8B-3 




9 9 

d'cf 

9 9 


9 9 

yvatb px^ ru 

6 

2 

23 

26 

64 

62 

y 

1 

4 

13 

15 

103 

85 

yvatbru 

3 

5 

16 

23 

56 

52 

y px^ 

4 

5 

16 

16 

105 

58 

yvath px* 

2 

7 

10 

23 

70 

87 

y ru 

3 

6 

12 

10 

13 

21 

y px* ru 

3 

1 

19 

20 

22 

22 

y va tb 

2 

7 

26 

10 

85 

89 


In this cross the hybrid male received a F-chromosome from the ameri- 
cam parent. His offspring did not show sex-linked inheritance of any of 
the virilis autosomal genes. Thus we may conclude that there is no pref¬ 
erential segregation exhibited between the F and any autosome in ameri- 
camt and that the F is not fused to an autosome, thus corroborating 
genetically Hughes’s cytological findings. 

In agreement with ^e data of table 1, the reciprocal crosses reported in 
table 2 show again for all three races complete linkage between the genes 
va and tb, suggesting a fusion of the second and third chromosomes of virilis 
to form the V-shaped autosome of arnericam. 

If the chromosomes that are considered to be homologous on the basis of 
the marker genes used are so with respect to the majority of their genes, the 
two sub-species might be schematically represented as follows: 


Drosophila virUis virilis 


Female; (,X) 

(IV) 

(II) (III) 

(V) 

(VI) 

(X) 

(IV) 

(II) (III) 

(V) 

(VI) 

Mole; (.X) 

(IV) 

(11) (HI) 

(V) 

(VI) 

(V) 

(IV) 

(11) (III) 

(V) 

(VI) 

Drosophila virilis americana 

Female: (AT.. 

. .IV) 

(11.... Ill) 

(V) 

(VI) 

(X.. 

,.IV) 

(11.... Ill) 

(V) 

(VI) 

Male: {X.. 

..IV) 

(11...,HI) 

(V) 

(VI) 

(JO 

(IV) 

(n....iii) 

(V) 

(VI) 
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LINKAGE STUDIES OF THE RAT {RATTUS NORVEGICUS), III 

By W. E. Castle and Helen Dean King 
University of California and Wistar Institute* 

Communicated July 16, 1940 

A new mutant character of rats, “hereditary acholuric jaundice” was 
described in 1938 by C. H. Gunn of the University of Toronto. It was 
shown that the anomaly results from an overproduction of bile pigment in 
consequence of an excessive fragility of the er 5 rthrocytes. The affected 
individuals are recognizable by their yellow color at or soon after birth. 
The yellow pigment also enters the developing hair so that white hair of 
albino and of piebald individuals is distinctly yellowish in color. Growth is 
usually retarded in affected individuals and in extreme cases “nervous 
symptoms are developed such as a wobbly gait or partial paralysis, confined 
chiefly to the hind limbs.” Experimental evidence, according to Gunn, 
indicates that the lag in growth and the nervous symptoms are associated 
with an inability of jaundiced rats to use carotene as a source of vitamin A, 
and that tliey consequently suffer from a prolonged vitamin A deficiency. 
He shows that the syndrome is inherited as a simple recessive character, 
which finding is fully conformed by our own observations. 

Through the kindness of Professor John W. MacArthur, in whose labora^ 
tory the studies of Gunn were made in part, we received in Berkeley a stock 
of albino jaundiced rats in September, 1938, planning to make a complete 
study of the linkage relations of the jaundice gene. Dr. MacArthur had 
already informed us by letter that he had canvassed the question of possible 
linkage with the commoner mutant rat genes, agouti, albino and hooded, 
and found no indication of linkage, as recombination occurred freely after 
crosses involving each of these genes. This finding also we can confirm. 
The symbol used by MacArthur for jaundiced is j, which usage we shall 
follow. 

The mutant genes for which tests have been made by us for linkage with 
jaundiced are as follows: (1) A, agouti; (2) c, albino; (3) Cu, curly; 
(4) Cws, curlya; (5) d, dilute; (6), h, hooded; (7) Ar, hairless; (8) A, kinky; 
(9) wo, wobbly, Other mutant genes for which no tests have been made 
because they are known to be linked with one or another of the genes al¬ 
ready enumerated are the following: (10) b, brown and (11) an, anemia, 
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which are linked with Cu; (12) Z, Gxilneberg lethal, (13) p, pink-eye, (14) r, 
red-eye and (15) Wf waltzing, all of which are linked with c, albino. 

It may be stated at once that all linkage tests made by us have given 
negative results, so that for the present jaundiced must be regarded as the 
marker of an independent tenth chromosome. 

A summary statement of the results of the linkage tests is contained in 
tables 1 and 2. 

Tests were made by a backcross to the double recessive in the c$we of 
agouti, albino, curly, curly^, and hooded, the expectation being equality 
of crossover and non-crossover classes, if no linkage exists. Such equality 
was found within limits scarcely in any case exceeding the probable error, 
and so without statistical significance. (See table 1.) 

Ft populations (table 2) were considered conclusive evidence of the non¬ 
existence of linkage in the cases of dilution, hairless and kinky, in all of 
which the critical double recessive recombination class, which could arise 
only from the union of crossover gametes, was found to be close to or in 
excess of expectation, whereas if linkage existed this class should be below 
expectation on the basis of free assortment. Also other classes in these F# 
popidations were sufficiently close to expectation to negative the idea of 
linkage. 

In the case of wobbly (table 1) £in F^ test was rendered unreliable and a 
back-cross test between F] and the double recessive was rendered impossible 
by early death of double recessives, none having attained maturity. Ac¬ 
cordingly resort was had to the more laborious but more certain method 
outlined in a previous paper (Castle, 1939). A cross was made between 
jatmdiced and wobbly. Fi was crossed to animals canying neither mutant 
gene. The resulting young were tested individually for presence of one or 
the other or both of the mutant genes. These tests were made by mating 
each individual to be tested to an Fi animal, which from its pedigree would 
be known to be a carrier of both mutant genes. If there was no linkage 
between the two mutant genes, those genes would be expected to recombine 
freely among the gametes produced by an Fi individual. Such gametes 
would then be of four sorts equally numerous, w«., (1) j only, (2) wo only, 
(3) both j and and (4) neither j nor too. No test mating was rated as 
conclusive unless it resulted in the production of six or more young. Satis- 
factoty tests were made of 143 animals which fall into four classes as follows: 

OF CXaftlBFft OF CABEnnt OF CAKKUBi OF 

jo>a.r iwQHLv ■on.^ANsiM timmumjttmiwo 

82 40 23 48 

Aa regards the contribution of the Fi parent to the animals tested, carriers 
of j only or of too only would arise from repul^n (non-crossover) gametes 
of the Fi parent, whereas carriers of both or of neither would arise from cross* 
over gametes of the Fi parent. We thus have information as to the nature 
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of 173 Fi gametes. These total 32 -f 40 = 72 non-crossover gametes, and 
23 + 48 = 71 crossover gametes. The two groups are as nearly equal as 
possible in an odd number of individuals. They furnish a perfect example 
of free assortment and show conclusively that no linkage exists between j 
and wo. 

Conclusion .—The recessive mutant gene jaundiced (j) shows linkage 
with no other known rat gene and thus becomes the marker of a tenth in¬ 
dependent chromosome pair. 

Acknowledgment is made of valuable assistance rendered by WPA 
laborers in caring for the experimental animals, project No, 65-1-08-91, 
imit B-7. 


TABLE 1 

Summary of Tests for Linkage between Jaundiced (j) and Other Mutant Genes 

OF the Rat 


MACKCRQURAa BETWXBN 



NON> 



F \ AKD OOUBLB RB- 

ClLOaSOVBR 

cRoaaovBR 


OBVIATION 

CBftSXVBB 

OAMBTRa 

OAHBTBS 


AND P . E . 

j X agouti 

87 


81 


3 4.4 

j X albino 

59 


59 


0 

j X curly 

267 


267 


5 7.7 

j X curly* 

72 


84 


6 ■*' 4.2 

j X hooded 

102 


113 


6.5 * 4.9 


Test by '*lethal method.” Castle. 1939 


j X wobbly 

71 

TABLE 2 

72 


0.6 ^ 4.0 

Ft Populations. Expected 9 : 3 ; 3 : 1 . 

Ip No Linkage Exists 

j X dilution 

JD 

id 


Id 

Jd 


89 

29 


22 

17 

Expected 

88.2 

29.4 


29.4 

9.8 

j X hairless 

JHr 

JHr 


Jhr 

jhr 


96 

32 


22 

9 

Expected 

89.0 

29.7 


29.7 

9.9 

j X kinky 

JK 

JK 


Jk 

jk 


352 

108 


134 

51 

Expected 

362.7 

120.9 


120.9 

40.3 


*This is the third in a series of reports on codperative mvestigations linkage in the 
rat. In the first two papers all observations reported were made by King at the Wistar 
Institute. In this paper the observations were made by Castle in Berkeley. 

Castle. W. E., '"On a Method for Testing for Linkage between Lethal Genes/* Free. 
Nat, Acad, 5c».. 25, 593«594 (1939). 

Gunn. C. H,. **Hereditary Acholuric Jaundice in a New Mutant Strain of Rats/* 
Jour. Hcredn 29, 187-139 (1938). 

King. Helen Dean, and Castle. W. E., '^Linkage Studies of the Rat {RaUus nor- 
wg*ciM)/* Proc. Nai. Acad. SH., 21, 390-899 (1935). 

King. Helen Dean, and Castle, W. £., ^'Linkage Studies of the Rat {RaUus nor- 
wgicus). II/* Ibid., 23,56-00 (1937). 
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SYNTHESIS OF THIAMIN BY EXaSED ROOTS OF MAIZE* 

By J. Edwakd McClary 

Dbparthbnt of Botany, University of Missouri 
Communicated August 13, 1940 

Excised roots of many dicotyledonous plants have been cultured indefi¬ 
nitely in a nutrient medium consisting of mineral salts, sugar and one or 
more accessory growth factors. Some species require the addition of 
vitamin Bi (thiamin),others require also vitamin Be* or nicotinic acid or 
both.^ According to Robbins* the tomato requires only the addition of 
the thiazole fraction of thiamin but Bonner and Devirian^ found that 
thiamin could not be replaced by thiazole for the growth of excised tomato 
roots. 

Similar experiments with monocotyledonous plants have been unsuccess¬ 
ful. Many attempts have been made, particularly with maize {Zea mays) 
and favorable effects have been reported for yeast extract*' * and the ex¬ 
tracts of parts of the com plant or seed,’^ but growth of the tips has not 
been maintained through more than a few, rarely as many as six, transfers 
and the rate of growth in the successive transfers has always decreased. 
Robbins and White'^ and Fiedler* found that agar medium was superior to 
aqueous medium for the growth of excised roots of com, but a constant 
growth rate was not maintained through transfers to fresh media and only a 
few transfers could be made. 

Fiedler concluded that it was probably impossible to culture roots of 
maize indefinitely since it is strictly an annual plant and the growth of the 
roots is thereby limited. This conclusion is incapable of proof and need 
not be considered. Robbins and White^ concluded that organic substances 
other than glucose as well as minerals not ordinarily supplied were prob¬ 
ably essential for the growth of maize roots and the beneficial effect of 
agar was attributed to impurities that could be assimilated by the roots, 
Robbins* has shown that agar contains traces of growth factors, but the 
evidence presented herein seems to indicate that the physical properties 
of the agar solution are, at least in part, responsible for the beneficial effects 
of the agar. 

Evidence is presented in this report that excised roots of maize can be 
cultured through many transfers without decrease in the growth rate in a 
solution of mineral salts, glucose and agar, and that under these conditions 
thiamin is synthesized by the roots. 

Materials and Methods,—T\xt varieties of maize used in these experi¬ 
ments were inbred lines and single crosses furnished by the Field Crops 
Department of the University of Missouri. For the most part the single 
crosses RYD 940 X Li and HY X L% were used. The mineral salts used 
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were Merck's or Baker’s c.p. grade, not specially purified. The glucose 
was cerelose, a pure grade produced by the Corn Products Company. 
The agar was '*Difco, Bacto-agar,” granular form. No analysis has been 
made of the substances and no attempt has been made to purify them. 
The asparagin was recrystallized four times from hot water. The water 
was redistilled from Pyrex glass. 

The basic mineral solution for the culture of excised root tips was Hoag- 
land's^ slightly modified, consisting of KNOs—0.25 g.; Ca(N0*)j.4Hfl|0— 
0.59 g.; MgS04.7HjO-0.246g.; KH 8 PO 4 ---O.O 68 g.; Fej(S04)r™0.004 g.; 
water—1 liter. Due to evidence not necessary to this discussion the 
mineral solution was modified in the later work by the substitution of KCl 
for KNOj in equivalent parts and the addition of 2 grams per liter of NaCl. 

Grains of maize were sterilized in a 0 . 2 % solution of HgCU in 50% ethyl 
alcohol for 1 to 2 minutes. They were washed for at least 10 minutes in 
distilled water in large test tubes and removed to sterile agar plates with¬ 
out nutrients by means of an aluminum spoon. When the roots were from 
1 to 4 cm. in length, tips approximately 2 mm. in length were excised and 
transferred to the nutrient solution. 

Unless otherwise mentioned all cultures of both roots and Phycomyces 
were grown in 125-ml. Erlenmeyer flasks of Pyrex glass. The flasks were 
cleaned with chromic acid cleaning solution, rinsed with tap water, dis¬ 
tilled water and finally with redistilled water. 

For thiamin analyses the Phycomyces method described by Schopfer^® 
was used. The medium for the culture of Phycomyces Blakesleeanus con¬ 
sisted of MgS 04 . 7 Hj 0 — 0.6 g.; KH 1 PO 4 —L5g.; glucose—100 g.; aspara¬ 
gin—4 g.; water—1 liter. The material to be assayed was ground in a 
glass mortar and added to 20 ml. of the nutrient medium in 125-ml. flasks. 
The media were sterilized in an autoclave at 15 lb. pressure for 20 minutes. 
Bach flask was inoculated with 0.2 ml. of a spore suspension made by shak¬ 
ing a tuft of Phycomyces in 50 ml. of distilled water. The cultures were 
allowed to grow for 10 days at a temperature of 20 to 23 degrees in dif¬ 
fuse light. The mycelia were wa^ed with distilled water and dried at 80 
degrees. 

Estimation of the quantity of thiamin present was made from controls 
grown with s}mthetic thiamin C*Betabion, Merck") at the same time and 
under the same conditions as the assay cultures. 

ExperimefUal ResuUs: Culture of Excised Roots in Aqueous ilfsdsa.—-All 
attempts to culture excised com roots through successive transfers to fresh 
media have failed. The addition of thiamin, nicotinic acid, amino adds, 
nudeic add, ascorbic add and other growth factors have had little or no 
effect in any combination tried. Aeration of the medium by bubbling air 
continuously through the solution was without effect Although, as is 
diown later, higher concentration of glucose improves agar media for the 
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growth of com roots, 2% glucose was optimum in the aqueous media em¬ 
ployed. 

Culture of Roots in Agar Medium with 2 Per Cent Glucose, —^Using Hoag- 
land’s solution plus 2% glucose in 1 Vt% agar as the culture medium, the 
results obtained in this laboratory have been very variable. When the 
roots were allowed to remain in the original medium for long periods of 
time, sometimes for 3 or 4 months, they often attained a dry weight of 
100 mg. or more, but all attempts to maintain the roots through successive 
transfers of the tip to fresh media failed. The addition of known growth 
factors did not improve the solution for the growth of the roots. Extracts 
of maize seed, leaves or roots of com, and of yeast were not markedly bene¬ 
ficial even when such extracts were filtered sterile and added to the agar 
medium at a temperature just high enough to prevent solidification of the 
agar. It seems probable that the failure of growth under these conditions 
was not due to the lack of any growth factor that is required in small 
amounts unless that substance is very unstable or is not absorbed by the 
roots. 

The Culture of Excised Embryos of Maize, —It is probable that when an 
embryo has a large part of the scutellum attached it will not be deficient 
in thiamin or other required growth factors until it has made considerable 
growth. Analysis of the seed for thiamin was made for the purpose of deter¬ 
mining how much thiamin could be expected to be present under these condi¬ 
tions, and how rapidly the store of thiamin was depleted by the growing plant. 
Seed of an F\ hybrid, RYD 940 X La, were soaked for 24 hours at 15 de¬ 
grees and germinated on agar plates, without nutrients, under sterile 
conditions, and in the dark at room temperature. Samples were analyzed 
for thiamin after 0, 5 and 10 days of germination. The results are shown 
in table 1. 


TABLE 1 

Assay of Gbrminating Maizb Sbbb for Thiamin 


TUUt IN 
DAYS OF 
OSmCIMATtON 


niACTiOMr 

OF 


THtAKlN, 
TIMBF 10*^ 
MOLB 


0 


Embryo 

Scutellum 0.87 

Endosperm 0.02 

Total 0.39 



10 


Embryo -f 

Scutellum 0.45 

Endosperm 0.02 

Total 0.47 

Embryo -f 

Scutellum 0.53 

Endosperm 0.02 

Total 0.55 
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Although the scutellum and embryo constitute less than 12 per cent 
of the dry weight of the seed they contain about 94 per cent of the thiamin 
contained in the seed. There was an increase in the total amount of thia¬ 
min in the seed; after 5 days the increase was 21.6 per cent and after 10 
days 43.2 per cent of the amount originally contained in the seed. 

Embryos with approximately V 4 of the scutellum attached were excised 
from germinating seeds and cultured in the dark in Hoagland's solution 
plus 0.5, 2 and 5 per cent glucose and 1 per cent agar for 21 days. The 
results are given in table 2 . 


TABLB 2 

The Growth of the Roots of Cultured Embryos with About V4 of the Scutellum 

Attached. Time of Growth Was 21 Days 



P»m CBMT 

DKY WBIOHT 

Tissim 

OP 

OP BOOTS. 

CULTUUD 

OLOooas 

MO. 


[ 0.6 

3.0 

Roots of embryos 

] 2.0 

10.8 


1 6.0 

30.6 

Excised roots 

2.0 

9.5 


In this experiment glucose was obviously the limiting factor in the lower 
concentrations. The weight of the roots in the cultures of 5 per cent glu¬ 
cose was more than double the weight of the roots in the lower concentra¬ 
tions. Perhaps more important from the standpoint of this discussion 
was the fact that in 2 per cent glucose the roots of these plants grew no 
better than excised roots grown in the same medium. They were similar 
in appearance, becoming exceedingly thin and stopping growth after about 
two weeks. In 5 per cent glucose the roots were more nearly normal in 
appearance and were growing in all cultures at the termination of the ex¬ 
periment after 21 days. 

The Culture of Excised Roots of Maize in Agar Medium Plus 5 Per Cent 
Glucose, —On April 16 excised root tips 2 mm. in length were started in the 
basic mineral solution plus 1V* per cent agar plus 2, 5, 7V» and 10 per cent 
concentrations of glucose. The com used was a single cross, R YD 940 X 
L», After 20 days all of the tips in the 2 per cent glucose media were too 
thin for transferring. Those in TV* and 10 per cent glucose were thick but 
had grown slowly and were discarded. The roots in media containing 
5 per cent glucose were normal in appearance and were growing well. 
These, 8 in ntunber, were sub-cultured by removing 1 cm. of the tip to 
fresh media of the same constitution. These roots are still growing wdl 
at the time of this writing; they are in the eighth sub-culture and have been 
growing at an almost constant rate of approximately 8 mm. per day for 115 
days. Furthermore, each culture, after the tip was removed, developed 
brand! roots that thickened and grew as well as the main root. 
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lu another experiment, that is being carried on at the time of writing, 
the tips of the roots have been transferred to fresh media at intervals of 
three days. They have now been transferred 18 times, the rate of increase 
in length has not varied appreciably and the tips appear to be perfectly 
normal and as large in diameter as the original tips. During the last 10 
of these transfers the tips have been grown in Pyrex petri dishes (150 X 15 
mm.) containing 10 ml. of nutrient meditun. Many of these roots have at 
times become abnormal when they penetrated into the agar medium; but 
growth was resumed at the original rate when the roots were removed from 
the agar so that only the tip was in contact with the agar or penetration 
was very shallow. 

Synthesis of Thiamin by Excised Roots of Com .—Many assays of excised 
roots that had grown without transfer in the original medimn indicated 
that in every instance the cultured roots contained more thiamin than was 
present in the original tip and in the nutrient medium. In each transfer 
of the experiment described above, started April 15, the old roots were 
allowed to grow, after the tips were removed, until June 14, when the first 
four cultures were assayed for thiamin. The results are given in table 3. 

TABLE 8 

Assay of Excised Roots of Maize for Thiamin 


TKANa»BR 

NUMBBK OP 

OP ROOTS 

TtMB OP 
GROWTH, 
OAVS 

AV. dry 
WBXQHT 

OF roots, 
KG, 

AV. AMT. OP 
THIAiaN PBR 
ROOT 

X 10-w 

MOLB 

1 

8 

60 

62.5 

1.81 

2 

8 

30 

26.6 

0.86 

3 

7 

16 

16,3 

0.64 

4 

7 

9 

7.1 

0.33 

Total thiamin per root through 4 transfers 


3.64 

Controls^ 1 3-mm. tip excised from a germinating grain of com, 

aver- 

age of 15 cultures 




0.16 

Culture medium for root culture plus asparagin, average per flask 

0.02 


A single root growing through 4 transfers was found to contiun 3.54 X 
10“'* moles of thiamin compared with 0.15 X 10“‘* in an original root 
tip and 0.02 X 10'^** moles in the agar medium. The growth of Phyco- 
myces was little better in agar without thiamin than in water without 
thiamin and evidently only a trace of this substance is to be found in agar. 
A cultured root contained about 24 times as much thiamin as the original 
tip and there seems to be no way to account for this increase other than 
synthesis by the roots from glucose, mineral salts and whatever imptuities 
may be present and available in the medium. 
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Discussion ,—No improvement over results already reported has been 
made in the ctilture of excised com roots in aqueous media. The addition 
of numerous growth factors and extracts prepared in various ways has 
failed to improve, materially,, the mineral salt plus glucose solution and the 
growth of the excised roots has consistently been unsatisfactory. The 
results are similar regardless of the organic substances added to the solu¬ 
tion and in view of the results reported with agar cultures it seems doubt¬ 
ful that this unsatisfactory growth is the result of a deficiency of any 
growth factor. It seems more probable that the physical conditions of the 
aqueous medium are unsatisfactory for the continued growth of excised 
maize roots. 

The conditions under which sustained growth of excised maize roots 
can be maintained are yet imperfectly delineated. Growth has been 
maintained through 18 transfers without appreciable decrease in the rate 
of elongation of the roots and branch roots have been removed from the 
latest transfers and in turn maintained in culture. It seems doubtful 
that any substance in the original tip could still be present in sufficient 
concentration in the later cultures to control the growth of the roots. 
However, the fact that root tips often become abnormal and cease to grow, 
even under the most favorable conditions, if they are allowed to penetrate 
the agar, and that the growth of such roots will often be resumed if they are 
placed with only the tip in contact with the agar, indicates that conditions 
other than nutrient deficiency are responsible for the development of the 
abnormal condition. The fact that maize plants will grow with their 
roots in water solution does not necessarily invalidate this argument. 
When the roots are attached to the aerial part of the plant the vascular 
system is uninterrupted, nutrients are furnished from the aerial parts and 
there is not usually glucose in the medium surrounding the roots. This is 
obviously a system quite different from an excised root growing entirely 
surrounded by the medium. The most plausible explanation of the ef¬ 
fect of removing a root from the agar is that aeration is better; and yet it is 
difficult to understand how a system could be deficient in air when air 
bubbles are continuously passing through the system, or how a layer of 
medium only 2 mm. in thickness could be deficient in air. Although it 
seems likely that physical conditions of the medium are important, the 
nature of the factors involved are unknown. 

The evidence for the synthesis of thiamin by excised roots of maize seems 
to be conclusive. Whether glucose and mineral salts alone are sufficient 
for the synthesis of thiamin and for continued growth of the roots is still 
open to some doubt. It is possible that traces of impurities in the i^ar 
and glucose can be utilized. Whatever impurities are present are not ef¬ 
fective in improving materially the growth of excised roots in aqueous me¬ 
dium and it is doubtful if their presence is of great importance in the ngwr 
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media. It is clear that excised roots of com can utilize materials that are 
not effective in replacing thiamin for the growth of Phycomyces and con¬ 
vert them into thiamin or its equivalent as measured by tiie growth of 
Phycomyces. 

Summary, —1. Efforts to improve an aqueous solution of mineral salts 
and ghicose for the growth of excised maize roots by the addition of known 
growth factors or of various extracts were not successful. Aeration did 
not improve the solution for the growth of the roots. 

2. Excised maize roots were maintained in a medium consisting of 
mineral salts, 5% glucose and iVs per cent agar for 115 days through 18 
transfers without appreciable decrease in the rate of elongation of the roots. 

3. Thiamin was synthesized in significant quantities by excised roots 
of maize growing in the mineral salt, glucose and agar solution. 

4. Evidence is presented that the physical conditions of the media 
were probably limiting factors for the growth of maize roots in an aqueous 
medium and under certain conditions in agar medium. 

• A portion of a dissertation to be presented to the Graduate Faculty of the Univer¬ 
sity of Missouri in partial fulfilment of the requirements for the degree of Doctor of 
Philosophy. 

' Bonner, James, and Devirian, Philip S., "Growth Factor Requirements of Four 
Species of Isolated Roots,” Am, Jour. Bot.t 26, 861-666 (1939). 

• Bonner, James, and Erickson, J., "The Phycomyces Assay for Thiamin (Vitamin 
Bj): the Method and Its Chemical Specificity,” Jbid.t 25,686-692 (1938). 

• Fiedler, Herbert, "Entwicklungs und Reizphysiologische Untersuchungen an 
Kulturen isolierter Wurzelspitzen,” Zeit.f. Bot.^ JO, 385-436 (1937). 

• Hoagland, D, R,, and Broyer, T. C., "General Nature of the Process of Salt Ac¬ 
cumulation by Roots with Description of Experimental Methods,” PI. Physiol.^ 11,477- 
607 (1936). 

• Robbins, William J., "Effect of Autolyzed Yeast and Peptone on the Growth of 
Excised Corn Root Tips in the Dark,” Bat. Gat., 74,69-79 (1922). 

• Robbias, W. J., and Bartley, Mary A„ "Thiazole and the Growth of Excised Tomato 
Roots,” Proc. Nat. Acad. Sci,, 23,385-^88 (1937). 

^ Robbins, W. J., and White, Virginia B.. "Effect of Extracts from the Corn Plant 
on the Growth of Excised Root Tips,” Bot. Gat., 98, 620-634 (1937). 

• Robbins, W. J., and Bartley, Mary A., "Vitamin B«, a Growth Substance for Ex¬ 
cised Roots,” Proc. Nat. Acad. Sci., 25, 1-3 (1939). 

• Robbins, W. J., "Growth Substances in Agar,” Am. Jour. Boi., 26, 772-778 (1939). 

“ Schopfer, W., and Jung A., " Un test vegetal pour Vaneurine. M^thode, Critique, 

et R4sultats,” Compt. Rend. V Congres Int. Tech, et Ckim. des Jnd. Agr. Schevingen, 1, 
22-84 (1937). 

White, P. R., "Vitamin Bj in the Nutrition of Excised Tomato Roots,” PI. Physiol., 
12, 803^11 (1937). 

w White, P. R., "Cultivation of Excised Roots of Dicotyledonous Plants,” Am. Jour. 
Mot, 28. 348-366 (1938). 




PROCEEDINGS 

OF THE 

NATIONAL ACADEMY OF SCIENCES 

Volume 26 October 15, 1940 Number 10 

Copyriihi tP40 by tkt Natiotml Acodrmy of Sciencos 
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MOUSE SARCOMA 

By Paul A. Zahl,‘ Franklin S. Cooper* and John R. Dunning* 

Communicated June 26, 1940 

Introduction. —The destruction of living tissues by x*ray and fast neu¬ 
tron radiation is well known. The effects are directly traceable to the ac¬ 
tion of energetic electrons resulting from the absorption of the x-rays in the 
one case, and in the other, from recoil nuclei, such as those of hydrogen, 
carbon and oxygen which have been projected by neutral impact. How¬ 
ever, in both cases the destructive action occurs throughout the irradiated 
tissue, and no satisfactory method has been found for localizing the damage, 
in the case of cancer therapy, to the tumor zone. Thus skin damage usu¬ 
ally sets an upper limit to the dose which can be delivered through the skin 
to underlying tissue. 

Since the passage of slow neutrons through body tissues is not accom¬ 
panied by the production of energetic recoil protons, there should be little 
or no resulting damage to the tissue. However, if these slow neutrons be 
introduced into a zone whicli has been perfused with certain chemical ele¬ 
ments such as boron or lithium, or their compounds, nuclear capture reac¬ 
tions will occur which release very energetic particles, and result in the local 
destruction of tissue. That is, for boron: 

sB” + sLf + aHe^ + 2.2 MEV (million electron volts) 
or for lithium: 

*Li« + ou^ sHe^ + iH* + 4.6 MEV. 

The energies released by these reactions are approximately 2.2 MEV and 
4,6 MEV, respectively. The cross-section* for the boron process is 67.6 X 
10“’* cm.’, as compared with 60 X 10“’* cm.’ for the lithium process. 
Thus while the energy release for lithium is larger, approximately five times 
the atomic concentration of lithium is necessary to obtain the same total 
energy release as with boron. Both reactions are competitive with capture 
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of the slow neutrons by hydrogen, with emission of high energy gamma 
rays,® + on^ xH® + 7 (2.2 MEV), but the capture probability for this 
process is only 0.3 X 10"^^ cm.^ so only very small atomic concentrations 
of boron or lithium are required to capture an appreciable fraction of the 
neutrons. 

The foregoing considerations suggest an investigation of the applicability 
of neutron-boron or neutron-lithium techniques to the localized treatment 
of tumors. The physical principles have been discussed at length by Kru¬ 
ger ( 1 ) in connection with his experimental findings that mammary carci¬ 
noma, lymphoma and an undifferentiated sarcoma showed decreased 
“takes” subsequent to immersion in boric acid solution and in vitro irradia¬ 
tion by slow neutrons. 

In an effort to test the effectiveness of the neutron-boron process in 
vivo, experiments were designed to attempt to localize boron or lithium 
atoms within or around the tumor mass of Mouse Sarcoma 180 during the 
period of irradiation with slow neutrons. This tumor type was considered 
suitable for such work because of its known radio-sensitivity and its stand- 
ardizable characteristics. 

Experiments ,—The implantation technique together with the growth 
characteristics of Mouse Sarcoma 180 have been fully described by Sugi- 
ura ( 2 ), et al. Suffice it to say that when inoculated subcutaneously in the 
axillary region with a 2 -mm. cube of freshly excised tumor tissue, male 
mice of 20-22 grams will ordinarily die during the third or fourth week fol¬ 
lowing implantation. The implanted fragment undergoes rapid growth; 
metastases are not formed. Death presumably is due to impoverishment 
of the animal by the growing tissue mass, together with a toxemia syndrome 
resiilting from the by-products of necrosis. 

The aim was to inject the tumor with various boron or lithium prepara¬ 
tions, followed by neutron irradiation of the whole animal witli a dose some¬ 
what below that which would ordinarily kill the animal due to general 
irradiation effects. It was hoped that by taking advantage of the neutron- 
boron reaction at the site of the tumor, one could develop a local ioniza¬ 
tion sufficiently intense to destroy the malignant tissue. 

The mouse to be irradiated was placed in a small, perforated aluminum 
shell. Each shell was placed in a paraffin well capped with a paraffin block. 
For dimensions of these structures see figme 4. The blocks, piled in stacks 
of three, were placed within the radiation zone of the cyclotron target, in 
most experiments about forty centimeters from the target. 

The neutrons were produced in the cyclotron at Columbia University by 
bombarding a beryllium target with protons of approximately 7 MEV 
energy. The neutrons emitted by this reaction have a spectrum rich in 
neutrons of 0.5 to 2 MEV and comparatively few have energies above 3 
MEV. 
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Many of the neutrons from the cyclotron were slowed down by impacts 
with the hydrogen nuclei in the paraffin blacks. The thickness of the paraf¬ 
fin walls was a compromise between that necessary to obtain the maximum 
slow neutron radiation density in the region of the organism to be irradiated 
and the minitnutn ionization due to fast neutrons, taking into account the 
low intensity of the primary neutron beam. One inch of brass (the cham¬ 
ber wall) reduced the gamma radiation from the target, so that the back¬ 
ground ionization due to gamma rays in the region of the tumor was less 
than 20% of the total ionization under these conditions. The increased 
ionization in a region containing boron is illustrated in figures 1 and 2. 
Sufficient space was not available for additional lead, but under more favor¬ 
able conditions, its proper use could reduce the gamma ionization to a still 
lower value. 

Dosages were adjusted from empirical biological observations, aided by 
existing information on the reaction of mice to known dosages of x-rays. 
This was necessary, first, because no accurate measure of the energy release 
of the slow neutron-boron reaction could be made at the tumor site; second, 
because the biological effectiveness of this energy is not quantitatively 
understood. 

Before undertaking the boron experiments per se it was necessary to de¬ 
termine the lethal limit of irradiation in terms of time for the whole animal. 
Data given by Lawrence, Aebersold and Lawrence (3) indicate that whole- 
animal x-ray irradiation of 500 roentgens reduces the average life of mice fol¬ 
lowing irradiation to 17 days; 000 r to 12 days; 700 r to 10.5 days; 800 r to 
7 days; 1000 r to 5 days. Because of the scatter around each of these mean 
periods it was arbitrarily assumed that any of our irradiated animals sur¬ 
viving a period of 35 days had escaped the lethal effects of irradiation, and 
had not been subjected to a total ionization of more than the biological 
equivalent for the mouse of 400 r of x-rays. The validity of this assumption 
is borne out by Sugiura’s (2) findings that 81% of mice receiving 400 r sur¬ 
vive indefinitely. 

Experiment 1 of table 1 indicates that 18 hoius of irradiation in the 
paraffin wells was 100% lethal. In experiment 2 the irradiation period was 
reduced to ten hours, and it was found that 66.6% of the animals survived, 
indicating an approach downward toward the non-killing threshold. From 
a study of the Lawrence, Aebersold and Lawrence data and that of Sugiura, 
it was asstimed that during somewhat under a ten hour period our animals 
were being subjected to an effective biological ionization equivalent of be¬ 
tween 300 r and 500 r of x-radiation, which according to Sugiura’s data is on 
the borderline between lethal and sub-lethal. The neutron dosage (with¬ 
out the paraffin filter) as read on a standard Victoreen r-meter was approxi¬ 
mately 30 **n” per hour. 
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Since the appropriate time-dosage period was ascertained grossly to be 
between six and ten hours, it was necessary to develop a technique for re¬ 
taining a high concentration of injected material at the tumor site for long 
periods. Preliminary experiments designed to test the permeability and 
diffusion characteristics of various forms of boron and lithium indicated: 
(1) that a saturated aqueous solution of boric acid injected in or around 
the tumor would not sustain itself in sufficiently high concentration for 
more than ten or fifteen minutes, as ascertained by making qualitative 
analyses for boron content of the tissue by the use of the quinalixarine tests 
of Feigl (4); (2) that finely pulverized metallic boron particles (in the order 
of 0.5“2.0 M in dimension) when injected in oil suspension would localize 
largely at the oil-tissue interface and would not diffuse through the cell 
membranes or far into the intercellular spaces of the compact tumor tissue. 
Since the range of the disintegration products of the neutron capture proc¬ 
esses was limited to less than fifty microns, the ionizing effect during radia¬ 
tion would be too local for a general tumor-killing effect. (3) That when 
powdered boric acid suspended in oil in liquid-paste form (one gram doubly 
pulverized boric acid suspended in two cubic centimeters of sesame oil) and 
injected into or around the tumor, a large excess of the boric acid could be 
localized and remain harmless to the tissue, slowly being taken into aqueous 
solution by the body fluids bathing the tumor and its environs. Thus a 
relatively high concentration of aqueous boric acid could be sustained at 
the tumor site for as long as several hours, draining out of the oil suspension 
into the soluble water phase. (4) That when lithium meta-borate (which 
is much less water-soluble than boric acid, and which in aqueous solution 
hydrolyzes into lithium hydroxuie and boric acid) is likewise suspended in 
oil and injected, it goes into body solution even more slowly than the boric 
acid oil suspension, and therefore was considered suitable for injection pre¬ 
ceding very long radiation periods. The toxicity of these materials will be 
discussed subsequently. 

The exact method of injection is a point which warrants description. 
The needle was inserted under the skin about an inch posterior to the tumor, 
then passed subcutaneously into the tumor site and through the center of 
the tumor mass, and extended into the connective tissue anterior to the 
tumor. The needle was then slowly withdrawn as the plunger was applied 
so as to deposit material anterior to, within and posterior to the tumor. 
Before withdrawing the needle from the skin more material was deposited 
on either side of the tumor. The purpose, of course, was to bring the 
actively proliferating tumor tissue into close contact with the boron or 
lithium-<bearing oil. 

Having found the time-dosage threshold, it was necessary to establish the 
independent effects on the tumor of each of several variables. The first was 
radiation itself without injection. Twelve animals with growing, week-old 
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tumors were irradiated for eleven hours. Only 8.3% of these survived the 
35 -day period, the others dying presumably because of the sarcoma growth. 
In the non-irradiated control to this experiment 16.6% of the animals sur¬ 
vived. Since the difference l^etween S.3 and 16.6, in view of the size of the 
sample, is hardly significant, it can be assumed that the whole body irradia¬ 
tion did not affect a significant regression of the tumors. This is rather 
what would be expected in view of the fact that from Sugiura’s data it re¬ 
quires an equivalent of 1000 r to effect a 50% in vivo regression in shielded 
animals. 

The second variable was the toxicity of the injected materials on both the 
whole animal and the tissue at the site of the injection. Preliminary ex¬ 
periments indicated that amounts of both boric acid and lithium meta¬ 
borate could be injected subcutaneously into healthy mice in considerable 
excess to the 25-50 mg. doses injected for the experiments, without any 
observable ill effects. However, in experiments 4, 5, 6 and 7 it will be seen 
that the non-irradiated tumor-bearing mice receiving control injections 
equal to those in the irradiated specimens showed tumor regression or ab- 

Description op Plate 

Figures 1 and 2. Increased ionization produced in regions containing boron when 
bombarded with neutrons. Fig. 1: Without boron. Eastman Alpha Particle Spectro¬ 
scopic plate, emulsion No. 129,975. Film exposed to cyclotron irradiation within 
aluminum shells and parafhn-well in position identical to that occupied by mice in the 
experiments described in the text. Three tracks due to protons projected by neutrons 
are clearly visible in the field, together with general photographic grain reduction due 
to protons projected at various angles to the plane of the film, together with projected 
nuclei such as carbon, and to gamma>ray background. This photo illustrates essen¬ 
tially the amount of ionizing energy released in an equivalent volume of hydrogen-rich 
tissue during an equivalent period under conditions described in the text when no boron 
is present. Magnification: X ItXM). Fig. 2: With boron. Same type of film and 
same exposure time as in figure 1, except emulsion before exposure was dipped into a 
2% aqueous solution of boric acid and allowed to dry. Shows numerous alpha particle 
tracks resulting from slow neutron-boron capture. Many tracks do not lie in plane 
of the photograph. Illustrates essentially the amount of ionizing energy released in an 
equivalent volume of tissue in the area of the tumor in which an equivalent concentration 
of boron following injection with boron salts was maintained. Cf. figure 1. It is the 
ionization difierential illustrated in these two photographs which presents the basic 
rationale of the experiments described in the text. 

Figure 3. Cyclotron with paraffin bricks in situ. In each brick are two wells of 
dimensions indicated in figure 4. Loosely placed in each well is a perforated aluminum 
shell for housing the living mouse during the radiation. The bricks, in stacks of three, 
were placed in an arc around the beryllium target in a position designetL so far as pos¬ 
sible, to equalize the dosage for each animal. Thus twenty-four mice could be irradiated 
at one time. 

Figure 4. Oose view of paraflSn brick and wells used in all the experiments. A 
mouse enclosed in the aluminum shell could be retained in relatively comfortable con¬ 
finement for more than six hours. The wells were closed from above with paraffin 
slabs loosely fitted for ventilation. 
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sorption considerably higher than is normally found in non*injected and 
non-irradiated tumor-bearing mice. In the four experiments cited the 
percentages of regressions following injection alone were respectively 38.1, 
44.4, 5.0 and 40.0, as compared with the 16% regression in the untreated 
mice. 

This is taken to mean that one or both of the following factors are opera¬ 
tive in causing this regression: (1) mechanical injury of the inserted 
needle to the growing tumor tissue, to the blood channels feeding it or to 
the connective ground tissue; (2) toxic or destructive effects of the injected 
materials on the growing tumor tissue, on the blood channels feeding it 
or on the connective ground tissue. One is inclined to believe that a com¬ 
bination of these two factors is responsible for the increased regression 
incidence following mere injection of the materials under question. 

It is obvious that only percentages of regression significantly above tliat 
caused by these two factors can be considered as due to the slow neutron- 
boron process in the experiments which combine the irradiation and the 
localization of the boron or lithium compounds within or around tlie tumor. 
A study of the data of experiments 4, 5,6 and 7 of the table clearly indicates 
that the regression in mice receiving both irradiation and the boron or 
lithium injections is considerably higher than in those receiving the injec¬ 
tions alone, the percentage differences in these four cases being respectively 
J6.6, 22.2, 45.0 and 15.5. The differences or boron-neutron cures arc not 
large, but since in all four experiments they are consistent, their significance 
seems conclusive, 

Discussim ,—The actual variation in the magnitude of these regression 
differences .seems to be subject to any of several explanations: (1) Al¬ 
though the animals, in relation to the source of the irradiation, were placed 
in such a position so as nearly as possible to equalize the dosage of all the 
animals being irradiated at one time, complete uniformity was impossible 
to achieve, due to the architecture of the cyclotron. (2) Fluctuations in the 
output of the cyclotron during the excessively long radiation periods. (3) 
Variations in the effectiveness of the injections: the amount of injury, and 
diffusion factors of the injected materials, (4) Variation in the normal fre¬ 
quency of regression. 

The ionization at the site of the injection was not known. As cited above 
from Sugiura*s experiments, a radiation equivalent to 1000 r of x-rays is 
necessary to cause a 60% regression in vivo. With 750 roentgens of x-rays 
Sugiura reports a 20% regression in vivo . Considering the magnitude of our 
regressions as between 15.5 and 46.0 per cent, and postulating the actual de¬ 
struction of the malignant cells, it is necessary to assume that an ionization 
approximately equivalent to 750-‘1000 roentgens of x-rays was being 
achieved within or at the tumor, whereas the whole body was being sub¬ 
jected to less than the equivalent of 400 r, We assume that this energy 
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difference was the result of the ionization caused by the disintegration prod¬ 
ucts of the slow neutron-boron process. 

On the other hand, due to the peculiar selective permeability properties 
of the living cell membrane, we find it difficult to believe, following the injec¬ 
tion of boric acid or lithium meta-borate into and around the tumor mass, 
that as the material slowly goes into aqueous solution a high concentration 
is maintained uniformly both within and out of tlie malignant cells. Even 
if material were injected and retained at the site of the tumor, it was early 
doubted whether the boric acid or lithium hydroxide would diffuse uni¬ 
formly throughout the tissue mass in concentrations necessary to be effec¬ 
tive in capturing a large proportion of the slow neutrons. Indeed, the ques¬ 
tion of whether the ions would easily permeate the membranes of tumor 
cells has not yet been established, and there is little evidence to indicate 
that they would concentrate in sufficiently large quantities to be effective. 
It is mere likely that they diffuse into and through the intercellular spaces. 
But in the case of a compact tumor such as Mouse Sarcoma 180 the amount 
of intercellular diffusion is limited. 

For this reason, and because of the relatively high incidence of ulceration 
around the tumor following the injection-radiation treatment, at the pres¬ 
ent time the curative regression is interpreted as due to one or a combina¬ 
tion of the following factors: (1) alpha particle or proton destruction of 
some or all of the malignant cells, (2) impairment of the vascular system 
feeding and draining the tumor, (3) radiation effect on the connective tissue 
base of the tumor.® 

One of the interesting aspects of this work is that, unlike x-ray therapy 
where shielding of tissues not under treatment must be carefully applied, 
we were able to subject the whole body to the same extrinsic energy as the 
tumor; but that because of the neutron-boron process we were able to set 
up a high ionization differential between the tumor and the rest of the body. 

The authors consider that for any possible future employment of the 
slow neutron-boron process in tumor therapy, some device other than 
simple hypodermic injection should be developed for localizing either boron 
or lithium or related materials in malignant tissue. This is particularly 
essential in the case of involved metastasizing and deeply situated growths. 
Experiments involving the intravenous injection of large particle colloidal 
dyes to which the lithium atom is attached have indicated considerable 
localization of Uthium in spontaneous mouse tumors. This work is being 
continued. 

It is to be xnentioned also that concurrently with the work described in 
this communication, experiments were undertaken in which boron in one 
form or another was injected into the mouse testis, followed by slow neutron 
irradiation. A clearly observable effect on the germinal cells of the semi¬ 
niferous tubules much more extensive than either the radiation effect alone 
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or the effect of the chemicals also was observed. These results will be pub¬ 
lished elsewhere. 

Summary ,—Transplantable mouse sarcomas were injected with various 
forms of slow-neutron-capturing materials. When the whole animal 
whose tumor was so injected was irradiated with slow neutrons, a significant 
increase in tumor regression was observed. This increase is attributed to 
the localized ionization resulting from the nuclear disintegration products 
of the capture process. 
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* Other elements in tissue also capture some slow neutrons but the resulting contribu¬ 
tion to local ionization is not extensive. It should be noted that the small absorption 
within the tissue of the 2.2 MEV 7 -radiation resulting from slow neutron capture by 
hydrogen largely offsets the efficiency of this capture process, at least as regards local 
ionization. 

* Sugiura (6) and others have demonstrated that the incidence of tumor-takes is 
significantly lower in areas which have been previously subjected to irradiation, thus 
indicating the importance of the physiological condition of the tissue base to the proper 
growth of introduced cancerous tissue. 
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GALACTIC AND EXTRAGALACTIC STUDIES, X. NOTE ON 
LATITUDE EFFECT AND RADIAL GRADIENTS IN THE 
NORTHERN GALACTIC HEMISPHERE 

By Harlow Shapley and Rebecca B. Jones 
Harvard CoixitoK Obsbrvatorv 
Communicated September 10, 1040 

1, The preceding paper^ of this series summarized the magnitudes of 
some 22,000 galaxies in a five-degree zone encircling the sky at declination 
+43!^G, The material is suitable for an examination of the dependence 
of nebular density on galactic latitude, and for the study, through the rela¬ 
tive frequency of magnitudes, of radial density gradients at different places 
along the zone. From a recent survey in the south galactic polar cap,* 
the latitude effect, if present at all, was found to be smaller than other 
transverse gradients in that region. In an earlier study* of “sample 
regions’* in both hemispheres, in which low as well as high latitudes were 
involved, we found, in essential agreement with Mount Wilson results, the 
well-known avoidance-zone effect up to latitudes =*= 30®, but in the northern 
galactic hemisphere no appreciable latitude effect from = +30® to the 
galactic pole, 

TABLE 1 

Distribution Constants for 18 Plates 


rLATB 

$ 

» 

mi 

rLATJt 


h 

mi 

MC 29493 

+36!6 

0.70 

15,68 

MC 3(X)38 

+73.6 

0.77 

15.30 

29216 

39.8 

0.67 

15.16 

30129 

70.2 

0.69 

15.37 

27687 

40.9 

0.50 

15.13 

29962 

05.4 

0.73 

15.60 

30078 

52.2 

0.62 

16.18 

29979 

00.8 

0.53 

15.06 

29266 

68,3 

0.70 

16.33 

28949 

66.2 

0.48 

14.82 

29283 

03.8 

0.08 

15.30 

30079 

49.2 

0.64 

14.91 

28788 

68.3 

0.76: 

15,68: 

30186 

42.7 

0.59 

14.85 

27639 

72.1 

0.65 

15.03 

29537 

37.6 

0.56: 

16.02: 

27704 

74.0 

0.64 

16.29 

30123 

31.6 

0.62 

15.28 


2, In the present discussion earlier results are corroborated. For lati¬ 
tudes greater than +30® the irregularities in distribution from place to 
place (figures 2 and 3) are sufficient to conceal whatever progressive in¬ 
crease there may be in numbers of galaxies with latitude, such as should 
result from a uniform or approximately uniform layer of absorbing material 
along the galactic plane. We find also that for the whole area involved the 
average number of galaxies at each magnitude down to 17.5 differs but little 
in high latitudes from the average found in the southern galactic hemi¬ 
sphere (equations (1) and (2)). But the space density increases conspicu- 
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ously with distance for the section of the zone between 10* and 14* in right 
ascension (table 2). 


MC 90076 



FIOURB 1 

Nebular distributiou on two plates. Inner areas cover twenty* 
five square degrees. 

The surface distribution is illustrated in figure 1 for two average plates. 
Stars are not indicated ; the positions of NGC objects are drcled. The 
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nebular groupings shown on these plates have not heretofore been recog¬ 
nized as clusters of galaxies. 

3. Figure 2 shows the nebular distribution around the zone. For each 
plate the number of objects per square degree to magnitude 17.5, within the 
central twenty-five square degrees, is indicated by the ordinates; both 
right ascension and galactic latitude are used as abscissae. The twenty- 
five square degrees of each plate is treated as a unit, both in this diagram 
and in the following discussion. We can see from the figure that within ten 
degrees of the galactic circle there are practically no galaxies at either of the 
two crossings of the Milky Way. The relation of nebular density to galac • 


FIGURE 2 

Distribution of galaxies to magnitude 17.5 along the five-degree zone. Abscissae 
are both hours of right ascension and degrees of galactic latitude; ordinates are 
numbers of galaxies per square degree. 



tic latitude is further illustrated in figure 3, where the logarithm of the 
average number of galaxies per square degree is plotted against galactic 
latitude for three magnitude limits. 

4. If we consider the space absorption and its unevenness as unimpor¬ 
tant for latitudes higher than ^ 30®, we can use this homogeneous material, 
after correcting for the red-shift, for a study of the nebular distribution 
parameters, b and mj, in the relation log Nm * b{fn — mi). From plots 
giving for each plate the apparent photographic magnitude, m, against the 
logarithm of the number of objects equal to or brighter than that magni¬ 
tude, log the values of h and mi have been determined graphically for 
the eighteen plates with jS > 30®; they are given in table 1. These values 
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are derived on the assumption that tlie surveys are complete to magnitude 
17.5; for the foiu- plates (table 1 in the ninth paper*) for which the limits 
of completeness, are a little brighter than magnitude 17.5, appropriate 
corrections (through the uniform density assumption) have been made. 
The values of 5, the radial density gradient, vary from 0.48 to 0.77, and in 
the mean b — 0.64 =*= 0.02 (m. e.); the values of Wi, the space density pa¬ 
rameter, vary from 14.82 to 15.68, with the mean Wi = 15.22 =*= 0.06 (m. e,). 

If we plot the logarithms of the sums for all eighteen plates (four hundred 
fifty square degrees) against the apparent magnitudes, we have the result 


1.50 


l.(X) 


1 ^; 0 -^ 

0.00 


9.50 


9 00 

+20° +40 +60 +90 +60 +40 +20 

Galactic Latitude 

FIOURH 8 

Variation of the logarithm of the number of galaxies per square degree with 
galactic latitude for three magnitude limits. All plates with galactic latitude 
greater than =*=20° are included. 

shown in figure 4. The best straight line representation, graphically deter¬ 
mined, gives b ^ 0.62 and mx ^ 15.20; a least^squares solution, in which 
the successive cumulative totals are weighted according to the number of 
galaxies involved, gives the values that we shall adopt as mean for the zone: 

b .0.626.0.017(m...) 

mi - IS.18.0.04 ' ' 

These values should be compared with those obtained for tiie 198 aquare 
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degre^ in the south galactic cap,® in a survey that extends to somewhat 
fainter galaxies: 

b 0,592 =i:^0.009(m. e.) 

mi - 15 1():±=0.02 

The similarity in the values of mi in equations (1) and (2) can be taken 
either as a measure of the essential equality in density in regions that are 
separated by something like fifty megaparsecs, with the implication of 
equality of space absorption in the northern and southern directions; or 
that greater absorption on one side is compensated by low density on the 
other. The difference between the values of b, 0.03ik is not much larger 
than its mean error, but the steeper gradient on the north may be significant 
in tlie local structure of the metagalaxy. 



PIOURB 4 

Frequency of magnitudes, corrected for red-shift, for the 
eighteen plates of highest galactic latitude (450 square 
degrees), Abscissae are photographic magnitudes; ordi¬ 
nates arc logarithms of cumulative total numbers of galaxies. 

The close similarity of average density at magnitude 17.5 in the two 
hemispheres may be quite accidental and disappear altogether when larger 
areas of the high latitude sky are surveyed. In fact, the values of b and 
m\ vary considerably from plate to plate along the 5® zone, as shown in 
table 1. In table 2 we give results of determinations by least squares of 
the parameters when the material from the eighteen plates is divided into 
early and late right ascension groups, as well as when the nine plates of 
highest galactic latitude are treated as a group. Practically the same re- 
suits would be obtained if the means of the graphically determined values 
in table 1 were computed for the same groups of plates. 
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TABLE 2 

Mean Distribution Constants 

RXaHT AaCKNHION 
ZNTBHVAL 

8*16’!'0 ~ 12*27’!’ti 
13 04.1- 17 26,0 
10 22.1-14 42.8 
8 16,0 - 17 26.6 


NUMBBK OP 

PL*TnS 6 

0 0.64B*i0.016(tn. e.) 

6 0.627 *0.020 

9 0.682 *0.010 

18 0.625 *0.017 


■». 


mi 

15.27c.) 
15.12*0.04 
16.32*0.02 
16.18*0.04 


For the group of nine plates of highest latitude (22*3 square degrees con¬ 
taining 5504 galaxies of magnitude 17.5 and brighter) the space density, 
mi = 15.32, is the lowest. The gradient, b = 0.68, is much steeper than 
for the other combinations—possibly an effect of unrecognized clusters or 
clouiis of galaxies that begin to appear near the fainter magnitude limit on 
some of the plates. The full picture of local metagalactic structure in 
these northern regions must await considerable further work on nebular 
magnitudes. 

^ These Proceedings (ninth pai>er of the series, Sept., 1940]. 

* Op. cit., 26, 166-176 (1940). 

* Op. cit., 19, 389-393 (1933); Harv, Bull. 894, JO (J934). 


THE EFFECT OF SHEAR INSTABILITY ON THE TRANSVERSE 

CIRCULATION IN THE ATMOSPHERE 

By H. J. Stewart 

OUQGBKHBnC AERONAUTICAL LABORATORY, CALIFORNIA INSTITUTE OF TECHNOLOGY 

Communicated August 20, 1940 

The motion of the atmosphere can be considered as a mean flow which 
is of very large scale and is only slowly changed and, superimposed on this 
the low level, smaller scale phenomena usually associated with the polar 
front. If the mean pressures over a period of about a week are plotted, 
it is seen that the latter disturbances are averaged out, and only the large- 
scale mean motion is shown. Such a plot of the Northern Hemisphere 
shows, in addition to the mean westerly flow of air, large-scale closed 
isobaric systems spaced at comparatively regular distances on the surface 
of the earth. These include the Aleutian and Icelandic low-pressure 
areas to the north of the westerlies and the Pacific and Bmnuda high- 
pressure areas to the south of the westerlies. The maximum number of 
high-pressure cells seems to be about sik. 

As the position and Strength of these disturbances apparently control the 
mean path of the low-level storms, a knowledge of the properties of these 
systems would appear extremely desirable for any long-range weather 
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forecasting. One aspect of this problem has been investigated by Rossby^ 
who showed that wave disturbances of about the observed wave-length 
con exist as a result of the variation of the Coriolis acceleration with lati¬ 
tude. In the present paper, the results of an investigation of another as¬ 
pect of the problem arising from the existence of the shearing motion on 
either side of the belt of westerlies will be given. This investigation 
was started as a result of conversations with Th. von K4rm&n and C. G. 
Rossby and was carried out in codperatidn with the United States Depart¬ 
ment of Agriculture under the provisions of the Bankhead-Jones Act, 


o o 


o 


o o 

I*' "— " "•l 


FIGURE 1 



In this investigation it was assumed that the atmosphere could be 
treated as a single layer of fluid of constant density with the vertical veloci¬ 
ties being of small importance so that the pressure was determined by the 
hydrostatic law. In addition the variation of the Coriolis parameter with 
latitude and the effects of friction were neglected. 

The notation used in the discussion is as follows: 


X, y .= 
6 ^ 
u = 

V « 


0 ) 


h 

g 


Ko(x) 




Cartesian codrdinates on a rotating disc 

Polar coordinates on a rotating divSC 

velocity in x direction 

velocity in y direction 

angular velocity of disc 

depth of fluid 

acceleration due to gravity 

modified Bessel function of the second kind. 


If the motion could have started from rest with a uniform depth) ho, the 
principle of conservation of absolute vorticity states that 


dv dw 
bx by 





If the velocity components are eliminated from this equation by means of 
the geostrophic wind equations, 
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an expression determining the depth of the atmosphere (i.e., sea-level pres¬ 
sure) is obtained. This is 


m m 


-- {h-h) =- 0. 

gh 



The only steady state solution of this equation which vanishes at in¬ 
finity and which represents flow in circles about the origin is 



where A is an arbitrary constant. If A is positive, the motion is anti- 
cyclonic; if A is negative, the motion is cyclonic. All the motions con¬ 
sidered in this investigation were produced by superposition of vortices 
of these types. 

The shear field south of the westerlies can be considered to a first ap¬ 
proximation as a sheet of vorticity separating a moving current from a 
stationary one. Such a vortex sheet was shown to be dynamically un¬ 
stable. A similar calculation by Pekeris yielded the same result. This 
means that the shear fields bordering the westerlies tend to break up into 
discrete eddies. If there should be stable formations of vortices, dynamic 
forces would cause these small eddies to collect into one of the stable forma-, 
tions. An investigation of the stable vortex formations should thus give a 
clue to possible patterns of motion. 

For small enough distances from the vortex given in equation (4) or, more 
2a>r 

exactly, if ^ 1, the velocity varies inversely with the radius just as 

in an ordinary two-dimensional vortex in an incompressible fluid without 
Coriolis forces, and similar results regarding stability will be obtained 
provided the vortex spacing is such that the above-mentioned inequality is 
satisfied; however, the geostrophic wind equations, equation (2), are 
greatly in error in this region so the results of investigations with ordinary 
vortices cannot be applied directly. 

A single infinite row of vorticles as in figure 1 is readily seen to be in 
equilibrium, but investigation proves the equilibrium to be unstable, 
and this type of pattern could not be expected to form. 

As there is a shear field on either side of the westerlies, a double row of 
vortices is a better fit to this shear field. There are two possible equilib¬ 
rium arrangements for such a double-row system as shown in figure 2. 
Such systems are similar to the Kirmdn *Vortex street’’ and were investi¬ 
gated in a similar manner.^ The results of this calculation show that the 
symmetrical arrangement is unstable while the asymmetrical arrange- 
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ment is stable for a certain range of values of d/l which depends on the 
value of shown in the following table: 


Stable Range op Values of d/l for Vortex Street 

2ial 

y/Rka UPPICR LIMIT LOWER LIMIT 


0 0.281 0.281 

1 0.300 0.281 

2 0.350 0.280 


This result is shown graphically in figure 3. It should be noted that for 

20 )/ 

small values of the result, djl — 0.281, is exactly that obtained by 

K4rmdn. The flow pattern associated with the vortex street shows a jet 
of westerlies with the vortices drifting to the east. 


AsrAfA/^£TAf/CAL 

o o o o o 






SyMM£779/CAl. 

o o o o o 

O O O Q O 

KIOURB 2 



These results are directly applicable to the spherical earth only when the 
distances I and d are small compared with the earth’s radius. This is 
equivalent to saying that the general circulation is very weak. 

The observed pressure systems have spacings of the order of the earth’s 
radius, and it is necessary to consider the fact that the path of the westerlies 
is actually curved to investigate motions on this scale. A general solution 
of the problem of the stability of double-ring systems is very difficult, but 
the nature of the results can be estimated by considering some limiting 
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cases. The preceding calculation gives a limiting case where the circulation 
is very weaic. Normally the shear field to the north of the westerlies is 
weaker than that to the south. If the northern shear can be entirely 
neglected^ the only possible steady pattern consists of equal anticyclones 
on the corners of a regular polygon and of a constant distancei c?, from the 
north pole as in figure 4. Investigation shows that such a system is 
stable for two, three, four, five or six vortices. For seven vortices the 
arrangement is stable if {2u)a/\^gho) > 71. For more than seven vortices, 
the arrangement is unstable. For small values of 2(aaJ\/gho this is^n 
agreement with the work of J. J. Thomson.* As values of 2<j)af\/gh(i 



FIGURE 3 


greater than 71 are of no apparent significance, these results may be 
summarized by saying that a ring of six or less vortices is stable. The flow 
pattern associated with a ring of anticyclones shows a wide jet of westerlies 
with the anticyclones drifting westward. 

The effect of the shear field north of the westerlies may be roughly esti¬ 
mated by placing a single fixed cyclonic vortex at the pole as in figure 6. 
Such a vortex pattern gives the same results as the single ring provided 
the cyclone is weak enough; however^ as the polar cyclone becomes 
stronger, tht maximum number of anticyclones decreases* If the polar 
cyclone is strong enough to halt the westward movement of tiie anti- 
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cyclones, the system is unstable even with only two anticyclones. This 
configuration shows a wide hand of westerlies and corresponds to a state of 
strong general circulation. This should correspond quite closely to the ob¬ 
served motion in the atmosphere as the shear field north of the westerlies 
is weaker than that to the south. As the polar air mass tends to rotate 

c o 



o o 

FIGUUK 4 

o o 


O O'—* o 


o o 

KICiUKK 5 

as a whole, an increase in the westerly winds, on a percentage basis, in¬ 
creases the shear to the north of the westerlies faster than that to the south. 
Thus a strong atmospheric circulation corresponds to a large value of the 
ratio of the vorticity north of the westerlies to the vortidty south of the 
westerlies, and a weak atmospheric circulation corresponds to a small 
value of the ratio. From the preceding results, this implies that with 
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strong circulation only two or three high-pressure cells would be found» 
whereas with weak circulation stable forms having up to six cells could be 
found* 

As a result of these calculations it is evident that the shear fields next 
to the westerlies will roll up and form a series of closed isobaric systems with 
high-pressure cells to the south of the westerlies and low-pressure cells to 
the north of the westerlies. It appears that a maximum of six high-pres¬ 
sure cells will be observed although more are possible if the belt of wester¬ 
lies were to become extremely narrow. The low-pressure cells will be 
asymmetrically placed with respect to the high-pressure cells as in figure 2. 
Of the two limiting cases, one progressed westward and the other eastward, 
so one might expect the intermediate systems to be practically stationary. 
This is in rough agreement with the idea that the position of such systems 
ought primarily to be determined by thermodynamic considerations, so 
that the stable vortex configurations found in the atmosphere might be ex¬ 
pected to be those that are stationary. It further appears that only two 
or three high-pressure cells will be found with the strongest atmospheric 
circulation with the maximum number of cells increasing as the strength 
of the circulation diminishes, and one might expect a strong inverse correla¬ 
tion between the strength of the circulation and the number of high-pressure 
cells. This result is well verified by Northern Hemisphere mean-pressure 
charts although no attempt has been made to correlate these factors in a 
quantitative fashion. 

* C. G. Rossby, ^'Relation Between Variations in the Intensity of the Zonal Circula¬ 
tion of the Atmosphere and the Displacements of the Semi-Permanent Centers of Ac¬ 
tion,’* Jour, Marine Research 2, No. 1, 38 (1939). 

^ W. F. Durand, Aerodynamic Theory, 2, p. 342. 

* J. J. Thomson, Motion of Vortex Rings, p. 94. 


ON THE MORTALITY IN HUSBANDS AND WIVES 

By Antonio Ciocco 

National Institute of Health, XT. S. Public Health Service 

Communicated September 10, 1940 

The study of morbidity and mortaUty in husbands and wives when prop- 
erly controlled by other pertinent data offers the possibility of throwing 
some light regarding the action of a number of factors, environmental as 
well as hereditary, on the diseases about which so little is known and that 
are so prevalent in adult and old age. This consideration has served as a 
stimulus for the initiation of the study reported in this note.* 

The material for this study has been c^tained from the death records of 
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1898 to 1938 filed in the Washington County (Maryland) Health Depart¬ 
ment. The procedure of collecting the necessary data was as follows: 

1. Transcripts were made of all the death records concerning white per* 
sons stated to have been (a) married and {b) widowed at the time of death. 

2. The records for the married and for the widowed persons, respec¬ 
tively, were alphabetized and divided according to sex. 

3. The records of married males have been matched with those of 
widowed females and the records of widowed males with those of married 
females. 

To date the records of 2578 couples, both of whom are dead, have been 
collected and the information verified. This number constitutes 45 per 
cent of all the couples that it could have been at all possible to discover by 
the means employed. 

Among the 2578 couples, the husband and wife of 7 died simultaneously 
or within 24 hours from homicide-suicide, accidents, etc. They have been 
excluded from further consideration and so the material on which this study 
is based is constituted by the death records of 2571 couples. 

Correlation in the Age at Death of Husbands and Wives.—The, product- 
moment coefficient of correlation between the length of life in husbands and 
in wives is found to equal +0.5594 0.0092. The tendency for marital 

partners to have the same duration of life is apparently independent of 
whether the husband and wife died of the same or of different causes. 
When only the couples who died from different causes are considered the 
correlation coefficient r = +0.5485 =*= 0.0103 which is obviously only 
slightly inferior to the value observed for all couples. The correlation 
coefficient calculated for the age at death of husbands and wives who died 
from the same cause is +0.6454 * 0.0202 which is higher than that observed 
for all couples. It would seem then that the correlation in length of life of 
husbands and wives is not due to whatever marital association tliere may 
be relative to the cause of death. On the other hand, when husbands and 
wives do die from the same condition they demonstrate also a greater 
tendency to the same life span. 

Causes of Death in Husbands and Wives. —^The cause of death stated on 
the death certificate has been coded according to the International List 
(1929 rev.); and when two or more causes were mentioned, the rules given 
in the third edition of the Manual of Joint Causes of Death (1933) have 
been followed. 

The frequency with which the stated causes of death occurred in the 2571 
married couples is shown in table 1. 

In table 1 are given the observed number of husbands and wives who died 
from stated causes and the number expected assuming random matings 
according to cause of death. When the observed and the expected num¬ 
bers are compared for all of the combinations in table 1 and the chi-square 
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test applied, it is found that the deviation between the observed and the 
expected amounts to 4,5 times its standard error. Therefore, from a statis¬ 
tical standpoint, it appears that relative to cause of death the husbands and 
wives of this sample do not constitute a random combination of men and 
women. 

A more exact evaluation of this apparent association between husbands 
and wives relative to cause of death may be obtained when the data regard¬ 
ing each of the seven specific causes are arranged in a four-fold tabulation 
and the chi-square is calculated for each four-fold table. It can then be 
shown that the association between husband and wife with respect to 
tuberculosis lies far beyond the limits of chance deviation (P = <0.0001). 
The frequency with which both husbands and wives have died of influenza 
and pneumonia is also significantly larger than expected on the basis of 
random assortment {P = 0.0016). With regard to the concurrence of 
deaths of husbands and wives from cancer and from heart diseases, respec¬ 
tively, P approximates 0.025 and the deviations from chance expectancy 
may also be regarded as statistically significant. Instead, for nephritis, 
cerebral hemorrhage and arteriosclerosis, respectively, the concurrence in 
husbands and wives does not deviate significantly from what would be ex¬ 
pected assuming random mating. In sum, these data reveal that when a 
husband or wife died of tuberculosis the relative number of their spouses 
who also died from this cause is three times as high as that of the spouses of 
persons who died from other causes. Influenza and pneumonia as a cause 
of death occur almost twice more often among the husbands and wives of 
individuals who died from this cause than among the deceased spouses of 
those who did not. This ratio is 1.5 in the case of cancer and 1.2 in the case 
of heart diseases. 

To determine whether age and the time and order of death of the two 
spouses could affect the frequency with which both died from the same 
cause, a supplementary control sample to be used in lieu of the calculated 
expected was formed according to the following procedure: 

1. AU the records concerning husbands whose death preceded that of 
the wives were alphabetized and the same was done for the records of wives 
^whoae death preceded that of the husbands. 

2. For eadi husband whose death preceded that of the wife, a widow 
was sought in the flies of unmatched widows (already alphabetized as it will 
be recalled) having the following characteristics: (a) the age at death 
within * 6 years that of the wife, (5) time of death within =*» 5 years of that 
of the wife. The first widow in alphabetical order who had these charac¬ 
teristics Was selected as a control. 

3. For each wife whose death preceded that of the husband a control 
widower was selected in the same manner as described in 2. 

Among the control couples thus obtained, the number found in which 
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both the male and female died from (a) tuberculosis, (i) influenza and 
pneumonia, (c) cancer and (d) heart diseases are shown in table 2 and com¬ 
pared to the number of marital couples both of whom have died from one 
of these causes and to the number expected assuming random mating. 

TABLE 2 

Nubcber of Couples in Which the Man and Woman Both Died prom the Same 
Cause. A » Observed Number of Hiisbands and Wives. B « Expected Number 
OF Husbands and Wives Assuming Random Assortment op Men and Women. 

C ^ Number of Control, Non-Marital, Couples 


CAU8B OF DBATH 

A 

B 

C 

Tuberculosis (all forms) 

20 

7,4 

0 

Influenza and pneumonia (all forms) 

27 

15.6 

19 

Cancer and other malignant tumors 

20 

19.0 

10 

Heart diseases 

184 

162.6 

166 


From table 2 it is immediately apparent that the number of control 
couples and the number of the expected are to all intents and purposes the 
same. The closeness in the agreement between the control and calculated 
data is remarkable and shows that what differences there may exist relative 
to the age and period of death of the spouses do not alter the deviations 
found between observed and expected, and it also indicates that within the 
limits of this comparison the calculated numbers actually represent the 
expectations assuming random heterosexual mating. 

Discussion .—There are two series of findings resulting from this first 
analysis of the mortality in husbands and wives. The first concerns the 
correlation in the length of life of the two marital partners. This correla¬ 
tion is found to be positive and high and its value is only slightly increased 
when the cause of death is the same in the husband and wife, and it is very 
little decreased when the cause is different. Since the same specific causa¬ 
tion or disease entity (so far as can be learned from the death certificate) is 
not apparently responsible for the correlated length of life in husbands and 
wives it would seem appropriate to have recourse to those vague but under¬ 
standable terms such as resistance or vitality and say that the phenomenon 
observed indicates the segregation and pairing, through marriage, of in¬ 
dividuals having a similar degree of vitality or resistance to fatal patho¬ 
logical processes. 

The second series of findings brings out that besides the existence of a 
high correlation in the length of life of husbands and wives there is a ten¬ 
dency for marital partners to die from the same cause when one of the mates 
dies from either tuberculosis, influenza and pneumonia, cancer, or heart 
diseases. For the last three groups of causes such a relationship has never 
been observed before, at le^t to the writer’s knowledge, although it could 
have been expected regarding influenza and pneumonia. For the three 
causes mentioned, particularly for heart diseases, the tendency is not very 
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marked but is apparently significant from a statistical standpoint. The 
concentration of tuberculosis deaths among marital partners has long been 
recognized and students of tuberculosis have always been surprised to find 
that this association is not higher. 

The hypotheses that on the basis of information now available could 
reasonably be formulated to elucidate the findings of this study may be 
summed up as follows: 

L The correlation in length of life or general vitality of husbands and 
wives could be due to conscious or unconscious marital selection although 
the economic level or economic changes undoubtedly play some part. 

2. Tuberculosis is a chronic infectious disease and the association be¬ 
tween husbands and wives relative to the mortality from this cause could be 
thus easily explained. But, in addition, marital selection both from the 
somatic and social aspects are probably important. 

3. In the case of influenza and pneumonia the transmission of the patho¬ 
genic agents from one spouse to the other could be assumed to be the factor 
involved in the association noted. The transmission, however, due to the 
interval observed between the deaths of the two partners must be indirect; 
unless it is believed that one partner becomes a carrier. On the other hand, 
the common environment and the general economic level play a r61e in the 
incidence of this disease as apparently does also the somatic constitution. 
It is of interest to point out that the highest association for cause of death 
in husbands and wives is found relative to tuberculosis and influenza and 
pneumonia. Both are infectious diseases and for both one can postulate a 
number of factors that could produce the concurrence. 

4. With respect to heart diseases, marital contagion might be an ele¬ 
ment if the etiological factor in rheumatic heart disease is definitely shown 
to be infectious, otherwise the somatic and constitutional aspects of marital 
selection might be considered. 

5. None of the factors mentioned appear to explain the association be¬ 
tween husbands and wives relative to death from cancer. Yet on logical 
grounds it would seem that the hypotheses outlined fairly exhaust the 
possibilities in this respect and consequently one of them must provide the 
necessary answer. 

The complete inability to give an explanation concerning the cancer 
findings on the basis of present knowledge and the uncertainty regarding 
the views advanced about the other causes, heart diseases especially, while 
immediately discouraging, also seem to point the way for further investiga¬ 
tions on these os well as other diseases. In particular, these observations 
serve to delineate more sharply the practical importance of studying the 
familial aggregate in relation to problems of health and disease. 

• A full report will appear in a forthcoming number of Human Biology, 
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ON AN INEQUALITY OF GRUNSKY 
By D. C. Spencer 

Department of Mathematics, Massachusetts Institute of TBCHNOU)oy 

Communicated September 6, 194tJ 

L Suppose that W is an arbitrary Riemann domain. We let n{w) be 
the number of times W covers the point and define* 

p{R) * 2t n{Re^d^. (1.1) 


For simplicity we write «o — »(0). The purpose of this brief note is to 
prove the following theorem; 

Theorem 1 . Suppose that no > 0, and that 


r\ p(R)d{7rR^) ^ mrRy 
Jo 


for all R\ > 0 (mean no — valency). Then 



exp 






RMl-p{R)\. 


( 1 . 2 ) 


and there is equality if, and only if, the left-hand side is infinite, or p{R) ^ no 
for 0 ^ R < Ro < ® 1 and p{R.) s 0 elsewhere, t 


Since 


Tdl-piR)] >^\-~piR)T ^ I, 

Wo ^0 L Wo Jo 

Theorem 1 is a case of the theorem of the arithmetic and geometric means 
with weight function d['-p(R)] which, it is easy to see, is not necessarily of 
constant sign. The inequality (1.2) (with a different formulation) has been 
proved by Gnmskyt subject to the stronger hypothesis that ‘n(w) $ »o 
w(0). My main purpose is to give an extremely simple proof of this re¬ 
sult; the generalization (to mean no*valency) follows incidentally* If we 
write w « jRe**, and denote by B the boundary of TT, the inequality (1,2) 
can be written in the alternative form: 

* Compare Spencer, reference 4 at end of paper. 

t g** here means f ^ g except in a null set. If we add to Theorem 1 the hypoth^ 
esis that p (R) ^ in a neighborhood of R «■ 0, we may state it as a theorem in 
real variables without reference to Riemann domains. It is possible to develop the 
theorem further in this direction. 

I See reference 3 at end of paper. 
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expi-L f ^ / R*d<P, 

^ \2fhirjH * f ^ 2neirjB 


where (for example) we define / = lim / as 5' - 

Jb Jn» 

of W. We may also interpret / ... d[—as lim / . 

Jb Jw 


B from the interior 


2. We may suppose that 


- f 

Wo ^0 




^ < cx>; 


( 2 . 1 ) 


otherwise the theorem is true (and trivial). We then define 


Po{R) - 


^ R < Ro. 
0, otherwise. 


Since W covers w; — 0 with multiplicity no, there exists a closed circle of 
radius r and center w ^ 0 every point P of which is covered by W at least 
no times. Since, by (H), it is covered on the average at most no times, it 
follows that the circle is covered exactly no times. Hence p{R) = no for 0 ^ 
/? r, and so 


Jo 


lgR»dl~p(R)] 


-/ 


00 


igR^dl-p(R)] - [jg/e’i-AWllr" + 


/ 


oo 


/.(/?)</[Ig /?»] 


by a partial integration; 


/ 


p(R)d (Ig ^*1 - no Ig 


( 2 . 2 ) 


since />(*»)« 0, and p{r) « no. (2.2) may be written in the form 


/ 




^ d{R^) ^ . 1 

p{R) ~ Wo Ig “ , 

/?* r* 


and a second partial integration now gives 






nr 


piR)d{R») 


I 

I Ri* 


«„ Ig i » 2 jT “ I y*’ p(R)d(R^ } ,1- (2.3) 
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Next, 

P p{R)dm = f p(R)d{R^) - r PiR)d{R*) = lp(R)d(R^) - 

Jr Jn Jt) Jr\ 

/ Ri 

(2.4) 

by {H) and (2.1), since 

p{R)d{R^) ^ f^p(R)d{R^) - R^d[-p(R)] - fioRo^^ 

Jii Jo J 

Substituting from (2.4) into (2.3), we obtain that 

f^lgRH[-p{R)] < f^lgR^dl-po(R)]. (2.5) 
Jo Jo 

and therefore 


exp 


f 

(no Jo 


Ig R^d\~p{R)] > ^ exp 


i- f 

(no Jo 


Ig R^dl-po(R)] 


}• 


exp {ig i?o*} »=i?o* 


1 f 

no Jo 


i?®d[-/>(i?)) 


by (2.1). This proves the theorem, apart from the statement about the 
case of equality. 

But this is easily disposed of. For if p{R) 9^ po{R)t then for a set £ of £1 
of positive measure 


r 


p{R)d{R^) < noRi\ 


( 2 . 6 ) 


if £i «£. Since (2,5) plainly implies inequality at (2,5), it therefore implies 
it at (1.2). 

3, I conclude with an application of Theorem 1. Suppose that/(«), 
regular in I aj < 1, maps the unit circle |s| < Ion a (Riemann) domain and 
that /(O) — 0. Let W* be the domain composed of those points of W 
which are visible to an eye placed at u; ** 0 if all boundary elements £ of 
are opaque, and let Z* ** Then Z* and W* are schlicht domains 

which contain the points a « 0 and w ^ 0, respectively, and W* is the 
‘‘star'' of W with respect to the point » 0. If we write V{W*) and 
K(Z’*') for the areas of W"* and Z*, then we have the following result (a 
generalization of the lemma of Schwarz): 
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Theorem 2* 

(3.1) 

unless f(z) = aiz. 

We write D* for the “star’' of a domain D with respect to the origin,! 
D for the closure of D (i.e,, D ^ D + boundary of D), and write for 
the set of points where Re*^eD. We denote the s-plane, including 

the point js = <», by Pg, and define 

Z** = P. - ([(P,”^*)-‘]*}“‘. 


Then Z* C Z**. BermantJ has proved that 


I/'(0)1 ^ 



(3.2) 


with equality only for / — 

To prove Theorem 2, we need only apply Theorem 1 at the appropriate 
point in Bermant’s proof of (3.2) (Bermant, loc. ciL), However, for the 
sake of completeness, I include a proof of Theorem 2 using a method § 
different from that of Bermant. 

We may plainly suppose that |/'(0)1 = 1. We write f = { + i??. Sup¬ 
pose that a function g(f) maps a Riemann domain Gi on a (Riemann) 
domain G 2 * Let 5 ( 17 ) be a set of points of Gu defined for each 1 ? of a set H, 
which lie over the line v — constant, and write 


•El = Za(’j). F, 


ff l«'(f)lw’J 


Kv) “ g{?(n)}, E(n) = tnliv) = “length” of /(ij). 


Then we have: 

* Theorem 2 is stated without proof in my paper (reference 6). 
t But Z* is not a star; this will lead to no confusion. 

t Bermant (sec reference 1 at end of paper). The first result of this kind is due to 

Golusin (see reference 2), who proved that j/'(0) j < 

{ See Spencer (reference 5), where the method is applied to multiply^connected do¬ 
mains. 
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Lemma. Suppose that L(rt) ^ \ for almost oUmtH. Then 

(X-m/J)» ^ V^Vt 

\ 

(and there is equality only if Fi ” 0 or g — ao + Oif). 

I omit the proof (which is two lines in length); it has been given else¬ 
where* in any case. 

We suppose that r is small enough that the closed circle |w| $ r is con¬ 
tained in W^. We remove this circle from and cut the remaining do¬ 
main along the real axis from w ^ rto the nearest boundary point to form 
a simply connected domain W^r- We write trans¬ 
form by f * Ig w, o “ Ig s into two domains Gi(r), Ch{r)s respec- 

tively» and apply the lemma. We take for H the interval (0, 2 t), for q{n) 
those points of Gi(r) which lie on the line n — constant. Then q{n) is (for 
every t; of a line segment connecting the logarithmic transform of some 
boundary point of W to the straight line f == Ig r. Therefore the transform 
l{yt) of qin) connects the line Re{<x) = 0 to a curve lying inside the rectangle 

Ig r - t{r) ^ Re{a) ^ Ig r + «(r), 0 ^ Im{a) < 2ir, 

where 0 < t{K‘r) < 0(r), and so Z,(t)) ^ Ig ^ —«(r)»X. By the lemma we 

r 

have, therefore, 

2ir (ig ~ - t(r)) ^ VVt(r)-V,ir) ^ (3.3) 

where Vi{r) and Vt{r) are the areas of Gi(r) and Gi(r), respectively. Let 
pi*{R), pt'^(R) be the functions defined by (1.1) in terms of Z*, re¬ 
spectively, Then 

V,{r) = Jf p,*{R)d{2T\gR) = 2Tlg~ + IT /”lg 

(3.4) 

and 

F,(r) » r p^*{,R)d{2n Ig R) + 0 (r) - 2ir Ig ^ + 

^ f R*d[-Pt*m + 0(r). (3.6) 


* Spencer (reference 6). 
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Substituting from (3.4) and (3.5) into (3.3), and letting r 0, we obtain 
that 


0 ^ y “ Ig RH[-p,*{R)] -f- r Ig (3.6) 

Since both and Z* satisfy the hypothesis (H)t with «o I, we may 
take the exponent of both sides of (3.0) and apply Theorem 1, obtaining 
(3.1). There is equality (by Theorem 1) only if is a circle—i.e., only if 

/ aiz. This completes the proof gf Theorem 2. 

Inequality (3.6) (in different notation) is due to Bermant (loc. cit.). We 
note that rf[”:^i*(if)] ^ 0, but the corresponding statement for pa’“(i?) is 
in general false. It is for this reason that the ordinary version of the the¬ 
orem of the arithmetic and geometric means (in which the weighting is as¬ 
sumed positive) cannot be applied. 


^ Bemiant, A.. "Remarque sur !e lemme de Schwarz,” C. R. Acad. Set. Paris, 207, 31— 
33 (1938). 

* Golusin, G. M., ”Kiruge tlberdeckimgssatze fiir die im Kreise regularen Funktionen,” 
C, R, Acad. Set. U. R. S. S„ 2, 617-619 (1937), 


* Grunsky, H,, "Neue Abschatzutigen zur konformen Abbildung ein- und mehrfach 
zusammenhiingender Bereiche,” Sekr. math. Sem. Univ. Berlin, 1, 95-140 (1932). 

^ Spencer, D. C., ”On finitely mean valent functions,” Proc. London Math. Soc. (to 
appear shortly). 

* Spencer, D. C., “On a Theorem of Rengels,” Journal of Math, and Physics, Mas.s. 
Inst, of Tec)tnology (to appear shortly). 


t In fact, both satisfy the stronger hypothesis that «(w>) < 1; we require, therefore, 
only Grunsky's theorem. 


MINIMAL CROSS^CUT SUBGROUPS RELATIVE TO THE 

PRODUCT OF THEIR ORDERS 

By G. a. Miller 

Dkpaktmbnt of Mathbmatics, University of Illinois 
Communicated Attgrust 23, 1940 

If H\ is a subgroup of a given group G then according to E. Galois (1811'- 
1832) aU the operators of G can be represented in the form of right co-sets 
or in the form of left co-sets with respect to Hi. This is equivalent to the 
earlier arrangement by P, Abbati (1768-1842) of all the operators of G in 
the form of a rectangle either with respect to right or left multiplication in 
vriiich the operators of Hi constitute the first row and always appear on the 
same side in the products. Let Ht be any other subgroup of G which is not 
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contained in Hi. The operators of /Ja will then be equally distributed in the 
given rectangular arrangement of the operators of G among the rows in 
which at least one operator of H 2 appears. That is, each of these rows 
contains either no operator of or it contains just as many operators of Ih 
as appear in the first row. 

When IIz coincides with G then the operators of H 3 appear in all of the 
rows of G and this may also be the case when Hz is a proper subgroup of G, 
that is, when Hz is neither the identity nor the entire group. In what fol¬ 
lows the term subgroup will always be used for a proper subgroup unless the 
contrary is explicitly stated. A necessary and sufficient condition that the 
operators of Hz appear in all of the rows of G in the given arrangement is 
that the product of the orders of Hi and Hz divided by the order of their 
cross-cut is equal to the order of G. When this condition is satisfied Hi and 
Hz may be said to have a minimal cross-cut with respect to the product of 
their orders or to be minimal cross-cut subgroups relative to the product of 
their orders. ♦It is obvious that the product of the orders of two subgroups 
divided by the order of their cross-cut cannot exceed the order of the 
group. It is a multiple of the order of each of these subgroups and hence 
composite. 

When G is the non-cyclic group of order />®, p being a prime number, or 
when it is the cyclic group whose order is the product of two distinct prime 
numbers then every pair of subgroups of G is a pair of minimal cross-cut 
subgroups relative to the product of their orders. It is not difficult to 
prove that no other group has this property. It is obvious that the order 
of such a group could not be of the form w > 2, since it could not be cy- 
cUc because one of the two subgroups could not appear in the other as Ht 
was supposed to be not contained in Hu It could therefore not be the 
group of order 2”* which contains only one subgroup of order 2. Since every 
other non-cyclic group of order p^ contains the non-cyclic group of order p^ 
it has been proved that the order of G could not be p^, m > 2. As the order 
of G could not be divisible by three distinct prime numbers or by the square 
of a prime number when it is divisible by just two distinct prime numbers 
it has been proved that the non-cyclic group whose order is the square of a 
prime number and the cyclic group whose order is the product of tm distinct 
prime numbers are the only groups which have the property that every pair of 
their subgroups is a pair of minimal cross-cut subgroups with respect to the 
product of the orders of these subgroups. 

When operators of H% appear in all of the rows of G with respect to H% 
the operators of Hi appear in all of the rows of G with respect to Hz so that 
the property of minimal cross-cut subgroups is a reciprocal property. If 
one of a pair of minimal cross-cut subgroups relative to the product of their 
orders is of prime order then the other is of the same prime index. It could 
not be of a larger index since its order is a divisor of the order of the group, 
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and it could not be of a smaller index since the product of the orders of the 
two subgroups divided by the order of their cross-cut is equal to the order of 
the group. In particular, if one of two minimal cross-cut subgroups rela¬ 
tive to the product of their orders is of order 2 the other is an invariant sub¬ 
group of index 2, and if one of two minimal cross-cut subgroups with respect 
to the product of their orders is of index 2 then every other subgroup of the 
group forms with this subgroup a pair of minimal cross-cut subgroups. In 
particular, the minimal cross-cut subgroups with respect to a given sub¬ 
group may have different orders and some other subgroups may have a 
smaller cross-cut. 

Suppose that II\ and Ih are two conjugate subgroups of G. It is then 
easy to prove that Hi and Th cannot have a minimal cross-cut relative to 
the product of their orders. If they had such a cross-cut the operators of 
Ht would be equally distributed among all the rows of G with respect to the 
rectangle in which H\ is the first row and the operators of H\ appear on the 
left in the products which constitute the other rows. All the operators of 
each of these rows would transform Hi into the same one of its conjugates. 
These could not include Ih since each row may be assumed to begin with 
an operator of Ih and hence cannot transform Hi into Ih since it transforms 
H% into itself. It therefore results that the cross-cut of any two conjugate 
subgroups of G is larger with respect to the product of their orders than the 
index of one of these subgroups under the entire group. That is, the quo¬ 
tient of this product of these orders and the order of this cross-cut is less 
than the index of one of these conjugate subgroups under the entire group. 

If G is a multiply transitive permutation group of degree n and Hu fli 
are two subgroups composed of all its permutations which omit a given 
letter in each case then Hi and Ih are known to be conjugate and if the 
permutations of Hi constitute the first row when G is written in the ordinary 
rectangular form then the permutations of Hs will appear in n — 1 of the 
rows, since Hi and Ht are transitive. Moreover, if G is not multiply 
transitive then the permutations of Ih cannot appear in as many as » 1 

of these rows because the number of rows in which these permutations ap¬ 
pear is equal to the degree of a transitive constituent if Ih and this number 
cannot exceed « — 3. The property of multiple transitivity as well as the 
degree of the various transitive constituents of H^ can therefore be directly 
observed from the number of rows in which the permutations of H% appear 
with respect to Hu 

A cyclic prime power group does not contain a pair of minimal cross-cut 
subgroups relative to the product of their orders since one of every two 
subgroups of such a group is contained in the other. Every otlier abelian 
group contains at least one pair of such subgroups since it is the direct 
product of two cyclic groups which have only the identity in common. 
Moreover, every non-cydic prime power group contains a pair of minimal 
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cross-cut subgroups relative to the product of their orders since such a 
group of order contains two distinct subgroups of index p which can be 
used for Hi and H%, respectively. Since a solvable group necessarily con¬ 
tains an invariant subgroup of prime index this subgroup and an operator 
which is a power of this prime number but is not contained in this subgroup 
can be used as a pair of minimal cross subgroup relative to the product of 
their orders whenever this solvable group is not a cyclic group of prime 
power order. 

The symmetric group of degree w > 3 contains a regular group which is 
one of a pair of minimal cross-cut subgroups with respect to the product of 
their orders if the other is the symmetric group of degree « — L This is 
also true of the alternating group of degree n whenever n is odd. When n 
is even and equal to 2 m we can construct a group of order 2”*ml and of 
degree n which contains a subgroup of index 2 composed of its positive 
permutations which \vith the alternating group of degree n — 1 constitutes 
a pair of minimal cross-cut subgroups with respect to the product of their 
orders. These two subgroups have in common a group of order 2’*“^wl 
divided by n and hence the product of their orders is nl over 2. Therefore 
every symmetric group and every alternating group contains a pair of 
minimal cross-cut subgroups relative to the product of the orders of these 
subgroups. 

One of the most important properties of two minimal cross-cut subgroups 
relative to the product of their orders is that they cannot be conjugate 
imder the group. If one of these two subgroups and their cross-cut are in¬ 
variant imder the group the other subgroup is isomorphic with the quotient 
group with respect to this invariant subgroup. If both of these minimal 
cross-cut subgroups are invariant under the group the commutators which 
have one element from each of these subgroups are in their cross-cut and 
this cross-cut is also invariant under the group. If this cross-cut is the 
identity then every operator of one of these subgroups is commutative 
with every operator of the other and hence the group is the direct product 
of these two minimal cross-cut subgroups relative to the product of their 
orders. For instance, a group whose order is divisible by two and only 
two distinct prime numbers which has invariant Sylow subgroup of different 
orders is the direct product of two such subgroups. 

The difference between the product of the orders of two subgroups and 
the order of the group is divisible by the order of each of these subgroups. 
When this difference is zero and the orders of these subgroups are relatively 
prime they are minimal cross-cut subgroups relative to the product of tiieir 
orders. The product of the orders of two subgroups of a group cannot ex¬ 
ceed the square of the order of the group divided by 4 and when it is equal 
to this number the group contains an invariant subgroup of index 4 corre¬ 
sponding to the non-cyclic group of order 4 as a quotient group. In par- 
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ticular, the group contains then at least three subgroups of index 2 and the 
two given subgroups are minimal cross-cut subgroups relative to the prod¬ 
uct of their orders. The square of the order of a group divided by the product 
of the orders of two subgroups is a composite number and when this number is 
divisible by only two prime numbers {equal or distinct) these subgroups are 
necessarily minimal cross-cut subgroups relative to the product of their orders. 
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THE INFLUENCE OF NERVE FIBERS UPON TASTE BUDS 

D URING EMBR YONIC DE VELOPMENT* 

By Theodore W. Torrey 
Dkpartment ok ZoOlogy, Indiana University 
Communicated September 30. 1940 

It has long since been demonstrated in a variety of animal forms that 
subsequent to experimentally induced degeneration of gustatory nerve 
fibers the taste buds associated with them disappear. It has also been 
shown that when the nerve fibers regenerate, new buds make their appear¬ 
ance. Taste buds, therefore, are intimately dependent for their existence 
upon their nervous supply; and by way of explaining the possible physio- 
logical nature of this dependence, a neurohumoral mediator has been hy- 
pothesized (Torrey, '34a, '36). 

On the basis of accounts given by Hermann ('84), Graberg ('98) and 
others, it has been inferred that nerves probably play a similar r61e in the 
ontogeny of gustatory organs. Hermann, for instance, maintained that 
nerve fibers came into contact with the epithelium of the developing papillae 
on the tongue of the foetal rabbit at the same time the anlagen of the taste 
buds were appearing, and thus nerves were presumed to have stimulated 
or induced the formation of the sense organs. Szymonowicz ('95, '96) 
made a similar suggestion for the Corpuscles of Grandry and Herbst, and 
more recently Whiteside ('26), speaking of the regeneration of taste buds in 
the rat, has said that inasmuch “as the regenerative process resembles the 
embryonic, the causative factor would probably be the same in both 
cases." 

Other workers, by contrast, have not accepted this inference. Herbst 
(*01) and Harrison ('04), for example, have said that the coincidental ap¬ 
pearance of nerve fiber and sense organ is not proof of the relation of cause 
and effect. Harrison has gone further and like Roux differentiated be¬ 
tween a "function of development" and a "function of conservation;" that 
is, the power to differentiate is inherent within the anlage itself, whereas the 
stimulus that subsequently maintains the organ is supplied by the nerve. 
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This conception is furthered by Patzelt ('24) who maititains that not only 
is the ability to differentiate into taste buds inherent within the epithelium, 
but that the nerve fibers actually grow in secondarily. And finally, Stone 
('33, '40) concludes from hisstudies of grafted tongue primordia in Amblys- 
toma that in this form, at least, nerves do not play a causative rdle in the 
formation of taste buds. 

Obviously the intimate dependence of taste buds upon their nerve supply 
exhibited during degeneration and regeneration in the adult individual has 
not been demonstrated to exist for certain during ontogeny. An attempt 
has been made, therefore, to solve this long-time problem. The investiga¬ 
tion has followed two courses. The first consisted of working out the nor¬ 
mal embryogeny of the sense organs and their nerve fibers. This was 
necessarily prerequisite to the second: an experimental analysis of the 
morphogenetic association prevailing between the two. All experiments 
and observations have been performed on the rat and attention directed 
solely towards the vallate papilla of which there is a single one only in the 
rat. 

The development of the vallate papilla (as of all the other papillae) pre¬ 
cedes that of the taste buds by a considerable time. The single papilla 
originates in a manner so similar to that already described for those of the 
rabbit (Hermann, '84) and man (GrAberg, '98), that additional description 
is hardly warranted. Suffice it to say for the rat that the papilla begins to 
take form towards the end of the fifteenth day of gestation and is com¬ 
pletely established by the third day postpartum. The first taste buds, 
however, do not appear until about the ninlli day after birth. This cannot 
be said to represent an absolute date, for some individual variation occurs. 
In one or two instances, for example, an occasional bud was to be seen 
early on the eighth day, whereas on other occasions buds could not be 
detected until the tenth. Generally speaking, however, the time of initial 
appearance of the buds is the ninth day. Few in number at this time, they 
gradually multiply, reaching a maximum in about twelve weeks, from 
which time they undergo a slight reduction in numbers until on adult con¬ 
stant of roughly 76 to 100 buds, associated exclusively with ventral levels 
of the papilla and bounding trench, is attained. 

Special attention was directed towards the time of arrival of the ingrow¬ 
ing nerve fibers at their epithelial terminals. For this purpose whole 
embryos and pieces of tongues ranging ftom a prenatal age of fifteen days to 
twelve days postpartum were fixed in fonnol-acetic-alcohol and stained 
with activated protargol (Bodian, *37). 

Other workers have shown that the single anlage of the glossophaiyngeal 
ganglia is established towards the beginning of the twelfth day of gestation 
and promptly divides into a dorsal group of cells, the future superior gattr 
glion, and a ventral group, the future petrosal ganglion. Processes are soon 
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given off from the neuroblasts and by the end of the thirteenth day a 
definitive glossopharyngeal nerve has connected centrally with the brain 
and is pushing peripherally towards its final terminations. 

My own observations reveal that as soon thereafter as the beginning of 
the sixteenth day a fairly conspicuous bundle of fibers is present in the basal 
portions of the developing tongue lying not far beneath the dorsal epi¬ 
thelium. These fibers continue peripherally during the succeeding two 
days, reaching and even extending beyond the level of the already develop¬ 
ing vallate papilla. Sections of a twenty-day tongue reveal nerve fibers 
which have entered and traversed the subepithelial tissues of the papilla to 
terminate in the form of a subepithelial plexus. From this time until the 
first taste buds appear some ten days later the number of fibers within the 
papilla, and thus at the same time the extent of the subepithelial plexus, 
are increased by the arrival of new bundles of fibers from various directions 
beyond the papilla. 

A few of the preparations of postpartum stages previous to the ninth day 
show occasional fibers which have penetrated the papillary epithelium. 
Such intraepithelial fibers are so difficult to demonstrate histologically that 
an accurate count of their absolute number has not been attempted. 
Sufficient of them are stained, however, to demonstrate unquestionably 
that mch fibers are present several days in advance of taste bud differentiation. 

If one is committed to the proposition that nerves do incite or determine 
the formation of taste buds, then the above facts lend themselves in sup¬ 
port. The precocious arrival of the fibrils at the site of the future end 
organs may, however, be entirely without significance other than that a 
nervous supply is ready and waiting for the buds when they do appear, for 
it is yet to be demonstrated that the fibers literally exert a ^'stimulus of 
development'* which brings the end organs into existence. A critical test 
would consist in setting up conditions whereby the buds would be per¬ 
mitted, if they are capable of doing so, to develop free from the influence of 
nervous elements. This has been attempted in two entirely different 
fashions: first, by causing a previously destroyed papilla in the adult to 
regenerate in the absence of functional nerve fibers; second, by transplan¬ 
tation of papiUae of pre-taste bud ages. 

Whiteside (’26) has shown that following complete extirpation, the val¬ 
late pcq>illa of the rat begins to regenerate within three weeks and in six 
months is completely restored. New taste buds likewise develop in the 
epithdium of the regenerating papiUa, the first buds usually appearing 
about the same time the papilla proper begins to take form, i.e., at three 
wedcs, and continuing to 1^ formed for as long as twenty-two weeks. 

In the light of the known relations of gustatory organs to degenerating 
and regenerating nerves, buds are formed out of the newly established epi- 
theiflum of a federating papilla presumably under the influence of ^e 
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gustatory fibers likewise resupplying the papilla. Assuming that the 
regeneration process is closely akin to the original ontogeny, a test of the 
taste bud forming capabilities of a regenerating papilla devoid of functional 
nerves might be expected to give a partial answer to the question of the 
ontogenetic relation of the sense organ and nervous supply. The conditions 
for such a test have been set up by destroying the vallate papilla and cut¬ 
ting the glossopharyngeal nerves which supply it. 

Four to seven months old male and female albinos were used for most of 
these experiments, supplemented by a few individuals from a chocolate 
hooded stock employed for the transplantation experiments to be described 
later. Individuals were anesthetized with sodium amytal and the vallate 
papilla cauterized. Because most of the buds have a bilateral innervation 
(Whiteside, '27) it was necessary to cut both glossopharyngeal nerves. 
Each was located where it lay dorsal to the anterior belly of the digastricus 
muscle and severed proximal to the junction of its pharyngeal and lingual 
branches. 

Fifteen animals were operated upon in this fashion. For controls fifteen 
animals with the papillae alone destroyed were used. Three experimental 
and three control animals were sacrificed two weeks after operation and the 
tongues prepared for study. Additional groups of three each were sacri¬ 
ficed so as to comprise a series with the groups separated by four-day inter¬ 
vals. There was thus available material of fourteen, eighteen, twenty- 
two, twenty-six and thirty days post-operative ages. 

At the fourteen-day stage in both the experimental and control animals, 
the regeneration process has gone little beyond the wound healing stage. 
The papilla has not yet begun to reform and there are no taste buds pres¬ 
ent. Four days later there are evidences of the epithelial proliferation 
preceding the formation of a definite papilla. The papilla gradually begins 
to take form during the succeeding stages in both the experimental and con¬ 
trol animals. The details of its regeneration conform to those already given 
by Whiteside. The one additional contribution made by the present in¬ 
vestigation is that regeneration of the papilla goes on independent of the 
nervous system; the known dependence of regenerating taste buds on 
nerve fibers does not prevail for tlie papilla. It is interesting to note in 
this comiection that the barbels of the catfish, by contrast, will not regener¬ 
ate in the absence of a normal nerve (Olmsted, ’20). 

As far as the buds themselves are concerned, the first newly formed ones 
were observed in the control animals of twenty-six days. There were three 
buds in one of these, and five in the other two. The three controls of the 
thirty-day stage showed twelve buds in one, thirteen in the second and fif¬ 
teen in the third. These observations on the number and time of first 
appearance of the buds conform fairly closely to those recorded by White- 
side. 
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In the experimental animals, by contrast, buds were observed in only one 
instance, that of one of the three thirty-day individuals, and in this case two 
well-defined buds were seen. There was reason to believe, however, that 
regenerating nerve fibers from the central trunk may have reached the 
papilla and induced the buds to form out of the regenerating papillary 
epithelium. To test this likelihood the papillae of four animals were cau¬ 
terized at one time and the nerves severed ten days later. This was con¬ 
sidered an interval sufficient to prevent the normal nerves from exerting 
any influence upon the reforming papilla while at the same time shortening 
the period available for the return of the new fibers. Two of the animals 
were sacrificed thirty days after cautery and two at thirty-five days. 
There were no taste buds present in any of the four. 

The conclusion to be derived from these experiments, then, is that in the 
adult individual taste organs regenerate only under the influence of nerve 
fibers. To carry this conclusion over to the embryonic origin of the buds, 
however, requires the assumption that the regeneration of an organ is 
strictly comparable to its ontogeny, an assumption not wholly justified by 
the comparative data of regeneration phenomena in general. It remains to 
be demonstrated that this “function of conservation*' on the part of nerves 
exists as a “function of development." The following experiments com¬ 
prise an attempt at such a demonstration. 

A crucial test of the ability of the developing tongue to give rise to taste 
buds in the absence of nervous stimulation involves setting up conditions 
whereby embryonic differentiation of the papilla would continue in an en¬ 
vironment totally devoid of nervous elements. It was believed these 
conditions would be found in some variety of graft. 

Preliminary experiments showed th^jt subcutaneous, omental and ear 
grafts were unsuitable for several reasons. Not only did the transplanted 
tissues degenerate rather rapidly, but were subject to distorting pressures 
and were commonly invaded by considerable amounts of fat and connective 
tissue. There was the ever-present possibility, too, that such grafts, even 
if they survived and continued differ^tiation, would be invaded by nerve 
fibers from the surrounding host tissues. This eventuality alone would 
defeat the purpose of the experiment. It was necessary, then, to employ an 
environment of a more “neutral" character. To this end resort was had 
to the anterior chamber of the eye, a site offering many of the advantages of 
explanation methods and few of the technical difficulties. 

The material, host and donor, for such grafts was derived from a strain of 
chocolate hooded rats inbred for 25, 26 and 27 generations. The original 
25th generation stock was obtained through the courtesy of Dr. R. T. Hill 
of the Indiana University Medical School. Later in the project this ma¬ 
terial was supplemented by Sprague-Dawley albino hosts and donors which 
proved to be equally satisfactory. The transplants were obtained from 
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donors ranging from a foetal age of sixteen days to eight days postpartum 
(the interval during which the vallate papilla and its nervous supply de¬ 
velop, but terminating just short of the time of the initial appearance of 
taste buds). The age of the host animals ranged from 120 to 212 days. 

The accompanying table summarizes the history of the grafts. 

TABLE i 


THBOKBTICAL 

NO. OP AOS OP POST- AOV BBYONlI 


KXFT, 

MO, 

ttBCOVSKRO 

obavth 

DONtlK 

OKAFT (days 

aptjbb ofbr.) 

PABTUM 

AOB 

KOBMAL TABTB 

BUD THBBBHOLD TAHTB BUDS 

Te-1 

5 

1 day p. p. 

10 days 

il days 

2 days 

None 

Te-2 

6 

4 day p. p. 

16 

19 " 

10 


None 

Te-3 

4 

16 day foetus 

20 “ 

15 '• 

6 

14 

None 

Te-4 

5 

18 day foetus 

14 

U ** 

2 

A t 

None 

Te-6 

8 

6 day p. p. 

6 

12 

3 

i t 

None 

Te-6 

10 

8 day p. p. 

3 *' 

11 “ 

2 

t « 

Present in all 

Tc-7 

8 

3 day p. p. 

8 “ 

U “ 

2 

^ 4 

None 

Te-8 

4 

20 day foetus 

11 ‘‘ 

10 " 

1 

i i 

None 

Te-O 

7 

7 day p. p. 

5 

12 “ 

3 

i 1 

Present in 3 cases 


It will be observed that in ail the groups of experiments the grafts were 
permitted to grow for a period of time in excess of that normally required 
for the initial appearance of taste buds. Group Te-4, for example, com¬ 
prises transplants of an original foetal age of eighteen days cultivated for 
two weeks. Three days out of those two weeks can be thought of as be¬ 
longing to the gestation period; thus the recovered graft is at a theoretical 
age of eleven days postpartum. It will be recalled that this age is two da 3 rs 
beyond the average ninth-day threshold at which taste buds normally ap¬ 
pear. Likewise the other groups of transplants, with one exception, were 
allowed to attain post-threshold ages of two or more days (cf. table). 
The exception is group Te-8 which approaches within one day of the aver¬ 
age ninth-day threshold, but it is still within the range of observed variation 
in normal time of taste bud appearance. 

As far as the time element alone is concerned, therefore, taste buds should 
have developed in all the grafts if they were capable of spontaneously doing 

f 

so. On the contrary, buds appeared in only two groups of transplants; 
those grafted at eight (Te-6) and seven days (Te-9) of age. In the former, 
from two to five buds were found in all ten of the recovered grafts; buds 
were found in only three out of seven coses of the latter group. 

This immediately suggests that determination of the taste buds, what¬ 
ever the mechanism thereof, occurs between the seventh and eighth days 
after birth. When it is recalled that nerve fibers normaUy arrive at tte 
site of future taste buds not later than the twentieth prenatal day, itap^ 
pears possible that they have been involved in the determhmtkm prooe^ 
However, their "function of development,*' if they perform such, must not 
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come into play before the seventh day, otherwise taste buds should have 
appeared in the grafts of earlier ages. 

It may still be argued, of course, that the determination mechanism is 
inherent within the papillary epithelium or involves some other unidentified 
factor, and later trophic associations with the nerve fibers are secondarily 
assumed. But if this were so, it is difficult to understand why gustatory 
organs do not appear in a graft of tissue of an early age which has been 
successfully cultivated beyond the bud threshold and in which the papillary 
epithelium has otherwise undergone an apparently normal developmental 
history. It may be stated in connection with this last point that a definite 
structural regression occurred only in the longer cultivated grafts of groups 
Te~2 and Te-3, The papillary epithelium in the otlier taste bud-free 
grafts appeared to have otherwise made normal developmental progress. 

To recapitulate: Whereas nerve fibers arrive within a developing val¬ 
late papilla not later than the twentieth prenatal day, taste buds do not 
appear until some ten days later. These facts maybe interpreted as favor¬ 
ing the idea that nerves exert a stimulus or function of development; at 
least they are not contradictory, although they might be interpreted in 
other ways. More significant is the observation that taste buds will not 
reappear in a regenerating papilla unless their nervous supply is intact. 
But this can be considered a true function of development on the part of 
nerves only if it is first assumed that the regeneration of an organ is ho¬ 
mologous to its ontogeny. The final set of experiments, therefore, lends the 
greatest support to the concept, for it is observed tliat in the nerve-free 
environment of the anterior eye chamber taste buds fail to appear except 
in those papillae transplanted just previous to the time the buds normally 
appear. It is thus very probably true that nerve fibers do perform a func¬ 
tion of development upon developing gdstatory organs. It is recognized, 
however, that the critical experiment remains to be performed: the tongue 
itself of the developing animal must be left intact and undisturbed while its 
nerve supply in some fashion is prevented from reaching it. At the present 
time the technical problems barring this experiment have not been solved. 

*Contribution No. 286 from the Zoological Laboratories, Indiana University. 

Bodian, D.. ‘The Staining of Paraffin Sections of Nervous Tissues with Activated 
Protargol. The R6le of Fixatives.’^ Anal, Rec.t 69,153-162 (1937). 

Oraberg. J., “Zur Kenntniss des cetluldren Baues dcr Oeschniacksknospen beim 
Menschen/* Anat. Hejte, Arbeitenp 12,337-368 (1899). 

Harrison. R. G., “Experimcntelle Untersuchungen fiber die Entwicklung der Sinnes- 
organe der Seitenlinie bei den Amphibien." Arch. /. mikr. Anat,, 63, 35-149 (1004). 

Herbst, C., Formative Roite in der lieriscken Ontogenese, Leipzig (1901). 

Hermann, F., “Beitrag zur Entwicklungsgeschichte des Geschmacksorgans beim 
Kaninchen,*' Arck.f, mikr. Anal,, 24 216-229 (1884), 

Olmsted. J, M. D., “The Results of Cutting the Seventh Cranial Nerve in AnUttrus 
nebulosus,** Jour. Exp, Zool,, 31,369-401 (1920). 
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TOUCH-AND-GO PAIRING IN CHROMOSOMES 

By Franz Schrader 

Dbpaetmbkt op ZoOlooy, Columbia Unxvbrsity 
Communicated October 8, 1940 

An orientation of chromosomes that appears to be independent of 
meiotic S 3 mapsis in the ordinary sense is idiown in a relatively large number 
of species. Usually this takes the form of a vis-&-vis position on the 
spindle and when such chromosomes are separated by a considerable dis¬ 
tance is called ^'distance conjugation^* (Lorbeer, *34).^ In other cases the 
involved chromosomes may actually come together for a period which in 
some instances is so brief that the movement has received the name 
*‘touch-and-go” process (Wilson, *25).® 

The mechanism involved is a very puzzling one. In a general way the 
explanations that have been offered fall under two headings; (a) that 
some kind of attraction between the dxromosomes is involved (WUson, 
*32)* or (5) that it is mitotic forces (‘‘centromere-spindle retationsbxp'*) 
that bring about this orientation and that no specific attraction is involved 
(Darlington, *39).* 

This latter explanation fails to account for the fact that in some in¬ 
stances such chromosomes approach each oth^ txffore the spindle has been 
fully femned. Thus the m dixomosomes in some cells of Alydus cotne to-^ 
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gether already in diakinesis (Reuter, *30),*^ and the XY pair of several 
pentatomids undergoes its brief union in the interkinesis or even the telo¬ 
phase prior to its disjunction. These cases seem to bespeak the existence 
of some kind of attraction and the following case lends additional support 
to such an argument. 

In the male of the hemipter Rkyiidolomia senUis —^as has been pointed out 
elsewhere (Schrader, *40)®—the meiotic tetrads are formed by the terminal 
union of homologues in diakinesis. This is true also of the sex cfaromo- 



Rhytidolomia senilis 

Fi|[Uined 1 and 2. The sex chromosomes in diakinesis. They show the equational 
split and have come together terminally at their euchromatic ends. The hetero* 
chromatic ends are not fully condensed. The larger X is on the right. 

Figures 3 to 5. Progressive stages in the division of the sex chromosomes in the 
first division. Poleward movement occurs with the large of heterochromatic end 
foremost. The X is on the right. 

Figure 6. Late telophase of interkinesis with X and Y beginning to show orientation 
toward each other. 

Figure 7. Metaphose or early anaphase showing the large ends of X and Y oriented 
toward each other. Probably they are here already beginning to separate. 

Figure 8. l^ote anaphase showing the loss of the dub shape in the sex chromosomes, 

somes; but it is to be noted that the X and F chromosomes are each com¬ 
posed of a euchromatic and a heterochromatic section and that their 
diakinetic union always occurs at the euchromatic ends. This fact can 
be datemiued with little difficulty by tracing the chromosomes through 
the prophases. But it can also be demonstrated in the fully condensed 
drromosomes because both the X and the F are dubdiaped and the narrow 
mui where the union takes place represents the euchromatic section (Pigs. 
lto3). 
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The first division is, superficially at least, cquational for both sex chromo¬ 
somes. Their movement to the poles always occurs with the large or 
heterochromatic end foremost. Already in the initial steps of the division 
all connection between the X and Y disappears (Figs. 4 and 5), but in 
telophase or interkinesis they become reassociated. However, in contrast 
to the union that takes place during diakinesis, they now come together 
at their large or heterochromatic ends. The approach usually begins 
already in late telophase when the metaphase grouping of the chromo¬ 
somes has become temporarily lost (Fig. 6). The final union appears to be 
nothing more than a contact. In some cells a tiny gap can be seen be¬ 
tween the two chromosomes and is then often bridged by an achromatic 
connection—but it is difficult to decide whether such cases do not repre¬ 
sent the initial step in the reductional separation of the X and Y in the 
second division (Fig. 7). In the late second anaphase the clubbed shape 
of both sex chromosomes is obliterated (Fig. 8). 

It is natural to conclude that this interkinetic maneuver of the X and Y 
is in some way correlated with the properties of heterochromatin. But 
whether it is or not does not touch the question here at issue. Also it may 
be granted that the interplay of mitotic forces is to some degree acting 
in any grouping of chromosomes on the spindle (distance conjugation 
makes this almost certain). But by the same token the Rhytidolomia 
case furnishes strong evidence that the touch-and-go movement involves 
not only an attraction between the X and Y, but an attraction of a very 
specific type. 

^ Lorbeer, G., Jahrb. wiss, Bot.^ 80, 667-818 (1934). 

» Wilson, E, B., The Cell, pp. 1-1232 (1923). 

« Wilson, E. B., Jour. Morph., S3, 443-468 (1932). 

^ Darlington, C. D., Jour. Genet., 39, 101-136 (1939). 

* Reuter, E., Act. Zool. Fenn„ 9, 1-484 (1930). 

• Schrader, F., Jour. Morph., 67, 123-130 (1940). 
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THE CORRECTION OF X^RAY DIFFRACTION INTENSITIES 
FOR LORENTZ AND POLARIZATION FACTORS 

By M, J. Bubrgbr 

Mimeralogical Laboratory, Massachusetts Institute of Technology 

Communicated September 26, 1940 

1. Introduction .—In an earlier contribution,^ a method was suggested 
for recording x-ray diffraction results as JP values by direct photographic 
processes. This required the correction of the diffracted beams for Lorentz 
and polarization factors, and it was suggested that this could be accom¬ 
plished with the aid of a rapidly rotating cam or shutter, A study of the 
theory of applying this correction has made it plain that, with the correct 
choice of variable, the form of the Lorentz factor is the same for all layers 
except for scale, and therefore a correction for it can always be made with 
the aid of a single instrumental cam regardless of the layer analyzed. On 
the other hand, the form of the polarization factor is different from level 
to level, and correction for it can best be made in another way. The 
results of this study can be applied not only in the recording of x-ray diffrac¬ 
tion results as values, but they are of immediate use in allowing for 
Lorentz and polarization effects in any method involving a rotating crystal 
completely immersed in an x-ray beam. 

The Lbrentz factor for single crystals was first given by Darwin* for the 
case of “equatorial** x-ray reflections. Cox and Shaw* subsequently 
showed how the Lorentz factor could be extended to non-equatorial re¬ 
flections recorded by the normal-beam method. More recently, TunelH 
has given a similar treatment in the extension of the Lorentz factor to non- 
equatorial reflections recorded by the equi-inclination method. A dis¬ 
cussion of the Lorentz factor for the general-inclination case has only 
recently received attention by Bouraan and de Jong.* They used a cora- 
pm^tively cumbersome method of deduction and unfortunately their re¬ 
sults do not have a form which is vexy convenient to apply. 

2 . General Characteristics of the Lorentz Factor. —^V^en a crystal is 
rotated in a beam of monochromatic x-radiation, the various planes of the 
crystal are caused to pass through positions in which they satisfy the 
condition for reflection. In general, the various planes do not occupy 
such positions for equal lengths of time. The total amount of x-radiation 
in each reflection is proportional to this time opportunity to reflect. In 
the several rotating crystal methods, the Lorentz factor is essentially this 
time factor. 

The Lorentz factor is proportional to the time of reflection permitted 
to each reflection, or inversely proportional to the velocity with which the 
plane passes through the condition, of reflection. Using L to represent the 
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Lorentz factor and V the velocity of passing throng^ the reflecting conditiiHi 
for the reflection hkl, 

( 1 ) 

The individual velocity of each reSection can be most conveniently in¬ 
vestigated with the aid of the reciprocal lattice* 

3 . Rtciprocal LaUice Derivatim .—In figure 1 the important reciprocal 
lattice aspects of the problem are shown: A shows plan, C shows an eleva¬ 
tion, while B shows an intermediate projection. The reciprocal lattice is 
rotating with an angular velocity, Q, Reciprocal lattice point, P, on the 
nth level, has just reached the n layer reflecting circle and is in the process 
of reflecting. P is moving in the direction PW and has an absolute velocity 
of Slf. The velocity with which it passes through the sphere, however, 
is the component of this velocity on the normal to the sphere at the point 
P, namely, its component on PS, Calling 17 the angle between PS and 
PIT, the speed with which P passes through the condition of reflection is 
therefore given by 

F - Qt cos ( 2 ) 

To evaluate cos 17 # P^s a plane through the center of the sphere S and 
normal to the velocity direction, PW. It is evident that 

cos 17 5 . 0) 

Substituting this in (2) gives 

F « afe. (4) 

Turning to figure 1-.4, it will be observed that the last two terms of (4) 
represent twice the area of triangle O^PSn* This same area can be repre¬ 
sented alternatively by R^p, where Po is the radius of the zero-level re¬ 
flecting circle. Substituting Pop for (4) becomes, 

V « ORcp. ( 6 ) 

f 

This is in an inconvenient form. To transform it into something more use¬ 
ful, note that, 

sin T » (6) 

■K» 

where JR* is the radius of the reflecting drde o$ tiw level containing P. 
Substituting in (6) the value of p indicated by (fl) yidds the required 
velocity in quite fundamental terms: 

F-OR#R.siiit» ^7) 
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Finally, the terms iSo and may be expressed as functions of and v, the 
angles which the direct x-ray beam and diffracted cone make with the 
levels of the reciprocal lattice. Figure 1-C shows that, 

J?o “ cos (8) 

and jR„ == cos v, (9) 

Since /i and v are values required for setting the instrument to record the 
layer, it is desirable to express V in terms of them. Substituting from (8) 
and (9) into (7) gives the required velocity in the desired form: 

F *= 0 cos cos V sin T. (10) 


The Lorentz factor for any condition of recording is now given by sub¬ 
stituting the value of V from (10) into (1). The result may be simplified 
for practical experimental purposes by noting that the velocity of crystal 
rotation, S], is common to all reflections; hence this term may be omitted 
from the proportion: 


L 


1 

cos /i cos V sin T 



This reduces to the following special cases for particular methods of re¬ 
cording reflections: 

Normal beam^ ^ » 0: 


L 





(llA) 


Egui-indination, fi = —v: 


L 


1 

cos* V sin T 


Flat-cone^ v ^ 0: 




1 

' ' ' * 11^ ■I--U- ^ 

cos M sin T 


(IIB) 


(IIC) 


For equator reflections taken by the normal beam, equi-inclination or 
flat-cone methods, n v ~ 0, and (11) can be reduced to the simple 
Darwinian form of the Lorentz factor: 


1 1 
sin T ~ sin 20 


(IID) 


It is now most important to note that in (11) the pair of terms cos n cos r 
is constant for any level, recorded by any method. These terms may be 
called the scale of the Ixirentz factor for tte level. An imj^rtant property 
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of (11) is that, except for scale, the form of the Lorentz factor is exactly 
the same for every layer and for every method of recording, provided that 
the comparison is made for the correct variable, T. 

4. Application to Wdssenberg Photographs, —^The vertical linear mea¬ 
sure, X, of any Weissenberg photograph is directly proportional to the 
reflection azimuth, T: 



where the term in brackets is an instrumental constant dependent on the 
camera radius, tp. In order to find the Lorentz factor for any spot on any 
Weissenberg film, therefore, the only measurement necessary is the dis¬ 
tance, Xt of the spot from the center line. Since the instrumental constant 
in (12) is exactly 2 for the standard Weissenberg camera radius, the angle, 
T, can ordinarily be read directly with the aid of a millimeter scale. To 
find the Lorentz factor for the spot, it is merely necessary to take the cose¬ 
cant of this angular reading and multiply it by the level scale in the form, 

*-, which is characteristic of the entire level and of the method of 

cos fji cos V 

recording. Or if is required, as for Fourier analysis, the correction is 
sin T multiplied by the scale cos m cos i'. Either the Lorentz factor or the 
correction for it, disregarding the level scale, may be easily read for each 
spot on the film from a transparent chart (which is the same for all Weissen¬ 
berg photographs) laid on or under the film. 

5. Elimination of Computation of Level-Scale Correction, —Since the 
level-scale is constant for the entire level, it may be easily compensated for 
by deliberately arranging the time of exposure of each level so as to cancel 

1 

it. The Lorentz factor varies from level to level by the scale, --• 

cos u cos V 

To compensate for this it is only necessary to expose each layer, regardless 
of how recorded, for a time proportional to cos u cos v. When this pre¬ 
caution is observed, all level photographs taken by any method whatever 
have the same Lorentz correction idt equal values of T. 

6, Elimination of Lorentz Corrections during Recording. —In order to 
convert diffraction intensities into P values, it is necessary to apply a 
correction for both Lorentz and polarization factors. This is usually done 
by computation. The computation can be entirely avoided as far as the 
Lorentz factor is concerned by taking advantage of the semi-invariant form 
of the factor. Neglecting, for the moment, the matter of scale, we note 
that at T »« 90° the Lorentz factor is unity and that it increases 
symmetrically above and below this value till it attains infinity at X » 
0° and T «* 180°. A correction for this Lorentz enhancement can be 
applied during recording by suppressing the enhanced reflections by a 
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factor which is the reciprocal of the enbaming (Lorentz) factor* This 
can be accomplished by reducing the time of recording of the more intense 
reflection with the aid of a rapidly rotating cam* The proper character¬ 
istics of the cam are that it has an opening proportional to sin T. It is 
comparatively ea^ to arrange for sui^ a cam in the method of de Jong 
and Bouman and also in the Sauter method. The writer has succesirfully 
applied it to de Jong and Bouman photographs and will provide further 
details of the method in another publication* On the other hand, it is 
difficult to arrange a rotating cam for the Weissenberg method, but it 
may be replaced here by a rapidly vibrating cylindrical shutter whose 
function is to differentially open and dose the layer line screen slit. The 
design of such a shutter is complicated by the fact that the motion is re¬ 
ciprocating and hence is likdy to be non-uniform* 

The Lorentz correction may also be applied by absorbing reflections 
differentially as a function of T* The transmission of such an absorber 
should be proportional to sin T. 

Regardless of what method is used to reduce reflections by the factor 
sin T, the Lorentz correction can be completdy eliminated for any level and 
for any indination scheme by simply arranging to have the exposure times 
for the levels proportional to cos m cos r, as discussed in section 5. 

7. Note on the Elimination of Polarization Factor Correction ,—The 
polarization factor can be eliminated by permitting transmission of re- 

2 

flections proportional to While this could be controlled with 

the aid of a cam, the fmiction depends in aii unfortunate way upon T, 
and Vf so that a different cam would have to be used for each level and a new 
set for each new crystal. It should be noted, however, that the correction 

applied by surrounding the crystal with a more or less spherical envelope 
of slightly absorbing material (such as a plastic) whose thickness varia¬ 
tion has been designed to permit transmission of reflections by a factor 
2 

l+cos*26 

* Buerger* M. J., "'The Photography of interatomic Distance Vectors and of Crystal 
Patterns/* Proc, Nat, Acad, Scl, 25,883-388 {1^). 

* Darwin* C, G„ **The Reflection of X-Rays fnwn Imperfect Crystals.” PhU, Mag,^ 
41, 808(1822). 

* Cox, B. G., and ^law, W. F. B., '^Correction Factors in the Photographic Measttre- 
ment of X-Ray Intensdtitis in Crystal Analysis,” Proc, Jfoy. See,, (A) 127,71-^ (1830). 

* Tunell, George, ”The Rotation Factor lor B<pi^IiicUimti^ WeiMnherg Photo¬ 
graphs,” Amsr. Jtfiifitfraf., 24,448^51 (1838). 

* Bouman, J., and de Jong, W. F., ”Die Intensit&tc^der Punkte eioer photographier- 

mn redpit^en Netaebime/* V, 817-432 (1^). / 
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FUCUS CORDATUS TURNER 
By Wiluah Albbrt Sbtchbll 

Dbpartmbnt of Botany, Untvbuutv of Caufornia 
Communicated October 4,1040 

The Fucus cordatus of Turner (Fuci, 2, 118, 119, pi. 116 (1809)) has been 
a much misunderstood plant and its various misinterpretations have been 
responsible for other misconceptions. The species was described from 
specimens collected by Mr. Menzies at “Banks' Isles” on the northwest 
coast of North America on the second vo3^ge of Vancouver. “Banks’ 
Isles,” now generally known as Banks Island, lies on the east side of 
Hecate Strait in British Columbia and at about 50° lat. N. and 130° long. 
W. The total distribution of this species, according to one or another 
author, extends from the northeastern coasts of Ama, around through the 
type locality, along the west Pacific Coast of North America to (or almost 
to) the southern boundary of the United States, the coasts of Chile to the 
Antarctic continent and up along the eastern coast of South America to 
(and including) the Falkland Islands (cf. particularly Gain, “Deux. 
Exp. Antarct. francaise,” 1908-1910, “La Hore Algologique,” 54-58, 
1912) and even to South Africa. Such a range even among the Red Algae 
is almost unparallelled, but from the point of view of moderate poly¬ 
morphism did not, until very recently, seem beyond plausibility. 

Fucus cordatus was referred by Bory {Diet. Class., 9, 16 (Feb., 1826)) 
to his proposed new genus Iridea as Jridea cordaia and was the first of the 
binomials coined by him under this genus, although he mentioned the 
DeUsseria edMis of Lamouroux first of all the species belonging to Iridea, 
but without coining a proper binomial for it. In Bory’s time, fixing a type 
for a genus was not customary. Grevilte, however, in 1830 (Alg. Britt., 
136) definitely designates Fucus edulis Stackhouse as the type of the 
genus, as he had a perfect right to do. Later the name Iridea (or Iridaea) 
was more and more restricted to phuits of the general type of Fucus 
cordaius and in 1847 J. G. Agardb {Kouf^. Vet. Akad., Handl., 82) in 
discussing the various types of Soutii Afriesm plants still referred to 
Iridea, in his turn, formally designated Fucus cordatus Tomer as the type 
of the genus, following the seeming usage of Boiy in his latest account 
{Voy. Coq., Jtef,, 2,103-114 (Feb., 1828)) and of Kuetzing, who (Pkycol. 
gen,, 305 (1843)) places Fucus cordatus first in tht enumeration and in his 
illustration (loc. dt,, pi. 77, II, not truly of Fucus cordatus Turner) of the 
genus, although he indudes I. edulis (Stackh.) Giev. and others which 
J. O. Agardh (loc. dt.) finally exduded from his conception of Iridaea. 

When the late Prdessor Nathanid Lyon Gardner and mysdf, after 
somewhat over thirty years of collecting and study, issued our indimtnaiy 
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reports {Proc, Nat. Acad. Sci., 22, 469-473 (Aug., 1936), Univ. CaUf. Pub. 
BoL, 19, No. 6 (May, 1937) and Proc. Nat. Acad. Sci., 23, 169-174 (May, 
1937)), we felt that we had made progress in the way of distinguishing the 
various species of Iridaea from one another and also we found it desirable 
to assign a new name, Iridophycus, to the genus in order to avoid the con¬ 
fusion attending the earlier Iridea of Stackhouse (1816) as well as the con¬ 
fusion attending the designation of I. eduiis (Stackh.) Grev. (1830) and I. 
cordata (Turn.) Bory by J. G. Agardh (1847) as types of the genus. Also, 
in order to avoid confusion, we designated I. capensis ]. Ag. as the type 
under the new generic name, since type specimens of this species were in 
existence and no type specimen of Fucus cordatus was known. 

The Hooker Herbarium at Kew, after exhaustive searching both by 
myself and by the staff at Kew, failed to reveal any specimen which could 
be regarded os the type of Fucus cordaius Turner. The collections at the 
British Museum of Natural History likewise were searched to no avail 
and Gardner and I seemed justified in assuming that no type had been 
saved since Dawson Turner, himself, saved no types, according to Sir 
Joseph Dalton Hooker, his grandson, who states in a letter preserved at 
Kew: “My grandfather was not the sort of man to collect and preserve 
plants” (Proc. Linn. Soc. London, 150th session, pt, 1, 22 (Dec, 1937)). 
We may presume that such of Dawson Turner's Algae as are to be found 
in the “Hooker Herbarium” were preserved through the meticulous care 
of his son-in-law, Sir William Jackson Hooker, who is responsible for 
so many of the excellent drawings of Turner's “Fuci.” 

While there seemed to be no doubt from our previous studies that Fucus 
cordatus Turn, was not among the Iridophycus species known from the 
Southern Hemisphere, the question as to its exact characters became acute 
as Gardner and myself attempted to unravel the complex of the species 
of the coasts of western North America and northeastern Asia. Following 
out a suggestion of one of our fellow botanists (Dr. Ivan M. Johnston of 
the Gray Herbarium) that some of the plants collected by Archibald 
Menzies were to be found at the Royal Botanic Gardens at Edinbiu'gh, a 
letter was addressed to the Regius Keeper, Sir William Wright Smith, 
with the result that a sheet of two specimens of Fucus cordaHus'* collected 
by “A. M., Banks' Isles, N. W. Coasts of America” were found in the 
“Menzies Herbarium” and generously forwarded to us for study. The 
lower specimen answers so very closely to Turner's figure of the plant 
(Fuci, 2, pi. 118) that it seems possible that it may be the very specimen 
from which the drawing was made. It is, moreover, just one-half the 
diameter of the figure of Turner, who says, however, that it “contracts to 
little more than half its original size” in drying. It seems, therefore, since 
in an its characters it corresponds to Turner's description, that here we 
have the type material, or if any doubt remains, at least duplicate type 



VoL. 26. 1940 


BOTANY: W. A. SETCHELL 


645 


material, and it is possible to study the cystocarpic t 3 rpe in all essential 
detail. 

Fucus cordatus Turner, both as described by Turner and as represented 
by the Menzies specimens in Herb. Edinb. is a plant of the size of the series 
of larger species of Iridophycus (cf. Setchell and Gardner, Proc. NaL 
Acad^ Sci.j 23,174 (Mar., 1937)). Turner describes it as about a foot long 
and 6 inches wide, which corresponds to the larger of the two specimens in 
the Menzies Herbarium, after allowing about half diameter for shrinkage 
during drying. The fronds, according to Turner, arise from *‘a largish, 
expanded, callous disk'* and “the fronds are numerous from the same 
base.** There is a distinct stipe, about 1,2 cm. long (“6 lines,’* according 
to Turner) which is flattened, narrow below and expanding above into a 
narrow cuneate apophysis, distinctly set oiT from the stipe below and the 
broad flaring base of the lamina (or blade) above and about 1 cm. long 
and 0.(1-1 cm. broad. The color of the whole plant from basal disc to 
apex is described by Turner as “livid-brown, not without a tinge of purple, 
transparent, darker when dry, anri then looking almost black unless held 
up to the light,** with “substance” described as between “coriaceous and 
fleshy, thick and full of moisture.” 

The blade is broadly ovate-oblong, with broad, shallow, cordate base, 
more or less unsymmetrical, narrowing in the upper third to a broad and 
obtuse point. The margins are devoid of projections or lobes, “quite 
entire” is Turner’s description, but are broadly undulate, with the very 
small cystocarps of extraordinarily uniform size, scattered over the entire 
blade with the exception of a crescentic zone just above the apophysis. 
Turner says: “in the lower and narrowed part of the frond the margins 
are remarkably elevated and incurved and this part consequently looks 
not only like a stem, but a channeled one.” This shows also in the Menzies 
specimens and indicates that the species has a very definite apophysis 
set off from both the blade above and the short stipe below. 

The cystocarps are described by Turner (loc. cit., p. 118) as being 
“spherical tubercles, smaller than a pin’s head, of a tawny color, scattered 
without order all over the frond, and immersed in the middle of its sub¬ 
stance, containing a number of minute, oblong, red seeds, together with 
peUucid jointed fibers.” While the general morphology of Fucus cordcUm 
is almost sufficient to stamp it as a very well defined species among those 
of IridophycuSt the uniformity of the cystocarps together with their com¬ 
paratively small size^ add to the other indications that it is most distinct 
and, as will be indicated later, evidently restricted to a small'region in 
northwestern North America. 

Transverse sections of the plant of Menzies are from about 186 to 245 p 
thick in the sterile portions (when only moderately swollen up, to about 
what seems normal when fresh (i.e., cut by freezing method in 70 parts 
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of glacial acetic add and 30 parts of water, mounted in "Karo”) while 
the c 3 rstocarpic portions are up to 375 m thick or even somewhat thicker. 
That portion of the blade (see figure 1) whidi is not cystocarp-bearing 
shows a medullary layer occup 3 n[ng about three-sevenths of ^e diam¬ 
eter of the section and consisting in very thin section of about 4 more 
or less parallel slender and loosely placed filaments, about 3-4 /u diam. 
The segments of the hyphae are commonly elongated (up to 28 m long). 
In thin sections cut about 15 m thick and treated so as to prevent undue 
swelling, the filaments of the medulla show practically parallel (as in fig¬ 
ure 1), but in thick sections (or crushed fragments) the hyphal segments 
form an irregular but close reticulum often with elongated meshes and 
with many free ends, enough to disturb the regularity of the reticulum. 
In thicker or more swollen sections the irregular network is definitely ap¬ 
parent but never approaches the regular reticuliun of the Iridaea cordata 
of Kuetzing (Phyc. Gen,, 395, pi. 77, II (1843), Tab. Pkyc., 17, pi. 6, fig. b 
(1867)) from Valparaiso, which is obviously not Turner’s species but 
Jridophycus Boryanutn Setch. et Gard. (Proc. Nat. Acad. Set., 22, 470 
(1936)). 

The cortex of the sterile portions of the frond is indistinctly double (as 
in most species of the genus), divided into an outer and an inner. The 
outer cortex consists of closely packed anticlinal rows (or anticlinal groups) 
of cells, 6-8 in number (vertical to the surface). These cells form a per¬ 
fectly distinct layer of about 6 cells from the surface, the lower larger and 
rounded or slightly flattened, the upper 3 (or 4) slightly elongated vertical 
to the surface. The outermost, commonly single, may be globular to 
cartridge-shaped. Occasionally the outermost cells arise by twos from the 
cell below and are decidedly elongated as indicated by Kylin (Lund Utm. 
Arsskr., n. f., Avd. 2, 24,47, fig. 25 (1928)). 

The lower portion of the outer cortex is not, in cystocarpic and antheiidiid 
plants, sharply delimited, but between it and the medulla there is a tissue, 
indefined on outer and inner sides, of several layers of distant, horizontally 
elongated cells, short to fairly long in horizont^ diameter (parallel to the 
surface of the frond) which exists in all species of Iridophycus and which, 
because of its augmentation in the tetrasporic {dants of the gtous, may be 
distinguished as an inner cortex. This indefiined inner cortex equals ap¬ 
proximately the thickness of the outer cortex. The comparativdy dij^t 
development in the inner cortex in sterile, antheridial and cystocarpic in¬ 
dividuals of species of Iridophycus as compared witii tetra^mric individuals 
makes for the extreme increase in thickness found in the last and is to be 
emphasized here in the case of the type of Fucus corddtus since seandi for 
the proper tetrasporic tsrpe is utteriy cmaf^cated as to thiclrwwMi uad 
complexity of stru^ure. 

The cystocarps in Turner’s fdant (cf. figure 3) measme tq> to aboirt 500 p 




FIGURES 1 AND 2 


Iridophycus cordatum (Turn.) S. et G. 

Fig. 1 (a&ow). Fortion of a transverse section of a sterile fHntion of the blade of the **type*' 
apecbneti^ X400diaiU» 

Fig. 9 (bihw). Fortion of a similar section showing the upper segment of a cjrstocarp X 400. 

{Dratim by Jtoy W» Donley under dtiredion of the author) 
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in horizontal diameter and about 315 m i^ vertical diameter« The spores 
are in definite groups, separated by slender “nutritive” filaments, and the 
whole cystocarp is enclosed within a distinct and fairly thick (60'-65 
layer of concentrically disposed filaments, the ^'pericarpium propHum” 
from whose filaments radiating “nutritive” filaments pass into the groups 
of spores (from gonimoblastic lobes) and join the nutritive filaments sur¬ 
rounding each of them (see figure 2). The pericarpium proprium arises 
from the inner cortex. The cystocarps form rather to one surface or the 
other of the frond, enlarging to become almost central at maturity and 
causing the surfaces of the frond to bulge out slightly and almost equally 
on both surfaces. The large, densely filled auxiliary cells (“Tragzellen”) 
are shown in many of the immature cystocarps of the sections from the 
type material and in very characteristic fashion (cf. Kylin, “Anat. d. 
Rhodophyc.,” figure 210A (1937)). 

The cystocarpic type of Iridophycus cordatum (Turner) Setehell et 
Gardner {Proc. Nat, Acad. Set., 23, 170 (Mar., 1937)) seems clearly estab* 
lished from the Men/ies specimens in the Herbarium of the Royal Botanic 
Garden of Edinburgh. Its salient points are the distinct stipe, equally 
distinct broadly cuneate apophysis, the flaring, more or less shallow cordate 
base of the ovate blade with smooth but undulate margins, and the regularly 
and thickly scattered small cystocarps of uniform and small diameter. 
Added to this, the blade is only moderately thick and of a brownish purple 
color, becoming opaque and blackish on drying. Examining sections of 
dried material (cut by the freezing method in 70 parts of glacial acetic 
acid to 30 of water and mounted in “Karo,” so as to prevent undue swell¬ 
ing), the medullary layer shows 3^ (?) moderately slender filaments with 
usually a parallel course although anastomosing into an elongated and 
irregular reticulum with many free endings as seen in the thicker sections 
or on crushing. If only a little more water is added the sections enlarge 
very considerably and even become disorganized, as is the case with other 
species of the genus and even with most Gigartineae. The cortices are 
also reasonably distinctive, consisting of a few layers of larger, widely 
separated cells of the inner cortex and an outer cortex of about 0 cells in 
each anticlinal row. The cystocarpic portions of the fronds bulge slightly 
on both surfaces and the flattened, bluntly lenticular cystocarp has a 
distinct pericarpium proprium. 

Studies of various plants, particularly those collected from the general 
Puget Sound region and northward, for occurrences of Fucus cordatus 
have been made with the following results; (1) no specimens from south 
of Cape Flattery j (2) a number of specimens from the west coast of Whid- 
bey Island, Wash., collected by N. L, Gardner, which agree within fair 
limits; (3) some young specimens from Table and Calvert Idands, B. C*, 
collected by T. T. and £. B. McCabe, which are in the general distribu- 
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tional area of Banks Island, B, C.; and (4) two specimens collected by 
John Macoun on Vancouver Island, B. C., without special data, but judg¬ 
ing from Macoun's correspondence, probably in the neighborhood of 
Ucluelet on the west coast area about May, 1909, None of these various 
specimens is mature cystocarpic, but several are young or mature tetra- 
sporic, while some may possibly be young antheridial. The lack of ad¬ 
ditional mature cystocarpic specimens (the type specimen being cysto¬ 
carpic) for eaact comparison and since tetrasporic plants of species of 
Iridophycus differ from cystocarpic especially in details of thickness and 
difference of histologic details due to the usually prominent tetrasporo- 
genic layer, make the lack of any additional specimens from the exact type 
locality unfortunate. 

Since both cystocarpic and tetrasporic plants are necessary to under¬ 
stand a species, it has seemed reasonable to assume that the tetrasporic 
generation is represented by such plants as were included by N, L. Gardner 
under his No. 58, cast ashore on the western shores of Whidbey Island, 
Wash. (Herb. Univ. Calif. Nos. 4(>4012, 547047, 547648). Another mature 
tetrasporic plant is No. 72 of John Macoun, probably collected at or near 
Ucluelet, on the west or ocean side of Vancouver Island in 1909. All of 
these plants agree in general habit with the type specimen (cystocarpic) 
but differ in minor details of gross and naturally, of microscopic anatomy. 
They vary up to about twice the length of the type and in one at least the 
blade is, very broad. The blade varies from a moderate flare above the 
apophysis to shallow cordate, while the tip is shallowly to fairly deeply 
and broadly lobed into two to three divisions. None is cleft to (or tluough) 
the apophysis. The color of the mature fruited plants is deep claret to 
almost black in the dried specimens. 

The stipe is comparatively long (1.2-1.5 cm.) and about 1.5 mm. thick, 
cylindrical at the very base, compressed above. The apophysis is distinct, 
broad cuneate, 1-2 cm. long and about 2 cm. broad above. The blade 
flares suddenly and with a shallow cordate to reniforra base. A similar 
habit, to a certain degree at least, is to be found in 1. coriaceum S, et G., 
L $plenden$ S. et G,, /. Hneare S. et G., /. whidheyanum S. et G., Lfulgem 
vS. et G. and /. sinicola S. et G., but the coarse, crowded, short and ir¬ 
regular segments of the medulla of the blades of these species easily dis- 
tinguish them, as well as minor differences in stipe, apophysis and blade. 
The nearest approach to 7. cordatum (Turn.) S. et G. is 7. flaccidum S. et 
Gm but there are differences in color, stipe, apophysis, thickness and 
medullary structure sufficient to separate characteristic plants of this 
species although, at times, there may be difficulty in placing 3 roung or 
sterile specimens. 

Tetrasori in the plants selected as typical (N. L. Gardner No. 58, as 
indicated above) are very thickly and regularly scattered over the whole 
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blade (at mattuity) except that portion of it immediately above the 
apophysis. In more translucent dried specimens they appear as fairly 
uniform, small, dark, circular to elongated-oblong patches, on both sur¬ 
faces, each of which is slightly elevated above such sori as occur directly 
beneath it. The mature sori are separated from one another by intervals 
less than that of their own diameters. In cross-section the tetrasporic 
plants show the same type and thickness of medulla as found in the cysto- 
carp t 3 rpe plant, but differ, as do all the tetrasporic plants of the genus 
Iridophycm^ in details of the outer and inner cortices. The outer cortex of 
the tetrasporic plant differs from that of the cystocarpic plant in having 
the terminal cells of the anticlinal rows more regularly in pairs and some¬ 
what to very considerably elongated, a matter of only occasional occurrence 
in cystocarpic plants, and giving their cortices a decidedly different aspect. 
The most modifying difference between cystocarpic and tetrasporic plants, 
however, is in the voluminous development of the tissue between the 
medulla (proper) and the outer cortex (proper), since as in all the species 
of Iridophycus, this “inner cortex,** not very distinctly set off from the 
“outer cortex** in the sterile, antheridial and cystocarpic plants, increases 
in thickness, and through the multiplication of cells forming a complex of 
elongated and connecting filaments between the medullary segments on 
the one side and the anticlinal rows of the cortex on the other, a definite 
sporogenic tissue is formed up to about 100 p to 150 m in thickness (on 
each side). In this tetrasporogenic plexus, the intercalary cells enlarge, 
multiply, pull away from one another and form finally the tetrasporangial 
mother cells, from which by division at right angles the tetraspores are 
formed. The tetrasporangia are thus intercalary or insterstitial as to 
origin, but are “accessory** in the sense that they occur as a multiplication 
of cells of the inner cortex (not of the outer cortex or of the medulla) into 
a distinct tetrasporogenic tissue. 

As may be understood from the statement of the intercalation of a 
distinct and relatively thick tetrasporogenic tissue on each side of the 
medulla, the thickness of a fertile (or even immature) tetrasporic plant 
will greatly exceed that of the sterile portions of the cystocarpic plant. 
While the sterile portions of a tetrasporic plant may be little over 260 /i 
as in the cystocarpic plant, the thickness of the greater part of a tetra¬ 
sporic plant (according to stages toward maturity) may increase up to 
685 fi or less. In such a section the medulla axxonats for about 63 m of the 
thickness and each of the outer cortices for about the same, while each 
tetrasporogenic tissue, in sterile portions of the blade only about 20-25 m 
as an inner cortex, has become 150-200> thick, according to its maturity. 
The tetrasporogenic layers are not absolutely continuous^ but dight breaks 
may occur in them. 

The sori are distinct, flattened spheroid, usually about 60-65 m in 
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vertical diameter at maturity and vary in their horkontal diameter from 
about the same up to 625 /i and (excqjtionally) even up to 1000 m* They 
impinge upon the true medulla inwardly and upon the outer cortex out¬ 
wardly, and cause bulges, above each, of the outer cortex. The tetra- 
sporangia are somewhat varia!ble In size, dongated ellipsoid, about 28 X 
14 M divided crudately into the 4 tetraspores. 

Simtnary. —It has seemed best to consider the Fucus cordatus Turn, in 
sufficient detail to make clear its nature, since it has been regarded as: 

1. The morphological and even the taxonomic t3rpe of the genus 
Iridaea of Bory; 

2. The species of widest distribution through Pacific North and South 
America and even South Africa; 

3. A species whose type specimen had been lost, until the discovery of 
the Menzies specimen in Herb. Edinburgh. 

With the discovery of that type and the realization that there were 
somewhere about 30 species of Iridopkyms segregated in at least 4 distinct 
sections (or subgenera?), the necessity for some exact knowledge of the 
nature and distribution of Fucus cordatus Ttun. became imperative. 
There results from this study, not only of the cystocarpic type specimen 
but also of the tetrasporic plants seemingly undoubtedly to be referred to 
it, the following: 

1. That it has a distinct, relatively long stipe; 

2. That its apophysis is broad cuneifonn, distinctly set off from both 
the stipe below and the blade above; 

3. That the blade is rather broadly cordate, with some variation as to 
flare at the base; 

4. That the tip is broadly and obtusely pointed, either entire or 2-3- 
lobed; 

5. That it belongs to the group of larger species of Iridophycus; 

6. That its medullary tissue is of slender filaments, anastomosing into 
an irregular reticulmn, and to be distinguished by this from species of 
similar aspect whose medullary filaments are coarse, short articulate and 
not forming apparent reticula; 

7. That the tetrasporogenic inner cortex is highly devdoped in the 
tetrasporic plant, as in other species of Iridophycus where this tissue is 
continuous; 

6. That both the mature and the immature cystocarps are typical of 
Iridophycus; 

9. That its distribution is most probably confined to the shores of north¬ 
western North America, not having been found south of the Straits of 
Juan de Fuca, and certiinly bearing no relation to the South American or 
South African species eathW considered identical with it. 



652 


MATHEMATJCS: G. A, MILLER 


l^oc. N. A. S. 


EVERY TWO EQUAL ORDER SUBGROUPS HAVING ONLY 

IDENTITY IN COMMON 

By G. a. Miller 

Dei*artment of Mathematics, University of Illinois 
Communicated October 10, 1940 

The term subgroup will be used in the present article for a proper sub¬ 
group, that is, for a subgroup which is neitlier the identity nor the entire 
group. Suppose that a given abelian group G has a set of subgroups of 
the common order p being a prime number, such that every pair of 
these subgroups has only the identity in common and that all the operators 
of G appear in these subgroups. The order of G is then of the form p^. 
To prove that m is divisible by k it may first be noted that such a G con¬ 
tains an invariant subgroup of order />* and that if this subgroup is ex¬ 
tended by another such subgroup contained in G there results an invariant 
subgroup of order p"^ when m > 2k. Similarly there appears in G an in¬ 
variant subgroup of order whenever m > 3k, etc. Hence there results 
the theorem that whenever a group contains a set of subgroups of order 
p being a prime number, such that all the operators of the group appear in 
these subgroups and every two of them have only the identity in common, then 
its order is p^ and m = nk, where n and k are positive integers. 

The simplest case presents itself when all the operators of G besides the 
identity are of order p irrespective of whether G is abelian or non-abeUan. 
The number of the subgroups of order p in such a G is {p^ — !){/> — 1). 
We proceed to prove that whenever G is an abelian group of order />*“ and 
of type 1”* it is always possible to find in G a set of subgroups of the com¬ 
mon order p^ such that every operator of G besides the identity appears 
in one and only one of these subgroups whenever m ^ kn where k and n 
are positive integers. It was proved above that this is a necessary condi¬ 
tion. To prove that it is also suflSdent we may represent G as the direct 
product of n regular permutation groups of order and of type 1* and 
note the number of the subgroups of order contained in this direct 
product which satisfy the condition that every pair of these subgroups has 
only the identity in common. It is clear that there are n such regular sub¬ 
groups and that these involve all the permutations of degree p^ contained 
in G. 

The permutations of degree 2p^, which appears in such a G, are found 
in the simple isomorphisms between sets of two such regular groups. In 
the partictilar case when n «= 2 we thus obtain 1 + subgroups which 
have only the identity in common since the group of isomorphisms of the 
abelian group of order p* and of type 1* involves a cyclic group of order 
p* — 1. The number of the subgroups of degree np* and of order p* in 
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which all the permutations besides the identity are of degree np^ is 
(^* — 1)" " ^ since these may be obtained by establishing simple isomor¬ 
phisms between the given n regular group of order />*. By establishing 
simple isomorphisms between the n sets of « ” 1 simply isomorphic 
regular groups of order />* there result “* i)** " ® groups which have only 
the identity in common with each other and with the given (/>* — 1)* “ ^ 
groups of degree etc. Hence the total number of the subgroups which 
have separately only the identity in common and involve all the permuta¬ 
tions of G is 

~ 0* + - 2)A ^ + 1 ^ (^pnk _ 

It is easy to prove that when G is an abelian group of order which 
involves operators whose orders exceed p then it is impossible to find in 
G a set of subgroups of order > 1, such tliat every pair of these sub¬ 
groups has only the identity in common and that these subgroups involve 
all the operators of G, This follows from the fact that such a group con¬ 
tains operators of order and that all the products of one of its operators 
of order p^ into an operator of order p generate the same subgroup of 
order p. If a subgroup which involves a cyclic subgroup of order p^ has 
only the identity in common with every other subgroup of the set to which 
it belongs it therefore involves all the operators obtained by multiplying 
this cyclic subgroup of order p^ by all the operators of order p contained 
in the group. Hence such a subgroup involves all the operators of order p 
contained in the group. As every other subgroup of the set involves 
operators of order p and has only the identity in common with this sub¬ 
group we have arrived at a contradiction by assuming that in an abelian 
group of order p”' which involves operators of order p* it is possible to find 
a set of subgroups involving all the operators of the group and satisfying 
the condition that every pair of subgroups has only the identity in com¬ 
mon. 

If the order of an abelian group G is divisible by at least two distinct 
prime numbers it is not possible to find therein a set of subgroups of the 
same order which involve all the operators of G but involve no two sub¬ 
groups which have more than the identity in common. If such a set 
would exist in G each of the subgroups of the set would involve a cyclic 
subgroup whose order would be divisible by all the prime numbers which 
divide the order of G and therefore by the product of all these prime num¬ 
bers. If ^ is such a prime number no other subgroup of the set could in¬ 
volve an operator of order p. Hence we have arrived at a contradiction 
by assuming that the order of G is divisible by two distinct prime numbers 
and it has been proved that the only abelian groups which satisfy the condition 
that they invoke a set of subgroups of the same composite order which include 
all the operators of the group but include no Pm subgroups which have more 



654 


MATHEMATICS: G. A. MLLER 


PROC. N. A. S. 


than the idenlUy in common are the abelian groups qf order p"" and of type 
1^, p being a prime number. 

We proceed to prove that every S 3 dow subgroup of each one of the sub¬ 
groups of equal order which have no common operator besides the identity 
and include all the operators of G is abelian and of type 1*. It may first 
be noted that if such a subgroup were non-abelian it would be transformed 
into itself by an operator in the omesponding Sylow subgroup of G which 
does not appear in this subgroup in view of the theorem that in a prime 
power group every proper subgroup is transformed into itself by an opera¬ 
tor of the group which does not appear in this subgroup. As this trans¬ 
forming operator would also appear in one of the set of subgroups which 
involve all the operators of G but contain no common operator besides the 
identity it follows that the latter subgroup would have an operator besides 
the identity in common with the former which is contrary to the hypoth¬ 
esis.' It therefore results that ail the operators of G which are powers of 
the same prime number and appear in the siAgroups involving no common 
operator besides the identity but involving all the operators of G are of prime 
order. 

Suppose that G is a non-abelian group of twder p > 2, which in¬ 
volves no operator of order p* but contains an abelian subgroup of index p 
and a commutator subgroup of order p. The central of G is then of order 
pm - 1 •pQ prove that not all the operators of this G can appear in sub¬ 
groups of order p* such that every two of these subgroups have only the 
identity in common it may be noted that if a subgroup of order p* is in a 
subgroup of index p under G which includes the cential but is not itself 
in this central then it has just p operators in common with this central. 
The number of such possible subgroups is therefore (p* ~ — l)/(p — 1) 
and the total number of the operators of G which appear in these subgroups 
constitute a subgroup of index p under G. It has therefore been proved 
that in a non-abelian group of order p"* vdiich involves no operator of order 
p* but has an abelian subgroup of index p and a commutator subgroup of 
order p it is not possible to distribute ail the (^erators into subgroups of 
order p* such that every pair of these subgroups has only the identity in 
common. 

It is not difficult to extend this result so as to iQ>ply to abelian subgroups 
of any larger order contained in such a G. If the order of sudi an abelian 
subgroup would be p* it results that m would be for the same reason 
as when G was assumed to be abelian. The operators of sudh a subgroiq> 
which would appear in the central of G would constitute a group of order 
p*"'just as in the case when il ■> 2. Hence att the operatomof the central 
would be exhausted by the subgroups found in a subgroup of index p 
under G. It would therefore not be pos^tde to omstnuit the scmahthif 
subgroups of order p* so that all the operators of G would appaax in these 
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subgroups and every two of these subgroups would leave (Uify the identity 

* 




It can now be easily proved that the Sylow subgroups of (r are abelian 
and of typt 1*. It was proved above that all the operators of such a group, 
besides the identity, are of prime order. If the group were non^abelian its 
operators would appear in sets of conjugate subgroups having only the 
identity in common since G could not be a Hamiltonian group. These 
subgroups wotdd be transformed according to a transitive permutation 
group under this Sylow subgroup. The subgroups which correspond to 
the letters of this permutation group could not all be transformed into dif- 
ferent such subgroups by any one of these subgroups. They wotdd there¬ 
fore be thus transformed by an operator of this Sylow subgroup which is 
found in the other such subgroup since every transitive permutation group 
involves permutations which permute all the letters of the group. 

This operator would transform this set of conjugate subgroups among 
themselves and hence it would transform the non-invariant operators of 
the set into operators of the set. The subgroup of the given common 
order of distinct subgroups which involve all the operators of the given 
Sylow subgroup to which the operator in question belongs would therefore 
be transformed into itself multiplied by an operator found in the given 
conjugate set of subgroups. As this is impossible it results that the Sylow 
subgroup in question is abelian and hence there results the following 
theorem: If a non-abeUan group has the property that all of its operators 
appear in a set of subgroups of the same order sudt that every two of these 
subgroups have only the identity in common then the Sylow subgroups of this 
group are abelian and of type 1*. 


GENERAUZED HOMOLOGY GROUPS 
By W. Mayer and A. D. Campbell 
Ikstitutic for Advakcbo Stuuy Airo UmvBRsn v of Syracusb 

Communicated October 8, 1940 

We propose the following generalization of homology groups: 

In a topological space M we define an unoriented singular simplex in 
the usual manner as a continuous map of a euclidean simplex onto M (Seifert- 
Tbrelfall, p. 92). As the coefficient group of the chains corresponding to 
the singular simplexes, we choose the group of all integers modulo a prime 
Integer p. 

We define the boundary of a singular simplex A* {i > 0) to be the chain 
consisting of the (t l)-ditnen8ional (singular) faces of A* where each 
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face is taken with the coefficient plus one. This definition is equivalent 
to the usual one only for the case /> « 2. The case /> « 3 is discussed below. 
The boundary 5 (iir^) of a chain AT* is the sum, modulo 3, of the boundaries 
of the constituent simplexes of K*. 

It is easy to verify that (for = 3) the third boundary of every chain 
vanishes (and not the second boundary as in the case p = 2), i,e., 

^ 0 . ( 1 ) 

w 

Hence, two kinds of '^cycles'* exist, namely the cycles C* of type a whose 
first boundaries vanish and the cycles of type jS whose second boundaries 
vanish. Of course, a cycle of type a is also of type P (a 1-chain is, by defi¬ 
nition, a cycle of t 3 rpe jS, a 0-chain, a cycle of type a). According to 
equation (1), the chain J5(S(AT)* is ant-cycle of type a and B{K* 

an i-cycle of type fi. 

For the case p — 3 two generalizations of the homology groups present 
themselves for study (and for the case of an arbitrary integer p, p — 1 
generalizations). The first homology group of dimension i is the group of 
all i-cycles of type a modulo the subgroup formed by the cycles of type 
a that are second boundaries of (t + 2)-chains: namely, that of the 
form B [B(K* *)]. The second homology group is the group of all i-cycles 

of type jS modulo the subgroup formed by the cycles of type ff that are 
first boundaries of (i -f l)-chains: B{K* ^). Obviously the groups 
here defined are topologicd invariants. 

We have proved that if the space M is a complex of simplexes the 
homology groups of M can be derived by using only the chains determined 
by the simplexes of the complex (provided we always include ‘‘degenerate'^ 
simplexes with repeated vertices). For the case /> =» 3, these groups 
remain unchanged if we use only simplexes with vertices of multiplicity 
no greater than 2. In other words, a simplex with a vertex of multiplicity 
of 3 or more plays the same r61e (for the case ^ « 3) as a degenerate simplex 
in the classical theory. That is to say, all simplexes of this sort may be 
identified with the chain 0 without altering the homology groups. 

This Is the main result so far obtained. A detailed exposition will 
shortly be given in another journal. The proofs, as in the case of the ordi¬ 
nary homology groups, are based on the fundamental idea of a simplicial 
approximation. 
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FUNCTIONS WHOSE EVEN DERIVATIVES HA VE A 

PRESCRIBED SIGN 

BV D. V. WiDDER 

Department of Mathebiatics, Harvard Universitv 
Communicated October 17, 1940 

R. P, Boas has suggested to the author that one might hope to use 
Lidstone series to prove the analytidty of a function whose even deriva¬ 
tives do not change sign on a given intervah The original idea was to 
prove that if these even derivatives are all positive then the function is 
analytic on the interval in question. The method turned out to be of no 
use for this particular problem, but Boas^ gave a proof of the result inde¬ 
pendently by another method. However, his suggestion led the autlior 
to prove tlie wholly unexpected result that if 

^ 0 (* = 0 , 1 , 2 ,...) ( 1 ) 

on any interval, however small, then f(x) is entire. The functions sin x 
and cos x are illustrative examples. 

In this note we give a complete proof of the above result, using a mini¬ 
mum of the theory of Lidstone series. In a later paper we shall go into the 
relation of the present result to the problem of the representation of func¬ 
tions by such series. 

The Lidstone series for a given function f(x) is defined as 

Zfil)K(.x) + /(0)A„(1 - *), 

« « 0 


where 


Ao(jc) «= X 

A«(^) = ♦ 

A|,(0) A„(l) = 0 «= 1, 2, ... )• 

These conditions detennine the polynomials A^(x) completely. 
Define the functions t) as follows: 

Gi(x, i) ^ {t - l)x {t > x) 

1)^ jc) 

Gtt(x, t) » Jl^Gi(xp u)Gn t)du (n =» 2, 3, ...). 
It is easily seen that 

*»(*) » Jo G»(*. t)t dt. 
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With these preliminaries we now prove our resdlt by a aeries of theorems. 
Thborbm 1. fffix) c C** on (0 ^ « Si 1), thm 

m - + /»->(0)A«(l - *) + Ruix) (2) 

nmO 

Rk(x) = (3) 

This is proved by integrating the integral (3) by parts. 

Now observe that for any positive integer k 

/) 6 0 (0 s * s; 1 ,0 s f i 1 ), 

SO that if (1) holds on (0 g x g 1), then all the terms of (2) are non-negative. 
This is the essential fact which enables us to obtain bounds on the suc¬ 
cessive derivatives of/(x). 

Thborbm 2. F&r any posUwe integer k 

^ dc* + ir'i* + ^ 

(-!)%(#) S- 7k + 2) l -(0 S * S 1). (4) 

Observe first that 

(- [Giix. 

and that 

-Gt{x, t) £t(l -- t) St (OSxShOStSl)^ 

Hence 

-A,(*) - -M^Gxix, t)t dt 2 [Gtix, t)]hU - **^- ~ *^ - * g 

O Ol 


That is, (4) is true for A ** 1. Now assume it true for Ir « « — 1. Then 
(-1)"A,(*) “ (-irf,^nix,t)tdt 


(n + 1)! 


fA(h{x,u)Y-^^dM 


*(1 - xY ’*• * 
(« + 2)1 


Thus the proof is completed by induction. 

Thbqrbh 3. IS (1) holds on (0 s£ » Si i), th 0 n 

/W(l)«0[4‘ + *(* + 2)fl (6) 
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For, from (1) and (2) we have 

0 5 % /(*) (0 * S 1). 

Setting X » 1/2 and making use of (4) we have (5). 

Theorem 4. If (1) holds on (0 ^ x S I)* Ihen there is a constant M such 
that 

+ 2)t/*** (0 < * s 1). (6) 

For, Uf{x) satisfies (l) on an interval (0 ^ x iiS b), then F(x) * f{bx) does 
SO also on the interval (0 ^ ^ 1). Applying Theorem 3 to F(x) we have 

/rW(i) » 3. 0(4* + \k + 2)!). (7) 

Replacing 6 by jc in (7) gives (6). 

Theorem 5. If (1) holds on (0 g ^ 1), thenf^x) is entire. 

For, from (6) we see that 

/W(:c) « 0(4* + \k + 2)0 (ik co) (8) 

uniformly in (a S :c ^ 1), where a is any positive number less than unity. 
By a familiar relation* between the bounds of the even derivatives and the 
bounds of the odd derivatives we have 

+ “(x) - 0(4* + •(* + 3)1) (j!r -» ») (9) 

uniformly in (a ^ x ^ 1). Relations (8) and (9) are sufficient to show that 
the Taylor expansion of fix) converges to fix) for all x. 

This result has the following interesting consequence. 

Theorem 6, If 

/(*) -1 

If • 0 

the co^icients being real and such that 

(-lyou > 0 (» - 0 , 1 , 2 , ...) 

lim >/['<». I > 0, 

then in any interval {0 it x S b), hmoevw small, same even derivaHve of 
changes js{». 

‘ This proof wilt appear ia an early issue of the Duke Mathemotiatf Journal. 

' See, tor esanple, T. Carleman, Fontlions Quasi Analytiguss, Paris (1936), p. 12. 
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ON GREENES FORMULA 


By Karl Menoer 


Uniybrsity of Notrb Dahb 


Communicated October 11, 1940 


Greenes formula can be derived in the following way: For rectangular 
domains as the limit of an identity, for more complicated domains by 
virtue of elementary continuity properties of the integrals. 

i. Rectangular Domains .—Let u{x, y) be a function defined in the rec¬ 
tangle R{a <x^A,b<y< B). If a «= 5 Co< < ... A and b ” 

yo < 3^1 < • • < then the following identity may be verified at a 

glance 


^ u{xi, yjj,x) - u(xi, yj) ^ ^, 

2^ ----— (Xi + 1 - x,)(yj 


tj 


yj + i - yj 


+1 


yj) = 


+1 - *•)• 



du 

If Uy = “ exists in R, then by the mean value tlieorem 
Oy 


» + i) - u(xi, yj) , ^ 

y/ +1 - yj 

where y^ < rnj < yj 4 . 1 . Thus from (I) we get 

Vij){Xi + I - Xi){yj + 1 - %) = 

0 

53 [u{Xi, B) - «(*,, 6 )] {Xi + I - *,). (II) 

i 

If we assume that the Riemann integrals S SR^y SaW{^» -®) 

“• u{Xf b)]dx exists then in (II) the left side is a Riemann sum for the 
former, the right side one for the latter integral. By applying (II) to a 
sequence of decomposition of R whose norms approach 0, we thus get from 
( 11 ) 

S f R^y dxdy ^ Si[u{x, B) — tt(jc, b)]dx. (Ill) 

If we assume that Xa w(^f B)dx exists, then this integral is 

— y*Sw(*» B)dx, and from (III) Green’s formula for R follows: 

S J"RUy dx dy - Xxuix, y)dx (IV) 
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the integral on the right side being taken on the contour of R in the counter¬ 
clockwise sense. 

2* Remarks and Corollaries, —Traditionally, Green's formula for simple 
domains is proved by iterated integration. But in order to apply the 
formula ff afix, y)dx dy == y)dy tof{x, y) - Uy{x, y) one 

has to assume* that the function F{x) — y)^y integrable in 

[a, A] while our proof of (III) does not require such an assumption. By 
means of Volterra's bounded function which is a derivative without 
admitting a Riemann integral it is easy to construct a function u(x, y) for 
which S S ^y S ^ exist (thus our proof works) and yet 

y{Xt y)dy, for some values of r, does not exist (thus the classical proof 
does not work). 

In the same way as (II) we derive the identity (II') 

Vij)i^i 4* 1 4* I y*') *” ^}] (^» 4- I 

ij i 

for any choice of between Xi and .v, + i. If 5 is any Riemann sum for 
J'a lu(Xt B) ~~ u(Xt b)}dx of a norm <?/, then S is the right side of (II') for 
a proper choice of the r, and f,. By (IT), S is equal to a Riemann sum for 
J* J* fiUy dx dy whose norm is <v. Thus from the existence of S SnMy 
dx dy we conclude: [^{x, B) — u{x, b)]dx and, in general, J'^ y') 

u{Xy y*^)\dx for each y' and y", exists. If B)dx exists, then 

(IV) holds. If J^iu{Xf y)dx exists for one value of y, it exists for each 
value of y. But J'J'nUy dx dy may exist without ^a^{x, y)dx existing 
for any y. Example: w(r, y) ~ f{x)t for each y, where / is not Riemann 
integrable in [a, A], 

If we define the integral J'J^RUy dx dy as the limit of the sums on the 
left side of (I) which may be called its Weierstrass sums,® then this integral 
exists and is equal to the Riemann integral S S R^y ^x dy whenever the 
latter exists. But the Weierstrass integral exists also in many other cases. 
Moreover, the Weierstrass integral automatically satisfies Green's formula 
whenever Xa [w(^c, B) — u{Xf b)]dx exists, i.e., whenever «(jk:, B) — «(«:, b) 
is almost everywhere continuous, without any assumption about the 
behavior of u in the interior of R, 

3, Simple Closed Curves,—In a closed domain D let u{p) — u{x^ y) be 
continuous, | u{p) \ < J7, and | u{p) — u{p^)\ < a whenever the distance 
between p =® (x, y) and p* - {x\ y') is <d(<r). We set X(f>, />') — u{p) 
(x' — x) and X{v) *= Pi 4. i) if ir is the ordered set [pa^^pu ■. 

We remark that ] X(ir) — X(f)o, f>«) \ < oI(t) if ir is contained in a circle of 
diameter 6(<r), and l(v) is the length of ir. If C is a rectifiable curve, then 
we denote by X(C) the Um X(ir) for the finite subsets of C, properly ordered, 
as they get indefinitely dense in C; that is to say, X(C) = Jcu dx. We 
have (I) X(-"5) «= “X(4S) if 5and —5are opposite segments; (2) X(F) «= 
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0 if 7 is a vertical segment; (3) lX(C) — X(5)| < 2trl(C) if the curve Q 
of length 1(C), from p to p' is contained in a drde of diameter 6(a), and S 
is the segment pp*. For from the previous remark we have | X(C) — \(p, p^) ( 

< a/((7) and 1 X(*S) — X(^, p') \ < a/(5) ^ af(C). If in D the function 

Uy exists, is bounded, say, | | < Uy, and admits a Riemann integral k, 

then (4) | k(A) | < U/^(A) for each domain A of area a(il) for which 
K(i4) « JrSdx dy exists. 

If r « l/>o» p\ P^\ is a triangle whose side p*p^ is vertical, then, by 
vertical segments, T may be decomposed into a triangle T© with the vertex 
pa and trapezoids Ti, .,., r„ such that each Ti is the sum of a rectangle Ri 
and two triangles T/ and T/ (or one if T has a horizontal side), all oriented 
in the same sense as 7\ In view of (2) and (3) we have | 53X(7i) — J^X (22,) | 

< <rl{T) if the slices are so thin that each non-vertical side of the 
Ti is <B{a). Hence |X(r) - EX(/20| < <r/(r) + Ul(n) which can be 
made as small as we please by choosing a and 7© sufficiently small. If, 
moreover, the slices are so thin that the area of 7© + 

sufficiently small, then, in view of (4), |K(r) — is arbitrarily small. 

Since Green’s formula holds for each Ri it thus holds for 7*. 

If P is a simple closed polygon, P can be decomposed into a finite number 
of triangles without common interior points, and each of them into at most 
two triangles with a common vertical side. Since Green’s formula holds 
for each of these triangles, in view of (1) it holds for P. 

If C: p(t) (0 < / < 1), p{0) as j^(l) is a closed rectifiable curve, we divide 
C into parts Q between p(ti) = pi and pi^iiO » h< ... < 4 ** 1) 
so small that each Ci is contained in a circle of diameter 5(a). By adding 
the inequalities | \(Ci) — \(Si) | < 2a/(Ci) resulting from (3), we get 
IX(C) — X(P) I < 2a/(C) where P is the polygonal line [po, pu • • •> 
Being rectifiable C can be covered with a finite number of squares whose 
sum, Q, has an arbitrarily small area. By choosing P so dense in C that it 
Is contained in a Q whose area is sufficiently small, we make the area be¬ 
tween C and P, and hence, by (4), j k(C) «(P) | as small as we please.’ 
In view of Green’s formula for P we conclude: If the simple closed recti¬ 
fiable curve C admits simple closed inscribed polygons, arbitrarily dense 
in C, which together with their interior domains are contained in i?, then 
Green’s formula holds for C. In particular, the assumption is satisfied if 
D contains all points common to (1) the smallest convex set containing C 
and (2) some open set containing C and its interior domain: e.g., if C and 
the interior domain of C are contained in the interior of D; or if C is convex 
and D is the domain bounded by C. 

If D is a domain of the particular form [a <x ^A, ^(x) ^ y ^ ^(x)] 
where ^ and ip are continuous in [a, A], then without assuming any con¬ 
tinuity properties of u we can prove by the method of sections 1 and 2 
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(i.e., by taking the limit of an identity): If in D the function Uy has a 
Riemann double integral^ then 

[«(*, ^(x)) - u{x, <p{x))]dx 

exists and is equal to the double integral. If J*iu{x, Q»(x))dx exists for 
me curve y »= «(rc) {(t ^ x < A) contained in 2>, then the latter integral 
exists for each such curve. The integrability of Uy thus implies that the 
function u (if bounded) is almost everywhere continuous along each 
curve if it is so along one. 

4, Closed Curves. —Let p be a point not on the closed curve C. We 
denote by a(p, 0 the angle which the vector from p to p(t) includes with 
the positive x-axis, and by pc(p) the integer [a(p, 1) — a(p, 0)]/2ir. By a 
complementary domain of C we mean a component of the complementary 
set of C. For any two points of the same complementary domain U of C 
tic has the same value which we call the multiplicity of U rel. C. The un¬ 
bounded complementary domain of C has the multiplicity 0 rel. C. 

If F is a closed polygon with the complementary domains Uu . . .» 
whose multiplicities rel. P are » M»» respectively, then X(F) « 

{Ui)t where it is sufficient to extend the sum over the complementary 
domains whose multiplicities rel. F are 0. If F is a simple closed polygon, 
the statement is Green’s formula. In the general case let F^ be the pe¬ 
rimeter of Ui traversed in the counterclockwise sense. Since each F** is a 
simple closed polygon, Ui) « 23p»X(F^). On the other hand, (Pi) 
» X(F), For let 5 be a segment of F common to Pi and Pj, pi and 

points of Vi and £/> close to the center of 5. Then on 0 < f < 1 the 
function a(pi, t) — a(p^-, /) increases by 2ir(—2ir) each time when 5 is tra¬ 
versed with Ui to the left (right), and only then. Thus in traversing F 
the algebraic number of times 5 is traversed with Ui to the left is p,* 

But this is also the number of times 5 occurs in • Segments bound¬ 

ing one domain only are easily seen to be traversed 0 times, all in all. 

If C is a rectifiable curve with a finite number of complementary domains 
admitting inscribed polygons, arbitrarily dense in C, which together with 
their complementary domains of multiplicities $^0 lie in D, then 

TScftix, y)uy(x, y)dx dy « Sy)dx. 

Since for an inscribed polygon P the complementary domains approach 
those of C as P gets indefinitely dense in C, and lim np(p) juc(p) l^or each 
point p not on C, we get the theorem from that about closed polygons by the 
method used at the end of section 3. 

5, Other Forrmtlae ef Vector Analysis .—^The method of proving the 
formula for a rectangular domain as the limit of an identity, and for more 
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complicated domains by virtue of the elementary continuity properties of 
the integrals can be applied to many formulae of vector analysis. In 
this way E. Hemmingsen* proved S dy =* y'wp, dy. 

The Weierstrass sums of the left side contain second difference quotients. 
The identity underlying the rectangular case can be proved by an Abel 
transformation of the sum. 

^ Cf. de la Vall6e Poussin, Cours d*Analyse, pp. 333-342. 

* Bolza, Lectures on the Calculus of Variations, §31. A survey of the results obtained 
by considering single integrals as limits of their Weierstrass sums is contained in my 
paper, "Metric Geometry and Analysis,” Rice Pamphlets, January, 1940. 

* Cf. H. E. Bray, Ann, Math,, 26, 278 (1925). We do not have to leave the domain 
bounded by C if we use (1) the geometric fact that there exists a simple closed polygon 
in the interior of C as close ns we please to C, and such that the area of C — P is arbi¬ 
trarily small; (2) the continuity of X(C), for which an elementary proof can be derived 
from the author’s more general theory {Ergebn. e, math, Koll., 8, 14-19 (1937). 

* In his Master’s thesis. University of Notre Dame, 1940. 


SURFACES OF MINIMUM CAPACITY 

By G. C. Evans 

Department ok Mathematics, University ok California 
Cotnmunicated October 1.5, 1940 

i. Capacilies of Surface Caps, —We adopt the notation of an earlier 
note, in what follows.^ Tn that note it was seen that, given a closed curve 
s in space, there exists a unique surface S bounded by it and, except in the 
neighborhood of 5, composed of a finite number of smooth regular pieces, 
which satisfies the analog of the EJuler condition for minimum capacity. 
Except for possible nodal lines and points this surface is analytic. It is 
assumed that s is of zero capacity and such that there exists a continuous 
one-one transformation { of a large sphere containing 5 into itself in such 
a way that each point of the surface corresponds to itself and the points 
of s correspond to the points of a circle <r interior to the sphere; for points 
outside the sphere | may be extended as the identical transformation. 

Theorem. Of all the surfaces which may be considered as caps for s, 
the surface S has the minimum capacity, 

A surface 5' is considered as a cap of 5 if (1) every point of 5 is a limit 
point of points of 5', S* is bounded and 5' is composed except in the 
neighborhood of s of a finite number of smooth regular pieces,^ and (2) 
every closed curve which loops j contains a point of 5'. We may assume 
that both sides of every regular surface element of S' are accessible from 
», since otherwise we could diminish the capacity of S' by removing from 



VoL, 26» 1940 


MATimUATlCS: G. C. EVANS 


665 


it a finite number of regular pieces of the element, and still retain the 
property (2). 

With unit masses distributed on S and S\ respectively, as conductor 
distributions (that is, with minimum energies) it has to be shown that the 
energy for S is greater than that for 5'. These energies may be compared 
through the Dirichlet integrals. I^et us suppose first that the surfaces 
are sufficiently smooth so that we may apply Green's theorem to the 
infinite regions 12, 12' complementary to them, and s sufficiently smooth 
so that every point of it is regular with respect to 12 and 12'. 

Denote by V{M), U{M) the conductor potentials of the conductor dis¬ 
tributions of unit masses on 5, S\ respectively, and by v{M) the harmonic 
extension of K(A/), according to tlie method of the cited paper, ^ as a func¬ 
tion which is single valued on the two-leaved Riemann space 2H, harmonic 
except at points of r. The function v{M) is two valued at , one branch 
taking on the value 0, the other the value 2/K{S) where i!C(5) is the ca¬ 
pacity of S. We have 




4ir 


where D(7), D{U) are the corresponding Dirichlet integrals. For points 
on 5 we have F = v — l/iC(5), and for points on 5', U = l/Jf(S'). 

2. Application of Green's Theorem .—The surface 5' forms a cut surface 
for SOi and 5(Af), since every closed curve which loops 5 contains a point of 
S', Since S' is bounded, there is a single-valued branch of which we 
denote by harmonic in Q', and zero at «>. We have 

D(V) f (VVydM^l f iVv)*dM ^ f (VW)HM ^ D{W), 
Jo ^ Jq^ 


for the sum of the two values of v(M) has everywhere the value 2/K(S). 

Consider now D(U, WO, the mixed integral f V U • VW dM. By an 

Jo' 

application of Green's theorem we have 

/ VU -VWdM^ - f U^dP, 

Jw Js' »» 

where the integral of the second member is extended over the complete 
boundary of R', that is, so as to cover the two-sided local neighborhood of 
every point P of S', But Xj is constant on S', and 




dn 


dP •“ 



IK 

dn 


dP » 4)r. 
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where C is a sphere which includes the whole of S' in its interior. Conse* 
quently D{U, W) - 4rr/K(S') and 

D(V, W-U)^ D(U, W) - DCU) - 0 . 

But now, writing W ^ If + (W -- 17), we have 

D(V) « DiW) « D(U) + D{W 2D(U, W - U) 


and 


D(V) « DCU) + D(W-- Ifh 
where D{W - Z7) > 0. 

S. Proof of ike Theorem ,—In order to treat the case where there may be 
points of 5 which are irregular boundary points of the domains comple¬ 
mentary to 5 or we must consider an approximate situation in which s 
is replaced by a torus 2)« surrounding it. Without restricting the generality 
assumed for s, it may be assumed that is anal 3 rtic and cuts in a finite 
number of regular arcs. As in the cited article, the approximate problem 
is solved for boundary values 1 on the torus, by means of a two-valued 
harmonic function Vnt and a surface 5„ is defined as the locus » 1. We 
take I inside and let the Fr^chet distance from to r tend to zero 

as n —♦ 00 , 

The conductor potential of the surface formed by and the portion 
SJ of outside correspor^ding to a conductor distribution of unit mass 
on Sn + is denoted by Um and functions Wn are set up corre¬ 

sponding to unit mass on i5„ + Wn being defined on the cut space 
outside Sn + The function Wn may be taken as constant within 

From the fact that Vn converges to v, it follows that the integral of the 
normal derivative for (on any large sphere) converges to that for F, 
and K(Sn + S») converges to as w oo, Hence 

Um D{Wn) * DiW). 


But also the sets Sn + form a “decreasing’’ sequence with S' + ^ as a 
limit, and 

Um DiVn) « DiV)^ : 

By writing 

D(u., Wn) - D(U, W) - D(Wn - W, Vn) + P{W,Vn - V) 
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and 

^ D{Wn - W, Un) • f {Wn- + f {Wn - W)d(in 

“ •/n 

^ D(W. Un - V) f f Wd^+ f Wd\Mn-^]. 

»/ 5 k ,' H 

where Mn> M ar^ the respective distributions of unit mass on + X„, 5' + s, 
corresponding to the potentials Un* Ut and where Xm.n denotes the portion 
of Sp + Xh inside we can make use of the weak convergence of /x# to /x 
and the fact that 5 is of zero capacity to prove that, by fixing m great enough 
and then letting n become infinite, the two quantities D{Wn — W, Up) 
and D(Wt Un U) tend to zero. Consequently, 

lim D(Un. Wp) - D(U, W). lim D(Wp - Un) « D{W - &r). . 

Thence follows the relation 

I)(V) - D{W) - />(t7) + DiW - U). 

If D{W — j7) = 0, it follows that W ^ U except on 5' + and that 
D(W) « ^(U ); that is, K{S) == iC(50. Let P be a point not on S' + s. 
Then W ^ Ij < \/K{S) and P is not on 5; that is, 5 lies on S' + r. Let 
P' be a point not on 5 + r. Then at P', lim sup W + l/K(S) and lim 
sup U =4= 1 /KiS') ; and P' is not on S'; that is. S' lies on 5 + r. Hence 
5 and S' are identical. 

Consequently, D(V) > D(U) and K{S) > K{S') unless 5 and 5' are 
identical. 

In conclusion, I wish to express appreciation of the considerable as¬ 
sistance which has come through discussion of the problem with my 
colleague, Professor H, Lewy. 

^ O, C. Evans, ''Surfaces of Minimal Capacity/' these Pbocbbdinos, 26, 489‘-491 
(1040). 

* ''Smooth," for instance as in Kellogg, F&undatums of PoUmiial Theory^ p. 157, Berlin 
(1929). 
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BOUNDARY VALUES OF FUNCTIONS SATISFYING A UNEAR 
PARTIAL DIFFERENTIAL EQUATION OF ELLIPTIC TYPE 

By Stefan Bergman 


Pierce Hall, Harvard University 
Communicated September 20, 1940 


1. In the last few years some results and methods of the theory of 
analytic functions of one complex variable have been taken over for the 
study of functions U{z, s)/ satisfying a linear partial differential equation 

L([7) ^ Ui, + 2ReU(E. z) £/,] + C{z. s) i7 - 0, 

C4 = Ui = V 2 (&C//a:)e + iW/by) (1,1) 


where ,4 is a complex and C is a real analytic function of two variables 
z, z regular in sufficiently large domain \z\ < const., \z\ < const.* 

These investigations are based on the ff)llowing 
Theorem 1. For every L there exists a function E(2, z; /) = 

1 + (z, z; /) such that every solution^ Z7, o/L(f7) = 0 regular in a 

star domain JJ* {of the xy-plane) can be represented in 5^ the form 


U{z, 


where 


E(8, 8,‘ 0/['Az(l - <*))(! 
, 2 fl'K 

) .= - / f sm t> 
rj^ 




sin* I?) 




( 1 . 2 ) 


(1.3) 


{the associate of U) is an analytic function of one complex variable regular 
in 5*. 

Conversely, the right-hand member of (1.2) with f{f) regular in g* always 
represents a particular solution ofJj{U) = 0 regular in g*.* 

2. We will now prove the following revSult^ which is of the Fatou* type. 

Theorem 2, lMf{i) and let 


Y, < ®. (2.1) 

n-l 

Then the function U given by (1,2) has boundary values almost everywhere on 
the circle »» 2/or radial approach. 

Proof, —1®. By (2,1) and by Fatou*s theorem for analytic functions of 
one complex variable, the function 

«(*) “ / /[‘A 8(1 - <*)] (1 - - f: 8*0.2-" f\\ - <*)"-'/’ dt - 

J-\ nmo y-1 

f>»8" (2.2) 

1I-0 
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has boundary values almost everywhere on the circle jaj *2 for radial 
approach since* 

|2"i„| g M * ja„ir(» + v*)r(V»)/r(» + i) s 

2 ®. Suppose that z ^ 2 is a convergence point of ( 2 . 2 ). Then (as we 
will prove below) for every 17 > 0 and for every € > a there exists a 
Urn 6 (i 7 ,€) “ 0 (r) fixed), so that 

1 y'’’[E(-l)''/l'Ar*(1 s * (2.3) 

for |fi — fa] ^ 5, 0 ^ < 2. 

Since g(r) is continuous in the closed interval 0 g r ^ 2 (and therefore 
uniformly continuous) and since /(f) is regular for |f | g (1 17 ®), 17 > 0 , 

77*fixed, our assertion follows from 

r\ = (g(r,) - g(r,)l - 

[ /r [*?/" ~ ~ (2.4) 

We proceed to the proof of the existence of lim U(r, r). By ( 1 . 2 ) 

r—^2 

we have \^{—1 )* C/(rA, r*)] g | />/'x 

(-1)* E(r*, r*; /)/[Vs''*(l - <*)“'''*<i<j-l + 

+ c*i:| Ayl'A^d -/‘)l(l-<*)-'/’«i/| = 

*-l J-v 

=» |/i(>'i, »'j)|+ |/j(ri,r»)| + |A(>'i)i + |/ 4 (r,)j,Cj = 4 max |E*(r, r; /)|. 

0 s r s 2 
0 S ( S 1 

Let e be an arbitrarily small positive number. We shall show that we 
can choose a positive 19 so small that each |f 2 ^-fe(r^) |, = 1,2 becomes less 

than 6/4. 
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Since |/(rt| ^ «kl*" 1 S c* (1 - | f !*)“* we have 

I/[V»f*(l - ^’)]| tV.7*(l - <*)]»]-* £ C4r*,f* <2. and therefore 

|/a+*(^A)| ^ 2CiPirj, 


After choosing rj < t/SciCi we show in a way analogous to that of 2® that 
hiri, fa)l can be made < €/4. Furthermore it follows by 2® that 
hifu ^a)| can be made less than c/4. (In both cases we suppose that 
fi — fa] is sufficiently small.) 

Since by 1® the convergence points of g{z) lie almost everywhere on 
|s| 2, our theorem is proved. 

3. Theorem 2 gives a sufficient condition for the existence of radial 
boundary values almost everywhere in terms of a property of the associate 
/(f) of U(z, z) - U(x + fy, X - iy) « W(x, y). 

There arises the question of finding a method which permits us to decide 

A 

whether (2.1) is fulfilled for/, W(Xt y) being given for real values of x, y 
only. In order to use (1.3) directly one must know the values of f7(a, z) 
also if z and z are not conjugate, i.e.,' of W (jc, y) if x and y are complex. 

But by a slight modification of the above considerations we get a criterion 
for sufficiency. For every L there exist solutions F(f, f; i) =» 
Viit, fiz,z) log |s — f I + f z) of the adjoint equation 14[(F) «= 0, 

f ^ z; Vi and Vt being regular functions of f, f in a sufficiently large do^ 
main.* Using the known formula^ we get the representation 


U{t, i) - >/>t v)KiU>, V, t, i)]dv, 

«1< P»|al < P <2, C'(p, v>)*?7(p«’^p«"^)iOp(p,^)«dt7(p,^)/dp, (3.1) 


which is valid also if z and z are not conjugate; ICi, K% being certain func¬ 
tions connected in a simple manner with F. 

By (1.3) and (3,1) we get 


a. - 1/2 » -* r\D{p, v) + D,{p. ^)]dip. 

Jq 

n> 0 

where are given by 

f: v>)f" - - f ’ % sin 

x-o rjo «({‘stn*d) 


(3.2) 


1 , 2 . 


(3*3) 


4 . We can obviously use instead of V Green’d function of 1$ for the 
circle of radius p. Considerations like those of section 3 yidd an analogous 
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expression for a^, where U(j), alone appears. For applications. (3.2) is 
preferable since the properties of Green's function mentioned above are 
not very well known* whUe the behavior of the functions Kp used are com¬ 
paratively simple. 

However in some special cases it is possible to obtain for expressions 
where only £?'(p* appears, without using the Green's function of L. 

We suppose now that A ^ 0 and C is a function which depends on r, but 
not on ip. One sees easily that z; t) also depends only on r, and 
therefore we have for Z7(s, z) the representation 

U(r. v) - Re [jE d/j. 


fi(r; /) = Eire**, re-**; t) 


(4.1) 


We get therefore 


Jq Cfip, 


C.(p) 


CM 


t) 


(1 - 1 *) 


n “V* 


dt. (4.2) 


We remark that it can be easily shown* that 


CM g c» > 0 (4.3) 


for n sufficiently large. We notice furtliermore that our procedure leads 
to various other theorems of Fatou's type for functions Z7(s, a). 

‘ We denote analytic functions of one complex variable i or r by small letters, analytic 
functions of two variables s, i or f*, f, respectively, by capital letters; s x + *y, i »* 
X — iy, f *“ f + tij, f ^ - «ij; X, y and f, i>, respectively, being Cartesian coordinates. 

^ See the following papers; [1] Bergman, Stefan. Recueil mathitnatique, 2 (44) (new 
series), 1169-1198 (1937); [2] Bergman, Stefan, Duke Math, Jour,, 6, 637-661 (1940). 

We suppose that A and C can be analytically prolonged in a certain domain of the 
complex variables x and y, (Notice tliat for x and y complex, s and £ are not longer 
conjugate.) 

* See Bcrgtnan, Recueil malhimatiquet 2 (44), (new series) 1172-1179 (1937). 

* We notice that criteria for the existence of boundary values almost everywhere are 
obtained in some cases Immediately from an analogous theorem for subharmonic func¬ 
tions. (Cf. Privaloff, I. I,, and Kouznetzoff, P., Recueil mathimatique, 6 (48) (new 
series), 346'-376 (1939).) If we suppose that U is non-negative in the unit circle and 
A *• 0, then we can divide the circle into a finite number of regions so that in every region 
[/ is either super- or subharmonic and we then use the theorem cited. 

* See Nielsen, N., Handbuck der Theorie der Gammafunktionen, Leipzig. 1906, p. 92, 
Wc denote by appropriate constants. 

* See Hedrick, K., Ueber den analytischen Charakter der Lbsungen von Differential- 
ffei^ngen, Dissertation, Gottingen, 1901. 

^ See Somrnerfeld, A., EnsykL der math, Wissensch,, HA, 7c, 504-670 (1900-1916), 
especially p. 515. 

•See Bergman, Recueil mathSmalique, 2 (44) (new series), 1181 (1937). 





THE DEVELOPMENT OF MELANOPHOKES FROM EMBRYONIC 
MOUSE TISSUES GROWN IN THE COELOM OF CHICK EMBRYOS 

By Mary E. Rawles 

Department op Biology, Johns Hopkins University* 

Communicated October 31,1940 

Transplantation experiments have demonstrated conclusively that 
migratory pigment-forming cells originate from the neural crest in amphib¬ 
ians’ and in birds;’’’'" but so far no attempt has been made to determine 
whether or not the same is true in mammals. In their studies on the 
origin of pigment in birds Eastlick’ and Ris" found the method of grafting 
embryonic tissue to the coelomic cavity of a developing chick embryo as 
used by Hamburger* particularly suitable. As far as the author is aware, 
tissues othv than those of birds have not been grown in the coelom, but 
it is known that embryonic tissue of both the rat’** and the mouse’* will 
differentiate to a certain extent on the chorio-allantoic membrane of the 
chick. The possibility that the intracoelomic grafting method might be 
used with success for testing the origin of ingment cells in a mammal seemed 
too tempting to leave imtried, therefore the following experiments were un¬ 
dertaken. 

Experimental Procedure. —The mice from which the donor embryos were 
taken were of a strain known to produce onlty bhudc offspring.” Embryos 
were used at ages ranging from 8Vt to t2 days, timed from the observance 
of the vaginal plug. They were removed from the uterus (under anesthesia) 
one at a time as needed. Those not used were fixed as controls for his¬ 
tological study. Bach donor embryo was placed in warm sterile Locke’s 
solutioh in a small Petri dish placed under a binocular dissecting microscope. 
After all membranes had removed and the somites counted, small 
pieces (0.5 to 1 mm. in length) of skin ectoderm, plus some of the mesoderm 
lying directly beneath it, were isolated from various levels along the 
antero^posterior axis and implanted one at a time into the coelomic cavity 
of White Leghorn host embryos of 60 to 70 hours’ incubation. White 
Lesrhorns were ciinENti as hosts for these exneihnents because of the fact 
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that they do not regularly exhibit pigment in their coelomic epithelium. 
Only 10 individuals out of 115 examined especially for this purpose on the 
18th or 19th days of incubation showed even a trace of pigment. When 
present the pigment was more or less evenly distributed in the coelomic 
epithelium with greatest concentration in the region of the umbilicus. Ex¬ 
amination of Uie pigmented region shows that nearly all of the melauo- 
phores had undergone degeneration, i.e., had retracted tlieir processes, 
and persisted only as small dense balls of pigment (Fig. 5). For an ac¬ 
count of similar degeneration in regenerated feathers and in vitro cultures 
see Hamilton,® 

When the donors had well-developed limb buds (at 11 and 12 days), skin 
ectoderm plus adhering mesoderm from these regions as well as that from 
the head and trunk was tested. In the younger stages, however, the entire 
limb bud or longitudinal halves of limb buds were grafted, as were also pieces 
of somite and lateral plate with and without the neural tube. Aside from 
the intracoelomic implantations, a few grafts were made to the base of 
the developing wing bud. For this purpose skin ectoderm as free as pos¬ 
sible of adhering mesenchyme was taken from the posterior head region of 
10-day embryos (about 30 somites). 

For making the isolations, steel beading needles with very fine points, 
sealed into glass tubing for handles, and a Bowman's iris knife were used. 
To facilitate handling* the pieces were stained by touching them lightly, 
before removal from the body of the embryo, with small glass rods having 
agar-coated tips stained with Nile blue sulphate. 

The preparation of the host embryo was essentially that described pre¬ 
viously for transplanting embryonic chick tissue to the body wall or to the 
limb bud.^® A small rectangular piece of shell approximately 1 X 0.5 cm. 
was sawn and lifted out immediately over the body of the embryo whose 
position had been previously determined by candling. The shell membrane 
was picked away carefully under a binocular microscope, thus exposing the 
embryo lying on the yolk beneath. By touching the embryonic area with 
the stained tips of the above-mentioned glass rods, the membranes become 
visible immediately and con be very easily opened. Usually at the stages 
used the amnion had not grown over the posterior regions, so did not have 
to be dealt with. When the body wall was thus exposed a small slit was 
made with a glass needle in the ectoderm and somatic mesoderm just 
anterior to the leg bud region of either the right or left sides. The implant 
of donor tissue was transferred through the window to the host blastoderm 
in a capillary pipette of suitable size with a small amount of saline solution. 
It was pushed through the slit gently with a glass needle into the coelomic 
cavity. The original piece of shell was fitted into the window the edges 
sealed with melted paraffin and the egg returned to the incubator. Puring 
the operation and afterwards the egg was placed on a cotton pad in a 
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Syracuse watchglass to prevent rotation. The host embryo was removed 
and dissected usually on the 19th day of incubation. A thorough examina¬ 
tion of the coelom was made for the graft and melanophores migrating from 
it. In all positive cases the grafts were fixed in situ in Bouin*s fluid for 
histological study. 

Observations .—^When the hosts were dissected, it was found that the 
implanted mouse tissue had differentiated into a definite body or graft in 
62 out of 101 cases. Except when entire limb buds or halves of limb buds 
had been taken originally, the grafts were small, rounded or oval-shaped 
bodies not exceeding 4 mm. in diameter, well vascularized and firmly at¬ 
tached to the wall of the coelom in the posterior region of the body. Often 
the free surface of the graft was connected to mesenteries, intestine, colacal 
wall or even to some other part of the coelomic epithelium by strands of 
connective tissue. Always the graft surface was covered with a thin, 
smooth, transparent layer of epithelium. The great majority of grafts 
contained well-developed hairs, very conspicuous when pigmented (Fig. 1), 
less so when unpigmented. Due to the fact that the implanted piece 
of skin ectoderm always tends to round up into a hollow ball or vesicle, 
the developing hairs are most often directed inwards towards the center 
of the graft. 

The total age of the graft tissue when removed for study is equivalent 
to that of 3- to 7-day postnatal mice (8V* 12 days + approximately 16 

days in the coelom) and of strictly comparable differentiation. At these 
ages pigmented hairs can be seen in the normal mouse and with low mag¬ 
nification numerous melanophores scattered in the skin between the hairs 
are easily visible. Even at birth melanophores concentrated in the de¬ 
veloping hair follicles and distributed in the skin between them can be found 
in the dorsal and lateral regions of the body. In 34 cases specific mouse 
melanophores densely crowded with coarse black melanin granules were 
found in the graft or migrating in the coelomic epithelium of the host in 
its immediate vicinity (Figs. 2, 3 and 4). 

The larger size of the mouse melanophore as compared with that of the 
White Leghorn, and its extreme blackness make it very conspicuous and 
easy to detect in the coelomic epithelium. Usually there are two diametri¬ 
cally opposed processes ranging from 50 to 100 micra in length (Fig. 3). 
Occasionally several cells hang together and form long chains (Pig. 4). 

Whether or not melanophores were produced by the grafted tissue was 
soon found to depend upon the age and the region of the embryo from 
which the implant was taken. Differences in these respects are indicated 
in the following paragraphs, grafts from older embryos being described 
first. 

T^tfdve-Day Donors.^-“Qkixi ectodom plus adhering mesoderm from all 
regions tested, namdy, neck, shoulder, rump and limb buds, gave 15 
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successful grafts out of 20 transplants. All had well-developed pigmented 
hairs, many approximately 1 mm. long (Fig. 1). Histological study of one 
typical graft showed a vesicular arrangement of well-differentiated skin 
with numerous hairs growing out into a central cavity, Melanophores 
were seen in the subcutaneous tissue and dermal layer of the skin as well as 
in the hair follicles themselves. Although all of the grafts contained pig¬ 
ment, only 9 of the 15 showed migration of melanophores into the sur¬ 
rounding coelomic epithelium of the host and in none was it very ex¬ 
tensive.^® 

Eleven-Day Donors {4Kh45 Somites ),—Eleven grafts were recovered from 
22 hosts examined. As in the preceding series, skin ectoderm and mesoderm 
from the head and trunk levels ptxxluced hairs with pigment, and in 5 of 
the 7 cases rather extensive migration of mouse melanophores into the host 
coelomic epithelium was observed. Unlike the prece^ng, however, skin 
ectoderm and mesoderm from the limb buds (4 cases, 2 examined his¬ 
tologically) gave well-differentiated hair follicles wholly without pigment: 
no melanophores were found either in the graft or in the host coelomic 
epithelium. 

Ten to lO^lt-Day Donors {28-35 Somites ),—In addition to transplanting 


DbSCRZPTION of PtATB 1 

Figure 1. Graft developed from small piece of skin ectoderm -|- adhering mesenchyme 
(0.8 X 0.5 mm.) from trunk at base of right fore limb bud of a 12-day mouse embryo, 
grown 16 Vi days in the embryonic coelom of a White Leghorn chick. Note mass of well- 
developed hairs fully pigmented. Photographed til (X 10.) 

Figure 2. Portion of coelom of White Leghorn host embryo (IOV 4 days) showing mi¬ 
gration of mouse melanophores from graft (G). Note concentration of melanophores 
along walls of small blood vessels. Produced by implanting right half of neural tube and 
adjacent somite material at 25th somite level of 10-day (SI somites) mouse embryo to 
70-hr, chick coelom. (X 10.) 

Figure 3. Unstained whole mount of portion of coelomic epitheUum of White Leghorn 
host embryo showing migrating mouse melanophores produced from implant of hind hmb 
bud skin ectoderm (0.7 X 0.3 mm.) from 12-day mouse embryo, grown lO'/t days in 
embryonic chick coelom. Graft (not shown) contained hairs ftthy pigmented. (X 85.) 

Figure 4. Unstained whole mount of portion of coelomic epithelium of a White Leg¬ 
horn host embryo showing migrating mouse melanophores produped from dorsal trunk 
skin ectoderm (0.7 X 0.4 mm.) of 45-somite (11-day) embryo, grown 17Vt days in coehxm. 
Note melanophores hanging together in long chains. (X 85.) 

Figure 5. Unstained whole mount of portion of coelomic epithelium of a normal 19- 
day White Leghorn embryo showing degenerated melanophores with retracted imcesses. 
(X85.) 

Figure 6. Portion of wing of 17-day White I>eghora host embryo shovring dense mass 
of mouse melanophores in the skbx and subcutaneous tissue. Produced by implanting 
head skin ectoderm (1 X 0.4 mm.) from a 10-day (30-8omlte) mouse embryo to the wing 
bud region at 60 hra. of incubation. (X 25.) 

Figure 7. Same as figure 6 with greater magnificatioa showing mouse melanopliores 
at the periphery of mass. (X 86.) 
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skin ectoderm and subjacent mesoderm from various levels as done in the 
preceding series, grafts were made also of entire limb buds, longitudinal 
halves of limb buds, short segments of somite and somite plus the adjacent 
half of the neural tube. Thirty grafts were obtained from 40 hosts ex¬ 
amined ; 6 were studied histologically. 

Head skin and trunk skin from the dorsal region, i.e., directly over the 
neural tube, at all levels produced melanophores both in the graft and in 
the coelomic epithelium about the graft. But no melanophores developed 
from either of the limb buds when grafted in their entirety or in part, al¬ 
though well-differentiated hair follicles were abundant. The entire limb 
bud (12 cases) showed a remarkably normal differentiation of skeletal 
parts, muscle, skin and hair. 

The most beautiful and extensive migration of mouse melanophores into 
the coelomic epithelium came from grafts of somite including the neural 
tube taken from the leg bud level or just anterior to it. In the best of the 
six cases obtained, melanophores in large numbers had migrated for a 
distance of about 5 mm. in two directions along the walls of small blood 
vessels (Fig, 2). The grafts themselves showed no pigment either macro- 
scopically or microscopically. In the two studied histologically small skin 
vesicles with well-differentiated skin were found but no hair follicles. The 
bulk of the graft consisted of a mass of central nervous tissue (spinal cord) 
showing strikingly normal differentiation. 

Similar grafts obtained from the intact somite not including the neural 
tube showed no pigment either in the graft or in the coelomic epithelium 
(6 cases). Histological examination of two of these showed good develop¬ 
ment of skin and hair follicles. One in addition contained skeletal muscle 
and small cartilages. 

In view of the fact that the developing wing bud of the chick has proved 
such a favorable site for melanophore migration in birds in general, it 
seemed desirable to make the same test with mouse melanophores. Thus 
small pieces of head skin ectoderm relatively free of adhering mesoderm 
were grafted to the wing bud region of White Leghorn host embryos of ap¬ 
proximately 60 hours' incubation. In one case out of three, examination 
on the 17th day showed a small black spot 2 mm. in diameter, in the skin 
and subcutaneous tissue of the wing of the host at the implantation site 
(Pig. 6). When examined under a microscope the black area was found to 
be densely crowded with large branching mouse melanophores exactly like 
the normal and like those developed in the coelom (Fig. 7). None of the 
melanophores had migrated into the overlying feathers. 

E^hl and One-^kcdf to 9-Day Donors (15-^20 SomUos ).—^Embryos at this 
stage had not developed limb buds and were very fragile. Two t3T>es of 
transplants were made: those in which the somites and lateral plate were 
cut entirely free of the neural tube, and those in which the neural tube was 
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left attached. Levels from the IQth somite posteriorly were thus tested. 
Six grafts were recovered from eight hosts alive at the 19th day of incuba¬ 
tion; two came from implants of pure somite and lateral plate and pro¬ 
duced no pigment; the other foin* from implants of somite and lateral plate 
including neural tube, hi none of the foiu* containing neural tube was pig¬ 
ment found in the graft itself, but two showed typical mouse melanophores 
migrating in the coelomic epithelium around the graft site. In one, the 
melanophore migration was particularly pretty and extended for several 
millimeters along a strand of tissue attaching the graft to the cloacal wall. 
Even though the number of grafts analyzed in this series is small, the results 
are definitely in line with the others. 

Discussion.~Th^ results summarized above show that between 8 V 2 and 
12 days of gestation the capacity of the grafted embryonic tissue to produce 
melanophores spreads rapidly both antero-posteriorly and medio-laterally. 
Grafts from the head region at all stages tested produced pigmented hairs 
consistently (no data on head skin of 8 V 2 “day embiyos), but whether or not 
grafts from the somites and limb buds produced hairs with pigment de¬ 
pended upon both age and body level. For example, at 8 V 2 days no 
melanophores developed from grafts of somite material when completely 
isolated from the neural tube; at 10 days skin ectoderm and mesoderm 
from somites of the anterior trunk levels including the fore limb region 
gave hairs fully pigmented while similar grafts from the hind limb region 
gave hairs entirely without pigment; at 11 days somite grafts from all 
levels including the posterior limb region produced hairs with pigment. 
Ten and 11-day limb buds, entire or in part, failed to develop pigment, 
although skin and hair follicles were abundant. By 12 days, however, 
pigmented hairs developed regularly from implants of skin + adhering 
mesenchyme from both limb buds. 

This occurrence of well-differentiated hairs wholly without pigment 
from certeun body regions at certain developmental stages suggests strongly 
that the melatiophores migrate into the developing hair follicles from an out¬ 
side source. That this source lies in or is closely associated with the neural 
tube is demonstrated by the fact that at those stages in which somite 
material failed to produce pigment cells, as in the hind limb region of a 10 - 
day embryo, for example, the same regions would develop pigment if the 
implant was made to include the adjacent part of the neural tube. 

The results of the present experiments parallel very closely those ob¬ 
tained from similar transplantation experiments in the chick. By grafting 
limb buds from chick embryos (24-30 somites) of pigmented breeds to the 
coelom of White Leghorn hosts of similar ages, Bastlick^ was able to show 
that white feathers only were produced unless the implant included body 
wall material (skin ectoderm and mesoderm) up to the neural tube. Ris^‘ 
obtained similar results by transplanting to the chorio^allantois as well as 
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to the coelom. Limb buds from embryos of pigmented breeds isolated at 
72 hrs. developed white feathers at both sites while the same isolations 
later, i.e., at 90 hrs. or more, produced pigmented feathers in the graft. 

Further evidence for the extra-epidermal origin of pigment cells in the 
chick, and their lateral migration from the neural tube region into the 
overlying ectoderm and into the limb buds, is obtained from the trans¬ 
plantation experiments of WilUer and Rawles,^* and Watterson.^* Small 
pieces of skin ectoderm or pure mesoderm from embryos of one breed were 
implanted into the developing wing bud region of host embryos of a similar 
age (67“108 hrs.) but of a genetically different breed. Implants from the 
head or trunk regions at all ages tested produced an area of donor-colored 
feathers on the host at and about the site of implantation. But implants 
from the wing bud of embryos younger than 80 hours or from the leg bud 
earlier than 96 hours failed to produce pigment in the host feathers. 

Using the same method of implantation to the limb bud, Dorris® ob¬ 
tained areas of pigmented skin and feathers in white hosts by implanting 
thin strips of the rising neural folds (neural crest region) anterior to the first 
somite from embryos of 3 “10 somites of black breeds. Ris^^ correlated the 
development of pigment in grafts with the morphological appearance of 
the neural crest at tlie time of isolation. By transplanting portions of 
embryos (potentially pigmented) from various levels at successive stages 
in their development to the embryonic coelom of White Leghorns, he was 
able to show quite convincingly that the inclusion of the neural crest, 

t 

migrating cells of the crest or presumptive neural crest, in the transplant 
was essential for the development of melanophores. 

The similarity of the intra-coelomic grafts of mouse tissue with those 
obtained by Ris from chick and other bird implants is indeed striking. 
While the mouse melanophores do not migrate nearly as extensively in the 
White Leghorn coelomic epithelium as those from birds, they do neverthe¬ 
less tend to wander out from the grafts and follow blood vessels, nerves 
and strands of connective tissue in much the same way. The failure of 
mouse melanophores to migrate to any extent in the wing bud, as observed 
in the one case obtained, is in contrast with the tremendous migration ex¬ 
hibited by bird melanophores in the same site. 

The extensive work of Holmdahl® on the origin and development of the 
neural crest in birds and mammals shows how very much alike these two 
groups are in respect to this structure. In both it arises first in the region 
of the mid-brain at early somite stages, and develops posteriorly along the 
neural tube, migrating laterally as the age of the embryo increases. His¬ 
tological examination of control mouse embryos at the stages and levels 
used for transplantation shows that the regions which produced pigment 
in the grafts coincide with the regions from which the neural crest had 
already migrated from the neural tube. At stages where in posterior levels 
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the crest had not migrated, or had not migrated sufficiently far to be in¬ 
cluded in the transplant (8Vr-10 days), no pigment resulted* Such facts 
strongly suggest that the same source and mode of migration of melano- 
phores obtains in the mouse as in the bird. 

In summary, the experimental as well as the morphological evidence 
shows that in the mouse, as in the chick, the melanophores arise from an 
outside source, the neural crest, presumably, and migrate into the skin and 
developing hair follicles. Further, it is demonstrated that the embryonic 
coelom of the chick is an excellent site for the growth and differentiation of 
implanted embryonic mammalian (mouse) tissue. 

* The experiments upon which this report is based were carried out at the University 
of Rochester. The manuscript was prepared at Stanford llniversity during a stay of 
four months in the laboratory of Professor C. H. Danforth. I am deeply indebted to 
him for the interest he showed in examining the material and for many helpful sug¬ 
gestions. My appreciative thanks are also due Professor B. H. Willier for a critical read¬ 
ing of the manuscript. 

* Dorris, F., Jour, Exp, Zodl., 80, 315-345 (1939). 

* DuShane, G. P., JWd., 78, 485-501 (1938). 

* Eastlick, H. L., Ibid., 82, 131-158 (1939). 

» Hamburger, V.. Ibid., 77, 379-397 (1938). 

* Hamilton. H. L.. Anal. Rec. 78 (1940). 

’ Hiraiwa, Y. K., Jour, Exp, Zobl, 49, 441-457 (1927). 

® Holmdahl, D, E., Zeit. mikro-anai. For., 14, 99-298 (1928). 

* Nicholas, J, S., and Rudnick, D,, Ibid., 66, 193-256 (1933). 

** Reed, S. C., and Alley, A., Anat. Rec., 73, 267-265 (1939). 

Ris, Hans, Physiol. Zobl, (in press) (1941). 

Wattcrson, R. L., Anat. Rec., 70, Supp. 4, 1(K) (1938). 

** Willier. B, H., and Rawles. M. E., Physiol. Zodl, 13, 177-199 (1940). 

Heterozygous black females were crossed with homozygous black males (C67 black 
Bar Harbor strain) and the females from this mating back-crossed to the male parent 
for successive generations. 

A few trial cultures of skin ectodenn were grown in vitro in a medium of chick 
embryonic extract and plasma by Mr. Howard L. Hamilton. Both hair Collides and 
melanophores differentiated in the explants. 
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GALACTIC AND EXTRAGALACTIC STUDIES, XL NOTE ON 
THE PERIOD FREQUENCY OF GALACTIC CEPHEIDS 

By Harlow Shapley 

Harvard Collbcb Obsbrvatory 
Communicated November 14. 1940 

1. Introduction,—The. striking correlation of the period lengths of 
classical Cepheids with the density of the star fields in which they lie was 
described for the Small Magellanic Cloud in the fifth paper of this series.^ 
The large number of variables for which periods had been determined per¬ 
mitted the examination of the frequency of periods separatdy for various 
sections of the system. Both the mean period and the median period show 
the dependence on distance from the nucleus of the Cloud, the longer- 
period stars being preferentially in the region of high star density and high 
gravitational potential.* 

The correlation is neither strongly confirmed nor denied by the available 
material for the periods of Cepheids in the Large Magellanic Cloud; further 
work is in progress to provide a competent test. The distribution of the 
periods of Cepheids in our own Galaxy was re^amined some time ago, but 
little wdght could be given the available evidence because of the strong 
selection factors that operate against a homogeneous collection of material. 
Irre^lar and tmdetermined amounts of space absorption make it impos¬ 
sible to determine the true magnitudes and distances of the faint galactic 
Cepheids; and, furthermore, the discovery surveys are complete only in 
limited areas, and there are complications with the boundaries of the 
Galaxy in the anticenter direction and in high latitudes. These boundary 
questions arise, of course, from the interdependence of period and intrinsic 
luminosity. 

The problem of the distribution of galactic Cepheids is now taken up 
again because many new periods have been obtained recently for faint stars 
in the direction of the galactic center. From this new material strong sup¬ 
port is obtained for the hypothesis that the period-field density correlation 
found in the Small Magellanic Cloud may be a general property of Cepheid 
variation. 

2. Faint Classical Cepheids near the Galactic Center ,—In various earlier 
papers Miss Swope and I have reported on the variable stars in certain 
fields in Sagittarius, Scorpio and Ophiuchus, in the general direction of the 
central nucleus of the Milky Way.^ Long-period variables appear in the 
fields most numerously, but cluster-type Cepheids and eclipsing stars are 
also abundant, and this region is the '*home'' of the faint galactic novae. 
The peculiar distribution of the various .t 3 rpes reflects on the absolute mag¬ 
nitudes of the different kinds of variab^ and also on the distribution of 
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obscuring matter in this section of the Milky Way. Classical Cepheids 
are, however, relatively scarce in these great southern star clouds. In fact, 
the relative frequency of cluster-type and classical Cepheids in the direction 
of the galactic nucleus is much the same as it is in many of the globular star 
clusters, where there are scores of cluster-type variables and only two or 
three Cepheids of long period. 

Probably obscuration prevents our low-latitude survey from reaching 
into the regions of the Milky Way beyond the central nucleus. The vari¬ 
ables that are found by the thousands in low latitudes throughout this 
fourth quadrant of longitude (270° to 360°) are either in the rich nuclear 
star clouds or between them and the Sun. 

Variable-star surveys have been carried through with reasonable com¬ 
pleteness to magnitude 16.5 (or occasionally fainter with plates made with 
the Bruce refractor) in the following Milky Way fields, for which the ap¬ 
proximate galactic coordinates of the centers are given: 


HW. 

LONarrvDB, 

a 

LATITUOB. 

o 

184 

316 

-7.6 

186 

322.6 

+7.6 

186 

322.6 

0.0 

187 

322.6 

-7.6 

189 

330 

0.0 


In table 1 the names, galactic coordinates, median magnitudes and 
periods are given for the classical Cepheids in these five fields. Of the 
thirteen stars in MWF 184 only CQ Scorpii has been published, but the 
others will appear in a forthcoming Harvard Observatory Bulletin, with 
magnitudes, light elements and equatorial coordinates derived by Miss 
Constance Boyd, who discovered eleven of the thirteen variables. The 
light curves of all thirty-three variables have been determined from Harvard 
plates. Fotu* of them, AL CrA, V532 Sgr, V657 Sgr, lU Sco, have unusual 
curves, and the periods of the second and fourth are the longest in the 
whole list; but probably all are classical Cepheids. 

Since the direction to the galactic center is very near to longitude 327°, 
latitude 0°, it appears that the five fields here under consideration, which 
cover a total of about two himdred and eighty square degrees, are all 
closely involved with the galactic nucleus, t The positions are shown on 
the accompanying small-scale photograph of the nuclear region (Fig. 1). 
On this photograph the boundaries of the fields have been roughly sketched 
in and also lines indicating the galactic coordinates. The small number of 
classical Cepheids in MWF 186 presumably results from the heavy obscura¬ 
tion along the galactic equator. 

MWF 184 is the field farthest from the center.’ None of its dassscal 
Cepheids is in the comer of the field toward the galactic circle, apparently 
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because heavy intervening obscuration affects that region. The long 
period variables for this field have been published* and show a similar avoid* 
ance of the obscured region. In figure 2 the positions of the long*period 
variables are indicated by dots and the positions of the classical Cepheids 
by circles. 


TABLE t 

Thxrty-Thrbb Classical Cspheids in MWF 184, 186, 186, 187, 189 


NAMtB 


X 

» 

m 

rauoo 

j 

XSgr 

189 

329“ 

- 1“ 

6.36 

7.012 

WSgr 

189 

329 

- 5 

6.4 

7. BO 

BF Oph 

185 

326 

+ 8 

8.2 

4.068 

HV 7902 

186 

322 

- 1 

8.6 

4.628 

RYSco 

187 

324 

- 5 

8.95 

20.31 

HV 10613 

184 

314 

-11 

12.2 

19.818 

V626 Sgr 

187 

326 

- 8 

12.36 

26.762 

AL CrA 

187 

323 

-11 

12.5 

17.061 

AVSgr 

189 

336 

- 2 

12.6 

15.411 

ET Oph 

185 

324 

+ 8 

12.8 

25.22: 

HV7886 

186 

317 

- 1 

12.96 

16.263 

V564 Sgr 

187 

326 

- 8 

13.1 

27.8 

CQ Sco 

184 

319 

7 

13.65 

30.412 

HV 10260 

189 

333 

+ 3 

13.66 

14.866 

HV 10460 

184 

316 

- 6 

13.7 

11.166 

CE Oph 

186 

324 

+ 30 

13.95 

16.89 

V446 Sco 

187 

322 

"4* 3 

14.0 

28.634 

HV 10302 

189 

331 

- 2 

14.16 

6.748 

V632 Sgr 

187 

323 

- 7 

14.35 

34.21 

HV 10496 

184 

317 

- 8 

14.4 

16.234 

HV 10469 

184 

313 

- 8 

14.4 

1.176 

HV 10488 

184 

316 

- 8 

14.45 

24.693 

HV 10466 

184 

312 

- 6 

14.6 

11.821 

HV 10606 

184 

319 

- 8 

14.76 

16.647 

HV 10246 

189 

331 

+ 8 

14.8 

29.633 

V667 Sgr 

187 

323 

- 8 

14.8 

16.260 

HV 10612 

184 

318 

- 9 

15.1 

16.632 

HV 10467 

184 

317 

- 5 

15,2 

16.66 

HQ CrA 

187 

322 

-11 

16.4 

1.416 

HV 10486 

184 

318 

- 7 

15.5 

16.526 

rU Sco 

185 

320 

+ 6 

15.66 

69.05 

HV 10484 

184 

319 

- 7 

16.56 

24.09 

HV 10609 

184 

317 

- 9 

16.0 

2.441 


In none of the five fields have we found external galaxies, bright or faint.^ 
We must assume, therefore, that the total photographic absorption may be 
several magnitudes in the. most obscured regions and perhaps two magni* 
tudes in the richest star fields that are without visible dark lanes. 

5. Th€ AbnomuU Frequency of Periods ,—^From table 1 it is seen that the 
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frequency of periods is unlike that found elsewhere, even in the nucleus of 
the Small Magellanic Ctoud. The mean period for the thirty-three stars is 
17,94 days, and the median value is 15,99 days* Dropping the extreme 
value 69.06 days for lU Scorpii, we have the mean and median periods 16,34 
and 16.78 days, respectively. Figure 3 illustrates this unusual preference 
for long periods, with the remarkable clustering at sixteen dajrs. The 
median apparent brightness for the thirty-three stars is 14.0; for the eleven 
with periods between 14.8 and 17.1 day^ it is 14.4. 



FIGURE 1 

Composite photograph of the galactic nucleus showing location of Milky* Way 
fields. Only one-third of MWF 185 has been thoroughly studied. The ordinates 
are galactic latitudes; the abscissae, galactic longitudes. The center is at 0**, 327** 
approximately. 

The question arises at once whether or not some factor of sdection is 
responsible in this survey for the infrequcnce of Cepheids with periods from 
three to seven days--the interval that includes 51 per cent of the 340 classi¬ 
cal galactic Cepheids now known and catalogued. Many cluster-type and 
eclipsing variable stars have been found that are more than a magnitude 
fainter than the Cepheids with sixteen-day periods; and since Cepheids of 
five-day period are intrinsically less than a magnitude fainter, these ordi¬ 
nary Cepheids should have readily been discovered if present. It is neces¬ 
sary to conclude, therefore, that the scarcity is real and that very few 
Cepheids of ordinary period exist in the fields around the galactic center. 

The situation in MWF 184 is specially worth noting. The median mag- 
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nitude of the thirteen classical Cephdds is 14.5, and the median period is 
15.6 days. Only two periods are shorter than eleven days, whereas, in the 
same field, intermingled with these classical Cepheids, are many cluster- 
type Cepheids with median magnitudes from 15.0 to 16.1. Since the 
classical Cepheid with a period of a few days is, when present, an easy 
variable to discover on the Harvard photographs, we must conclude that 
such stars are essentially absent from MWF 184. 

The total material is not large but appears quite sufficient to demon¬ 
strate that the classical Cepheids in the vicinity of the galactic center 
show the same tendency to high luminosity, large mass and long period, as 
is shown by the classical Cepheids in the center of the Small Magellanic 
Cloud. 

Because of uncertainty as to 
the total amount of intervening 
space absorption, we cannot be 
sure that these long-period 
Cepheids are actually as distant 
as the galactic nucleus, that is, 
nine or ten kiloparsecs distant. 

But the observed differences 
between the average magni¬ 
tudes of the long-period vari¬ 
ables, cluster-type Cepheids and 
classical Cepheids in the same 
fields are consistent with that ^ 



assumption. 

The distance modulus, w' — 
M, corresponding for MWF 184 
to the median observed magni- 


PIOURB 2 

Distribution of long-period variables (dots) 
and classical Cepheids (open circles) in MWK 
184. Galactic coordinates are labelled inside 
the figure; equatorial codrdinates on the out- 


tude 14.5 and the median side. 


period 16.6 days, is 16.85. To 

justify the assumption that these long-period Cepheids are closely asso¬ 
ciated with the galactic nucleus, and thb'efore at a distance of approxi¬ 
mately ten kiloparsecs, we would require for this *'median Cepheid’’ a space 
absorption of 16.85 ^ 15.0 » i.gfi magnitudes. This is perhaps an ac¬ 
ceptable value for the bright star clouds, although much larger absorption 
is probable in the adjacent rifts along the galactic equator. 

4. Galactic Ltmgitude and Period Length .—In the 1940 catalog of vari¬ 
able stars, issued from the Berlin-Babdsberg Observatory, there are 336 
variables listed as classical galactic Cephdds with galactic latitudes lower 
than (only three now listed ate in higher latitudes, except for a num¬ 
ber in the vicinity of the Magdlanic Clouds that actually belong to those 
systems and not to our own Oalaxy). The distribution of these 336 vari- 
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ables in thirty-degree intervals of galactic longitude is shown in table 2, 
which includes also for each group the median period, P, and the mean 



FIGURE 8 

Distribution of periods (to nearest whole day) for the thirty-three classical 
Cepheids in MWF 184, 185, 186, 187, 189. The long period is 69.05 days. 
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FIGURE 4 

Dependence of period on galactic loxigitude; above, for the 336 known galactic 
Cepheids (periods >1**; latitudes < *30®), of all magnitudes (table 2); belcw, for 
the 227 galactic Cepheids with photographic magnitudes fainter than 10.0 (table 3). 
Crosses indicate mean periods and dots median periods in groups for 30^ intervals in 
longitude. 

value of the period, P. In figure 4 the values of the median and mean 
periods are plotted. 

Since sixty-eight per cent of the classical galactic Cepheids are fainter 
than the tenth magnitude, the material is given sepa^tdy in table 3 for 
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these fainter and more distant variables; and the relation of period to 
longitude for them is plotted in the lower part of figure 4. 

Whether we consider means or medians, consider all the variables or the 
fainter variables only, the conclusion is the same: in the interval of longi¬ 
tude that includes the galactic nucleus, say from 270® to 360°, the periods 
of the classical Cepheids average longer than in any other longitude. At 
first glance this result seems to be a clear confirmation of that already found 
from the study of the five fields near the galactic center, and of the result 
found for the Small Magellanic Cloud; but, in view of the numerous selec¬ 
tion factors involved in the discovery and study of galactic Cepheids, the 
apparent confirmation should not be too strongly emphasized. It is 
probable that the scarcity of the longest-period Cepheids in the anticenter 

TABLB 2 

Longitude-Distribution of Galactic Cepheids 
(All Magnitudes; Periods in Days) 

X IS** 46*^ 75'^ 105° 135° 166° 196° 225° 255 ° 285 ° 316° 345° 

Number 22 27 22 18 10 21 26 17 76 34 21 36 

P 8.186 6.325.4055.3256.014.666.386 7.196.1810.0617.069.945 

jP 11.4910.15 6.28 6.767.577,59 7.9711.519.1513.7017.8912.59 

TABLE a 

LoNorruDB-D istribution of Galactic Cepheids 

(Magnitudes Fainter than 10.0; Periods in Days) 

X 16° 46° 76° 106° 135° 166° 196° 226° 256° 285° 316° 345° 

Number 13 19 14 14 12 16 21 6 60 21 16 26 

p 11.61 7.86 6.87 6.326 7.396 3.89 6.73 7.366 6.006 12.64 20.71 13.23 

P 14.61 9.89 6.67 6.53 8.01 6.83 7.91 9.30 8.61 17.30 20.68 14.02 

region cannot be attributed solely to the nearness of the observer to the 

botmdary of the Milky Way in that direction. The possibility however 
must be kept in mind that perhaps a part of the difference between center 
and anticenter is a matter of depth available for survey. But there should 
be little "boundary’' selection in longitudes 60® and 240®, at right angles 
to the direction to the center; and we find in these longitudes a similar in¬ 
frequence of the peculiarly long-period Cepheids such as predominate in 
MWP 184 and adjacent regions. 

5. Summary .—The material presented in the tables and figures of the 
present note appear to confion a phenomenon previously discovered in the 
Small Magellanic Cloud: in regions of highest star density the periods of 
classical Cepheids are distinctly longer on the average than at the borders 
of the system or in regions of intermediate star density. 

The evidence now presented for the galactic Cepheids includes results 
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obtained from five rich variable star fields at or near the galactic center. 
In these regions classical Cepheids with periods of less than ten days are in¬ 
frequent. Five of the eight of shortest period are bright or highly reddened 
Cepheids, not near the galactic nucleus but in the neighborhood of the Sun. 

An examination of the distribution of the periods, magnitudes and longi¬ 
tudes of all the 340 known galactic Cepheids confirms the conclusions based 
on the study of the five nuclear fields. 

The correlation of period length with concentration of stellar mass is 
being further investigated through additional studies of the classical 
Cepheids in the two Magellanic Clouds. 

* Cluster type Cepheids are peculiarly cosmopolitan in that they are the only variables 
known in the very low-density regions of the *'galactic haze,” far above and below the 
galactic plane; and they arc also abundantly found not far from the centers of globular 
star clusters as well as in the galactic nucleus. 

t The Cepheid X Sagittarii, the first variable in table 1, appears to be the "central” 
naked-eye star, bearing much the same relation to the galactic center as Polaris bears to 
the north pole; but d Ophiuchi, magnitude 4.37 and spectrum F5, is nearly as close to 
the center. 

^ These Procbbdings, 26, 105-116 (1940); Harvard Reprint 192. 

* For example. Harvard Reprint 106 (1934). 

* Shapley and Swope, Harv. Ann., 90, No. 6 (1934). 

* See figure 3 of Harvard Reprint 68 (1929). 


THE ABSORPTION OF BICARSONA TE IONB Y BARLE Y PLANTS 

AS INDICA TED B Y STUDIES WITH RADIOA CTIVE CARBON 

By R. Overstreet, S. Ruben and T. C. Broybr 
Division op Plant Nutrition, AoRictiLTURAL ExPBRniBNT Station, and Db- 

PARTMBNT OF CbBMISTRY, UNIYBRSITY OP CALIFORNIA 
Communicated October 22, 1940 

With the aid of radioactive carbon (C“) Ruben and Kamen' have found 
that many heterotrophic systems reduce* appreciable quantities of C*0l* 
during respiration. Among the non-photosynthetic organisms investigated 
were yeast (baker's), 5. coU^ ground barely roots and ground liver (rat) 
tissue. The experiments involved the shaking of a distilled water suspen¬ 
sion of the cells with a C*02-air (^5% C*0») mixture for periods varying 
from 5 to 100 minutes. The organisms were then freed of +4 carbon 
(i.e., CQj, HCOs", etc.) by boiling vigorously witli strong acid. In all cases 
the tissues were found to retain radioactive carbon. This indicated the 
presence of radiocarbon in oxidation states lower than +4. 

The significance of this “assimilation'' of 0*0* is still uncertain. It is 
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possible that the apparent assimilation of C*Os is merdy an interchange 
of CO%. If this is the explanation, then the reactions producing CO^ in 
the respiratory process must be reversible. However, it is also possible 
that COs is being used in a synthesis of compounds important in cellular 
metabolism. Ruben and Kamen favor the latter proposal even though it 
seems contrary to existing ideas on the metabolism of heterotrophic cdls. 
Experiments are in progress to decide whether the C*Ot reduction is due 
to exchange or synthetic reactions. 

The evidence pertaining to the assimilation of COj by barley roots in 
water suspension wotild seem to have a direct bearing on the study of 
dectrol)^e accumulation by root cdls. It admits of the possibility of a 
considerable absorption of HCO»" ions by the non-photosynthetic root cells 
through a process which results in the reduction and storing up of the car¬ 
bon in the form of new compounds. Although many investigations indi¬ 
cate that H and HCOs" ions may be intimately involved in the absorption 
process, the observations of the past have not been such as to suggest 
the idea of absorption and assimiiation of H%COz or HCO%'~ by tissues which 
at the same time excrete relatively large quantities of carbonic add. 

The mechanism whereby certain favored cations and anions are absorbed 
by activdy metabolizing root cells and hdd in the vacuoles at concentra¬ 
tions far exceeding those in the bathing culture medium is still unducidated. 
Many observations point to the fact that the seat of the accumulation re¬ 
action must lie in the cell protoplasm. Although ions must pass through 
the hbrillated cellulose layer comprising the cell wall and presumably 
through a plasma membrane before encountering the protoplasm, it does 
not seem possible that the net result of the accumulation process will be 
completdy explained on the basis of simple diffusion and membrane 
equilibria. 

An important approach to the study of the accumulation process would 
be the determination of the relative proportions in which oppositely charged 
ions are absorbed by the roots. Heretofore difficulty has existed in evaluat¬ 
ing the rdles of H+ and HCO*'; ions which are continuously excreted by the 
root as the result of the respiratory process. The possibility that HCpa” 
ion may play a part in the accumulation is suggested by the researches of 
Ruben and Kamen. These experiments, in siddition to providing justifica¬ 
tion for further study regarding the nature of the ^‘reduction'’ of CQ* by 
plant roots, also suggest a means (i.e., the use of radioactivdy labeled 
HCOt'* ion) for dedding the question whether or not individual ions can 
be absorbed by the plant through a process of ion exchange between the 
root cdls and the culture medium. The experimental background leading 
to this question is contained in the considerable store of information which 
has aocnied as a result of studies of activdy absorbing plant cdls in arti¬ 
ficially prepared nutrient solutions. Only the more pertinent part of this 
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information will be mentioned here. For a more complete survey of these 
data the reader is referred to a recent review by Hoagland.* 

A salient characteristic of the absorbing root system is the apparently 
independent entry of cations and anions from the culture solution into 
the root cells. For example, with K2SO4 culture solutions, the accumula¬ 
tion of by barley roots is much greater than the accumulation of SO4 = 

Likewise, in the case of Ca(N03)2 solutions, the accumulation of NOs™ 
far exceeds the accumulation of Ca+‘^.® Moreover it has been observed that, 
for short intervals of time, the absorption of from KHCOs solutions is 
tiearly equal to absorption from KCl solutions, although in the one 
case no accumulation HCOs' in the roots can be demonstrated, and in the 
other case the absorption of Cl ' is often nearly equivalent to the absorption 
of K+.4 

Of the numerous mechanisms which have been proposed, probably the 
one which most satisfactorily accounts for the observed alterations in the 
bathing culture medium during active electrolyte absorption by plant roots 
is the exchange absorption theory of Brooks* (compare also Limdeg&rdh®). 
According to this theory the initial step in the absorption of either a cation 
or an anion involves an exchange of the ion of the culture solution for an ion 
of like charge which is held on the surface of or within the protoplasm. 
The exchange hypothesis is in harmony with the experimental observation 
that an excess accumulation of anions over cations is usually compensated 
for in the culture solution by HCOs"' ions, and an excess accumulation of 
cations over anions is compensated for by and other cations such as 
Na"^, and Mg“^+ from the plant/ It may be noted, however, that 

the investigations of Hoagland and Broyer^ and others do not support the 
view that a simple H+ ion gradient mechanism between sap and external 
solution is involved. 

Notwithstanding the fact that an exchange mechanism is in harmony 
with a number of observations, certain other observations are not easily 
explained. For example, in the case of barley roots, a certain dependency 
of cation absorption on anion absorption bas been noted. Barley plants 
accumulate potassium much more readily from KCl solutions than from 
KaS04 solutions of comparable concentrations.^ Moreover, in the case of 
tissue such os potato tuber, an approximately equivalent absorption of 
cations and anions is observed under a variety of conditions for salts such 
as KCl and KBr.’ 

An essential consequence of the exchange theory is the independency of 
cation and anion assimilation, at least within certain limits. Obviously 
this fact can never be demonstrated tmtil the rdles of and HCOa“ ions, 
which ore always present in actively absorbing root systems, have been 
evaluated. Until this has been accomplished experimentally, it can never 
be determined whether ions may enter the root cells independently through 
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exchange or must always enter as ion pairs of opposite sign. For instance, 
an apparently independent absorption of K**" from a KaSO* solution may 
actually be a simultaneous absorption of K+ and HCO» * ions in exactly 
equivalent amounts; likewise an apparently independent absorption of 
NOa* from a Ca(N03)3 solution in reality may be an equivalent uptake 
of and NOa™ ions. In the following experiments with radioactively 
labeled HCOs", some of the hitherto encountered uncertainty regarding 
the behavior of that ion has been eliminated. The experiments were de¬ 
signed primarily to decide whether in the case of a KHCO3 culture solution, 
bicarbonate ion is reduced in amounts equivalent to the absorption of 
potassium ion. 

Experiment I .—A preliminary absorption experiment was carried out 
on May 28. Young barley plants (approximately S weeks old) which had 
been grown by the technique of Hoagland and Broyer® were selected. The 
roots were so-called *‘low salt’' roots, having an approximate K content of 
40 milliequivalents per 100 g. of oven-dry material. The experiment was 
performed in the following manner. Twenty-one plants were decapitated 
about ®/4 inch above the root-stem plate and fixed by means of non¬ 
absorbent cotton in holes in the wooden cover of the culture solution vessel. 
The roots were thoroughly washed in distilled water and then immersed in 
the KHC^Oa culture solution. The culture solution used was prepared as 
follows; 0.040 g. Merck’s Reagent KHCOa was dissolved in 15 ml. distilled 
water. This solution was shaken with 2 cc. C*02 (S.T.P.) in an evacuated 
bulb for 30 minutes at room temperature. The solution was then removed 
from the bulb and adjusted to 400 ml. with distilled water. The resulting 
culture medium was therefore very nearly 0.001 N in HCOs"” ion. The vol¬ 
ume of solution used in the experiment was 349 ml. 

The system was aerated with a moderate stream of air throughout the 
period of absorption by the roots which was of exactly 64 minutes’ dura¬ 
tion. During the absorption all solution which exuded from the cut ends 
of the decapitated plants was collected by means of an eye-dropper and 
placed in a weighed weighing bottle conteiniug 1 ml. of 0,1 N NaOH. At 
the end of the absorption period, the plants were removed from the culture 
medium and thoroughly washed with tap and distilled water. The plants 
were then cut into small pieces and placed in a distillation flask containing 
about 150 ml. distilled water. The COjCHCOj^, C0«"", etc.) was liberated 
from the suspension by boiling with an excess of H2SO4. The distillate was 
collected in a small volume (15 ml.) of NaOH solution. Following the distil¬ 
lation the volume of the NaOH solution was determined accurately. This 
solution contained all of the carbon present in the plants as +4 carbon. A 
measured aliquot of the solution was counted, and the total count of C* 
present in the plant as HGOg"" or HaCOs calculated. The roots were then 
removed from the distillation flask and boiled for about 10 minutes in 150 
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ml. of 95% ethyl alcohol. The alcohol extract was combined with the acid 
solution in the distillation flask. The resulting solution was filtered and 
adjusted to volume. A measured aliquot of this solution was counted and 
the total count for the solution calculated. This count corresponded to the 
C* present in the plants as reduced carbon/ Finally the total count of the 
NaOH solution in the weighing bottle which contained the exudate was 
made. This count corresponded to the C* present in the exudate both as 
+4 carbon and as reduced carbon. The estimated volume of the exudate 
was 0.05 ml. 

The distribution of radioactive carbon in the plant at the conclusion of 
the absorption period is given in the following table. The amounts of C’*' 
are expressed in counts per minute. 


Total C* (mostly HCO»*) originally available to plants from 
culture 

Total C* found in plants as HCO** or HtCOi 
Total C* found in plants as reduced carbon 
Total C* found in exudate 


1.18 X 10* counts/min. 
1.60 X10» 

4.56 X10< 

12,7 


Of the radioactive carbon originally available, the following percentages 
were retained by the plants: 


Percentage retained as HCO«'" or HtCOi 
Percentage retained as reduced carbon 
Percentage in exudate 


0.14% 

3.86% 

0 . 0011 % 


Total percentage retained by plants 4.00% 


Experiment II ,—much more complete absorption experiment was car¬ 
ried out on June 11. The plants used had been germinated May 14 and 
planted May 20. The K content of the roots of the 21 plants used in the 
experiment was 0.603 milliequivalent K. On the dry basis this cor¬ 
responded to about 41 millequivalents per 100 g. The experiment was car¬ 
ried out in the same manner as I with two exceptions. The absorption pe¬ 
riod was 92 minutes and the volume of culture solution used (0.001 N 
KHCOs) was 361 ml. The following additional measurements were made: 
(a) The volume of the exudate was measured (by weighing). 

(5) The pH and total COs content of the culture solution at the begin¬ 
ning and at the end of the absorption period were determined. 

(c) The loss of potassium from the culture solution during the absorption 
period was measured. 

The r^ults of measurements made on the culture solution before and 
after the 92-minute absorption period, together with the results of mea¬ 
surements on the plants and exudate, are presented in the following table: 
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Initial pH of culture solution 

Final pH of culture solution 

Initial COi content of culture solution 

Final COt content of culture solution 

Loss of CO| from culture solution (chiefly as HCO*") 

Total potassium absorbed by plants 

Initial activity of culture solution (total) 

Final activity of culture solution 

Activity in plants represented by +4 carbon 

Activity in plants represented by reduced carbon 

Total activity in exudate 

Total labeled carbon which entered plants 

Volume of culture solution 

Volume of exudate 


-7.31(23*0 
-7.43(23*0 
»> 0.362millimol 

— 0.209 millimol 

— 0.153 millimol 

— 0.142 milHequi valent 

— 4,16 X 10* counts/min. 

«M5 XIO* “ 

« 0.091 X 10» " 

-2.060 X 10* " 

« 0.007 X 10* ” 

-2.148X10* " 

— 361 ml. 

-0.363 ml. 


From the data it is evident that, of the radiocarbon originally available 
in the culture solution, the following percentages were retained by the 
plants: 

Percentage retained as HCOi” or HtCO» — 0.22% 

Percentage retained as reduced carbon — 4,93% 

Percentage in exudate — 0.02% 

Total percentage retained by plants — 6.1% 

Discussion of Results and Conclmions .—^In view of the differences in 
absorption period and volume of exudate, the results of Experiments I and 
II are in essential agreement. Radioactive carbon, present in the culture 
solution largely as HC^Og" ion, was definitely assimilated by the plant 
roots. Under the conditions of the experiments, 4-5 per cent of the origi¬ 
nally available radiocarbon was retained by the tissue. Chemical examina¬ 
tion of the tissue revealed that the absorbed C’*' was chiefly present in the 
plants as reduced carbon. Only about 4 per cent of the radioactive carbon 
present was H|C0» or HCO$". A minute, although significant fraction of 
the absorbed C** was exuded at the cut ends of the plants (0.3% in Ex¬ 
periment II). 

The radioactivity in the exudate due to reduced carbon and that due 
to 4*4 carbon (HCOg**) may be estimated as follows: 

From previous experiments with barley roots it is known that concentra¬ 
tions of ions in the exudate rarely if ever exceed those in the sap expressed 
from the roots. Since the approximate volume of the sap in Experiment 
II was 14.9 ml.» the concentration of labeled +4 carbon in the sap, ex¬ 
pressed in counts per minute per ml., was 6 X 10* counts/min./ml. From 
the data given above the total concentration of C * in the exudate was equiva¬ 
lent to 20 X 10* counts/min./ml. This indicates that a minimum of 
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70% of the radioactive carbon in the exudate was present in the reduced 
form. 

Experiments comparable with Experiment II allow for a maximum of 
0.2 millimol of CO 2 being respired in the 92-minute absorption period. 
Owing to the exchange of CO 2 between HC*Oa' of the culture medium and 
inactive CO 2 excreted by the plants and COj of the air which was used for 
aeration, the isotopic mol fraction of C* changed continuously throughout 
the absorption period. Thus in Experiment II the specific activity of the 
culture solution at the start of the absorption period was 11.49 X 10^ 
counts per minute per millimol CO 2 and 5.52 X 10* counts per minute per 
millimol at the end. 

The calculation of the amount of bicarbonate ion assimilated by the 
roots depends on the estimation of the average specific activity of HC* 03 “ 
at the outer surface of the protoplasm. On the assumption tliat the average 
specific activity at the protoplasmic surface was the same as the average 
specific activity calculated for the culture solution as a whole, the activity 
of the roots in Experiment II was equivalent to an assimilation of 0.025 
millimol of HCOa”*. However, the possibility of a lag in equilibrium be¬ 
tween the region near the surface of the protoplasm and the rest of the cul¬ 
ture solution is not inconceivable. Thus, this region may have been char¬ 
acterized by a lower specific activity than that calculated for the entire 
culture. This possibility would allow for the assimilation of a maximum 
of 0.06 millimol of HCOs" in Experiment IL When these values are com¬ 
pared with the value for the potassium absorption (0.142 millimol), it be¬ 
comes evident that a several-fold absorption of K+ over HCOs"“ must have 
taken place. 

This result speaks for the independent retention of cations by plant 
roots, a fact which lends substantial support to the exchange absorption 
theory. It should be emphasized, however, that this conclusion applies to 
the net result of the accumulation reaction which presumably takes place 
in the cell protoplasm. The results of these experiments in no way pre¬ 
clude the possibility that and HCOs" may penetrate the root cell as 
far as the protoplasmic surface in chemically equivalent amounts. 

Further, it should be recalled^ that when is accumulated from a 
KHCOs solution, organic acids are synthesized and enter into equilibrium 
with the accumulated ions. K"*" and HCOa ions might enter the pro¬ 
toplasm and after reaction with organic acid most of the CO 2 be eliminated. 

The total CO® determinations on the culture solution of Experiment II 
show that 0.153 millimol was lost from the bathing culture medium. In 
view of the pH change and the fact that this quantity of CO® could not 
have been reduced by the roots, one mechanism which would account for 
the loss would be an equivalent exchange of K+ ions of the culture solution 
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for ions in the roots followed by the equivalent removal of and 
HCO3" (as CO2) from the system through aeration. 
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A REMARK ON GENERAL FUCHSIAN GROUPS 

By Guido Fubini 

Institutk for Advanced Study, Princeton, N. J. 

Communicated November 7, 1940 

In the theory of the curves of genus 1 and the related elliptic functions a 
fundamental r6k is played by the modular group and its invariant functions 
(modulfuncHons), Siegel generalized this group and these functions to 
the most general algebraic curves in two papers in Annals of Mathematics, 
36 , 527-606 (1936), and in Mathem, Annalen, Bd, 116, pp. 617-657. In 
another paper in Annals of Mathematics, 41 , 488-494 (1940), Sugawara 
generalizes some of Siegel's results to a class of groups, which are the gen¬ 
eralization of Poincare's Puchsian groups, and wffich the author calls 
'^general Fuchsian groups/* In this paper the author finds also a geome¬ 
try, which, in his case, corresponds to Lobatschevski's geometry, so 
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useful in Poincare's theory. We can arrive at Sugawara's geometrical 
theorems by means of elementary and general methods' and theorems. 

Let At By Cy Dy Xy Y be real matrices of order n; we suppose that the 
determinant of Y is not equal to zero, and will write 

Z ^ X + iYyZ ^ X -iY, 

We shall define a new matrix Z\ ^ X\ + iY\ (and Z\ ^ X\ — iFj), by sup¬ 
posing 

By (1) we mean that 

Zi « {AZ -f B){CZ + Z))-' or Zi{CZ + D) ^ AZ ^ B. (2) 

If Py Qy Ry S BXt matrices of order n, and if 

Zt ^ (if) + Q){RZ, + 5)-‘ 

we easily find that 

Zi - (f ^ + K)(LZ + M)-K 

in which 

fH JCN fPA + QC PB + QD\ 

\LMJ \RA + SC RB + SDj 

of the preceding matrices (of order 2«). 

Therefore; 

C DJ forms a group, the corresponding 

transformations (I) or {2) also form a group. 

By differentiating (2) we get (by considering A, B, C, D as given and 
constant) 

(^ - ZiC)dZ = {dZi)iCZ + D). (3) 

By considering the imaginary parts of the members of (2) we get 
K,(CZ + P) - (X - ZiQFor 7“‘(i4 - ZiC)-‘ - (C2 + P)-‘Fr‘ (4) 
By multiplying (3) and (4) we find that 

Y-HZ - (CZ + D)~^Yi-KdZi){CZ + D) 


IS 


the product 


(S) 
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and therefore also (since B, C, D, Y, Yi are real) 

Y-HZ - {CZ + D)-^YrHdZi)(CZ + D). (6) 

By multiplying (5) and (6) we get finally: 

Y-^dZY-\iZ * (CZ + D)-^Yx-KdZi)Yx-HdZt)(CZ + D), 
Therefore the two matrices 

Y-^{dZ) Y-KdZ) and Yx^^dZx) FrK^Zi) (7) 

are similar to each other and are also similar to 
dZ{Y-^){dZ)Y-^ ^ F[F-HtiZ)F-yz]F”^and(dZ,)Fi“HdZx)Fi''i. (8) 
Therefore 

ds^ = Trace of F“KrfZ) F^H^Z) *= Trace of (dZ) F“K^?Z) F“i (9) 

is invariant under every transformation (1); and every transformation (!) 
is a movement in the Riemannian geometry defined by the linear element (9). 

We have found this theorem only under the hypotliesis that F“^ exists 
(the determinant of F is not equal to zero) and that (1) exists (the deter¬ 
minant of CZ + Z) is not equal to zero). 

This linear element {9) is real. If Y‘~'HZ = («„), the element (9) is 
equal to By interchanging r with 5, we prove that it is equal to 

the conjugate element and that consequently it is real. If Z » {Xrs + 
iyrs) nnd F"^ = yVx (in which yVx is the algebraic complement of y^), 
an easy calculation proves that: 

ds* * T.y'rjy'hiidxjuixir 4- dyj^dyt,) (10) 

I have demonstrated’ that a group of movements in a Riemannian real 
definite geometry, which contains no infinitesimal transformations, is prop¬ 
erly discontinuous. 

Consequently; If a group G of transformations (1) or (S) transforms into 
itself a region R, in which our element {10) is d^nite, and if it contains no 
irfinitesimal transformations, it is properly discontinuous in R. 

For instance, let V be the group of the transformations (1) which satisfy 
Siegel’s equations 

A'C - C'A; B'D - D’S; A'D - C'B ^ E identity 

or the equivalent equations 

AB' - BA'; CD' - DC; AD' - BC - E. 

This group transforms into itself the region R of the symmetrical matrices 
Z m X -^ iY, for uMch F > 0 (or the quadratic form cmresponding to Y 
is definite positive). And in this region it is transitive; for every point Zt 
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of -R, we can find a transformation of F which carries Zi into Z = iE, 
Since the linear element is invariant, and Y is the identity E, the linear 
element in the neighborhood of Zi in R becomes equal to the trace of 
dZdZ which is 

^ mdx\s + dy\s) (because Zsr == Zrs) 

and this form is obviously definite. We can also demonstrate, almost 
without calculations, that F is in R a group of movements for a real definite 
Riemannian geometry. F is transitive in R; and the transformations of F 
which carry Z — lE into itself are obviously the transformations 

^ (if A'B = B'A and A'A + B'B * £). 

This transformation carries the point iE + dZ into a point iE + dZu and 
obviously 

dZ ^ {A + iBy^{dZx){A - iB), 

Therefore the trace of dZdZ is invariant; since dZ is symmetric, this linear 
element is real and definite; and by means of a general theorem* we can 
deduce that F is in R a group of movements in a real definite Riemannian 
geometry. 

The subgroups of F without infinitesimal transformations are called 
general Fuchsian groups, because they are the generalization of Poincare’s 
Fuchsian groups. We find consequently Sugawara’s theorem: 

Every Fuchsian group is properly discontinuous in R. 

The most important Fuchsian group of order n is the modular group 
studied by Siegel, because it is the most important generalization of the 
classical modular group. 

For w » 2 / could demonstrate that F is the group of the real conformal 
transformations of the euclidean indefinite geometry defined by supposing 
ds^ « dziidzit — Therefore: The group of the conformal real trans¬ 

formations in a euclidean indefinite geometry of three dimensions can be con¬ 
sidered as a group of movements in a real definite Riemannian geometry of six 
dimensions. 

But for the modular group G Siegel went much farther. He determined 
its fundamental region by making use of Minkowski’s results concerning 
the reduction of quadratic forms. It might be very interesting if one 
could succeed in finding Siegel’s and Minkowski’s theorems by making use 
of the general methods, by means of which one can very often find the 
fundamental region of a group of movements in a real definite Riemannian 
geometry. 
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Some Remarks. —I. If P = {p^^) is a symmetrical matrix, and Q another 
matrix, if 

Pi - Q^PQ. 

let us consider the elements of Pj as functions of the elements poi P (while 
Q is constant); it is obvious that the absolute value of the Jacobian of these 
functions is equal to the absolute value of 

|det (n = order of P, Q, P,). 

For the transformations of T the factor A ZiC which we find in (3) and 
(4) is equal to {ZC' + so that we can also write for the points of the 

corresponding region R: 

dZi = {ZC + D')-KdZ)(CZ + D). 

Let us consider the elements of Z\ as functions of the elements of Z. The 
absolute value of their Jacobian will be equal to 

A~^n + 1) [ill which A — determ(CZ + D) ^ determ(ZC' + -D')]* 

This Jacobian plays a fundamental rdle in Eisenhart’s generalized scries. 
In an analogous way we can find the discriminant of the preceding linear 
element. 

II. Prof. Siegel has remarked that the geodesics of the definite ge¬ 
ometry related to the group T are given by the following equation: 



^ is any matrix of F, f is a real variable, pu pi, > - ^pn are positive 

numbers 9 ^ 1. This can be proved by an application of Cartan's idea for 
constructing the geodesics in a symmetrical space (Siegel). 

III. By means of the transformation 

W ^ (Z — iE)iZ + f£)~* (E « identical tnatrix) 

Sugawara transformed the preceding region, related to the group F, into a 
bounded region, and could therefore make use of Poincare's methods in 
order to prove the convergence of some series. 

IV. The group F may be extendi by means of the reftecHon U defined by 

Zx « - 2 . 
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This is obvious, because XP ^ E and, if 



is a transfonnation of 








which is another transformation of F; consequently the groups F and 
t/Fj7 are identical. 


^ In the analytical part of his paper, Sugawara generates also SiegeVs series. But 
it is not yet proved that Sugawara's functions are not identically equal to zero. 

* Introduzione alia teoria dei gruppi discontinui e delle funzioni automorfe (Bologna, 
ZanichelU), page 126. 

* Sugli spazU che ammettono ungruppo continue di movimenti; Annali di MaU'- 
maiicat tomo 8, scrie 3, 39-81 (1002). 

^ Introduzione aha teoria dei gruppi discontinui e delle funzioni automorfe (Bologna, 
Zanichelli), page 399. 


THE DISTANCE IN GENERAL FUCHSIAN GEOMETRIES 

By Guido Fdbini 

Thk Ikstitute for Advanced Study, Princeton, N. J. 

Communicated November 7, 1940 

In a preceding note printed in these PROCBBDmas (p. 695, this issue) I 
occupied myself with the most general Puchsian geometries; their geodetic 
lines were determined by Prof. SiegeL By using Siegel's theorem we can 
deduce the geodetical distance between two matrices Z » X + i F, Zi » 
Xi + iYu in which X, Xu Y, Yi are symmetrical matrices of order n and Y, 
Yi are, moreover, definite positive. By JE, N we indicate the identical and 
the null matrix. If P is a positive diagonal matrix of order «, its diagonal 
elements pu pit ...., are positive, and, according to Siegel's theorem, 
the point iP* generates a geodetic line (f is a real parameter, P* is the 

diagonal j^trix, the elements of which are ,-, p^; we shall often 

write “v/P instead of P*^’). The linear element of the Puchsian geometry 
is 

ds* - trace ^dZ~dZ (Z ~ X - iY), (1) 

Therefore the distance between the points f f « 4 of the preceding 
geodetic line is 

(log Pi)® + (log pt)^ + V I 4 — I / (2) 
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If Z » X + iY is one of our matrices, the (non-modular) transformation 
/O - Y\ /—M N\ 

\JS ^x) ^ most general linear 

transformation, which carries iE into itself (M, N matrices of order »). 
Therefore 


/-M N\ /O - F\ / N MY- NX\ 
\-N-M/\E-x) V-M NY + MX) ^ 


is the most general linear transformation which carries Z into iE. It is 
modular if and only if 

N'M « M'N; Y{M'M + N^N)X = X(M'M + N'N)Y; E = 

(M'M + N'N) Y. 


The second condition is a consequence of the third, and consequently can be 
disregarded. In order to simplify the third condition, let us choose an arbi¬ 
trary non-singular matrix F, and put 

N « M == 

The first condition becomes 


C'A « A'a (3) 

The third condition E »= + C'C)r“^K is turned into the sim¬ 

pler condition 

A'A + CC-^E (4) 

if we choose F in such a way that 


Y « IT' 



and this is obviously possible, because Y is positive definite. If X » 0, 
K as P, (P diagonal), we can suppose F F' y'p. Therefore 



carries iP into iE, and consequently 



carries 


iE into iP. Therefore 




N MY- NX\ 
MNY+MX) 



Vp (ct'+^ r-1 xy 

^ (AF' - CT- X) 


(6) 
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is the most general modular transformation, which carries Z into iP (under 
the conditions (3), (4), (5)). 

If Zi is another of our matrices, and Pi another positive diagonal matrix, 
and if Au Cu l\ satisfy the equations analogous to (3), (4), (5), we shall de¬ 
duce the most general modular transformation Tu which carries Zi into iPi 
and which is given by a formula quite analogous to (6). Can T and Ti be 
identical ? Or, in other words, can the same transformation carry Z into iP 
and Zi into iPi? If we write that the coefficients of Ti are equal to the 
corresponding coefficients of P, and if we write also the equations analogous 
to (3), (4), (5), we get: 

- Ai'Ci 

AMi + Ci'Ci - E 
Yi « Tir/ 

Ai - AK. C, - Jp CK 
VP (CT' + AT-^ X) = VPi (CiTi' + Xi) 

^ (^r' - cr-‘ X) - iA,T' - c,r-* X^) 

in which 

K * r-‘ri (Fi » TK; Ti' = iTT'). 

By virtue of (7) and (10), the (8), (9) are equivalent to: 

c — qca s* ah 

-A + Q-^A A - CH, 

in which 

Q » PiP-» » p-ip,; A - KK'; H « - X){r)-K (11) 

(/£ is symmetrical, since A*!, X are symmetrical.) By means of (7) we 
realize that (3.1) is equivalent to (3), and that (4.1) is equivalent to 

A'Q-^A + C'QC - A->. (4.2) 

If P » £, and Q * Pi has the elements gi, gj, .... q„, the distance from Z to 
Zi (or from P to Pi) is 

distance «= V^(log gi)» + (log g»)* + ... + (log gj*. (12) 

In order to calculate this distance, we must study the system of the five egua- 
tions (3), (4), (4.2), (8.1), (9.1), in which A, C, Q are the three unknown 
matrices. We remark that A * KK' =» r“*riri'r'“‘ » r~*yi(rO~^ is. 


(3.1) 

(4.1) 

(5.1) 

(7) 

( 8 ) 
(9) 

( 10 ) 

( 8 . 1 ) 
(9.1) 
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like Vi* a positive symmetrical matrix. From (S.l), (9.1) we deduce that 
every element of Q (which is also a diagonal positive matrix) satishes the 
fundamental equation 


E -- q A H 

-H E-i A 

9 




The demonstration is easy. By developing the equations (8.1) and (9.1) 
we get; 


1 

*” ^ 

J Hr 


'JJ 


(8-9.2) 

i^js “ hsj = Crst arx are the elements of A, H, C, A). 


For every value of r (r — 1,2, .,.,«) we obtain consequently a system of 2n 
homogeneous linear equations, in 2n unknowns c^i, 0 ^ 2 , . ., 4^, a^i, , 

Urn, The determinant of these equations (first member of I) must therefore 
be equal to zero. 

By interchanging the rows or the columns, and by interchanging rows 
and columns, or by changing the sign of some rows, we easily realize that 
(I) is equivalent to: 


1 

E ~ - A H 


E-qA H 


* 0 , or (r,2) 

H -£ + - A 

—// £ — qA 


9 


0 (I.l) 


From (LI) we deduce: 


rhe fundamental equation does not change if we write * in the place of the 


unknown q (reciprocal equation). 

From (1.2) we deduce another result. Let us consider 2n new variables 
Xi, X 2 , ..x„ and yi, y 2 , • •Let F{x) be the quadratic form of the x, 
the determinant of which is £ — q A, let Fa(y) be the quadratic form of the y, 


the determinant of which is 



A and Ji(x, y) the bilinear form of the 


X, y, the determinant of which is H: a number q is a root of the fundamental 
equation if and only if the quadratic form 


F » Fi(x) + F,(y) + 2H(x, y) 


(in 2n variables x, y) is singular. {H is symmetrical, A is positive and 
symmetrical.) We shall prove: Under these hypotheses the roots of (/) are 
real and positive (and therefore (12) has a real meaning). We begin by re¬ 
marking that (if Y and Yy are given) the equations (5) and (5.1) do not 
determine completely F and Fi. It is known that we can change F, Fi in 
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such a way that K » r*"T and A « KK' become diagonal matrices (we 
know that A is also positive), Obvioudy, by changing F, Fi we must 
change H also, according to (11). If 5^ are the (positive) elements of the 
(diagonal) matrix A, we have obviously 

F = 

« 1 - qSi! % - 1 - ^') 

1 If F is singular, and q is real, it is not possible that all the coefficients 
m, n have the same sign. Let us suppose that the w, n are positive (if they 
were negative, we could study the form — F). We get 

F *= (a:/)* + + . *. + ■“ *P 

in which 


and 





E + 



The form <p does not depend upon the x*; if F is singular, ^ is consequently 
singular also, and therefore may be equal to zero even if the (real) y are not 
all equal to zero. But this is not possible, because > 0. 

If a root q were negative, all the m, n would be positive; which is not 

1 

possible; therefore the roots are positive; and the differences - — g, g — J 
cannot have the same sign. 

2®, The roots of (I) cannot be imaginary. If g =« p (cos ^ + i sen 0) is 
an imaginary root (sen B ^ 0), then 


- 1-4 - 1 - - w 

(fy *= p*; Si » a » cos 6-, 0 sea $ 0). 

P 

If F is singular, we can find 2^ < 4n linear real forms Vainx,y siK:h that 
^ - E («- + *■»-)* (a - 1, 2, .. k)ik < 2n). 

By equating the imaginary parts we get 

~^[E r#*/* + E ^iyA “ (j * i. 2,..«/ 

a m 2, k < 2n). 
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Since k < 2n, we can find real values of ac, y, which are not all equal to zero, 
and which satisfy the fe linear homogeneous equations Si« va « ... « « 

0. Therefore the second member, and consequently also the first member 
of the last identity will be equal to zero; and this is not possible, because 
j3 0, r > 0, s > 0, All the roots qi, qj, ..q^.qn + i» • • 
quently positive. We can suppose 

gi > S 2 > • • >q»>ar> + it---> g»«orgi < gi < ... < g« < • ■ • < g»»- 


From our theorems it follows that 

1 


Qn+J 


2« " i +1 


{j ^ 1 , 2 . .... w). 


The qi, q 2 , ..q». and therefore the distance (12), are determined and real; 
this distance is a symmetrical but non-algebraic function of the qi, qa, • •2ii- 
We must now study the system of the equations (3), (4), (4.2), (8.1), (9.1). 

For the sake of simplicity we study only the most general case, and sup¬ 
pose that qi, qa, ..q„ are different from each other; these roots will be 


1 


!« + 1/ 


simple ^except q„ if q„ = 

Since A is diagonal, the equations (8.1), (9.1) or (8-9.2) become: 

4.(1 - ith) = Ijirjkj,; 


(8.3) 


®m(~1 + ~ 5.) “ 

%r j 


(9.3) 


If Cr, =■ 7r»i ttri * «rf Is a solutioii ( 7 ,,, ct,, oot all cqual to zero), also 

4. * Pr7r« Ors * PrOr, Cpr ^ 0 arbitrary) (13) 

is a solution. We deduce at once 
£4Aj ~ ir I^PrtSi^U = irt (frt *" £ 


1 


)is 


~~ y'.CrJh, + 24 *^j®W “ 2.1 (S’* “ ]&rA.4j) (1'^) 

Ht 

\ 

in which tn and are, like A,,, symmetrical in r, t. Therefore 


(~ “ q^Cf/lu “ " frt + Sr 2r< 


2 4A* “ Zrt + 
f — g,.gi 


or 
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Therefore is symmetrical in r, I. (Our demonstration is not valid if 

s 

q^Qf = 1; but in this case r — / — n, — 1 and our theorem is obvious.) 
Therefore 


CA^ = AC\ 


From (14) we get also 


T.C„S/lls = -(fw + Zr«) (if {frS/ 3^ 1). 

1 - Qril 


From (8.3), (9.3) we deduce 


^^rs^ts H“ ^ 

8 Ht s j,s 


and, by subtracting, 


^rs^ts) Qr 

s Ut 

By interchanging r with I and by subtracting, we get; 


?/) HCrACu + (^ “ ^) TfliM, 


or, itr 9 ^ t and consequently ^ q^: 


Qr Ec«fijC« + :: 2>/.5 ,o« * O (r <). 


(15) 


(16) 


(17) 


(18) 


From (17) and (18) we deduce that CC' + A A' is a diagonal matrix; 
from (13) we get that the rth element of the diagonal is 

Pr £ ("fn + ajj) 


and we can choose the p in such a manner that all these elements are equal 
to 1, or that 


£ = CC' + AA'. 


(19) 


From (15), (19) it follows that ^ ^ modular transformation 

[or that (C + iA){C' — iA') =* £]. Therefore also the inverse transfor- 

( A> C'\ 

— C'A')''^ modular [or (C' - i4 ')(C+*^) *£), and consequently 
CA - A'C; jB = C'C + A'A: 
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the equations (3) and (4) are satisfied. From (3), (8.1), (9.1) we get: 

CC - CQCA - CAH ^ A'CH ^ -A'A + A'Q~^AA 
or 

CC + A'A^ iCQC + A'Q-^A)A 


or 


E = {CQC + A'Q--^A)A 


which is identical with (4, 2). All our equations are satisfied, and our 
problem is solved; in order to find the distance between Z and Zi it is suffi¬ 
cient to make use of (12), if the g, are the quoted roots of the fundamental 

equation (I). (It may be useful to consider (« ) as the tmknown of this 

equation.) 

Remarks, —I. From (17) and from (8.1), (9.1) we deduce 

CC + A A^ ^ QCAC + Q-^AAA'; CC + A A' ^ 

QCAC - Q-^AAA' + AHC - CHA'. 

Consequently AHC' == CHA \ and also AHC' is symmetrical; if C is not 
singular, C^^AH is symmetrical too. (Don*t forget that C^^A is sym¬ 
metrical.) . 

IL If we do not make use of the matrices F, Fi, we can consider the 
transformations 

/VP a - VPiCY + .4XA 


which carry X + 1 K into iP, and are modular if 

A'C ^ CA; A'A + CC = Y-K 


By using the preceding methods we find the equations 

CY - QCYi - AiXi- X), -AY + Q-^AYi - C(Xi - X); 

and the fundamental equation (I) becomes; 


Y - qYi Xi-X 
Xi- X -Y +-Yi 


(I, 3) 


(Xi, X s}rmmetrical; Y, Yi symmetrical and positive definite). This last 
equation can be written immediately, if one has given the matrices X + iY, 
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Xi + iYx and one wishes to calculate their distance by means of (12). It 

1 

may perhaps be useful to consider g + ^ as the unknown of this equation. 

It is easy to verify this result for IvObacevsky*s geometry («*=!). 


' By definition, if A, C, /) are matrices of order «, the linear transformation 



carries Z into (.4 Z -f B)(CZ -f 

* In order to study the particular coses when at least two of the (i £ ») are equal to 
each other, it is necessary to study the group of the modular transformations which carry 
into itself every point of the geodetic line joining the points i£, iQ, The study of this 
group is interesting and not difficult. 


ABSTRACT DEFINITE BOUNDARY VALUE PROBLEMS 

By J. W, Calkin 

Department op Mathematics, Illinois Instituib op Technology 

Communicated November 12, 1940 

In this note we describe the basis for an extensive further development 
of the abstract theory of botmdary value problems initiated in a previous 
paper, ^ state some of the more important results of the extended theory 
and indicate some of its applications. A detailed discussion of the sub¬ 
ject will appear elsewhere. 

The present theory is aimed at those problems with which a semi- 
bounded s3Tiimetric form is associated—^as, for example, the Dirichlet 
integral is associated with various problems involving Laplace's equation— 
and in consequence it is not as widely applicable as the theo^ developed 
in (A)* However, there is great compensation for this in two important 
respects: first, where the present theory does apply, it provides at once a 
much more complete analysis than can be achieved on the basis of (^4) 
alone; second, its basic concepts are much simpler than those of (A) and 
consequently the technical problems which arise in connection with its 
application to differential operators are considerably simpler. 

We consider a bilinear non-negative definite 83rmmetric form G(J, g) 
defined for every pair of elements /, g in a dense linear subset ® of Hilbert 
space ^ and require that G be cIosckI in the following sense; if {/„) converges 
to/in©and lim G(/, “/m) 0, then / is in and 

""" lirnGCA^/,/, .r/) « 0. 

In view of the fact that G is non-negative and dosed, ® itself is a BBlbert 
space with inner product G(/< g) + (J, g), and when we ^wak of ® as a 
space it is to be understood in tlus sense. 
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Before proceeding it is convenient to state an important result of 
Friedrichs^ which plays a fundamental rdle in the theory under discussion. 

Friedrichs' Theorem. If G satisfies the requirements stated above, there 
exists one and only one self-adjoint transformation S 5(G) in ^ with 
®(5) « ^ @ such that {f, 5g) «= G{f, g) for allf in @ and aU g in !I)(5). 
If H is an arbitrary transformation with domain in @ sttch that (/, jBTg) =» 
G{f, g) for all fin @andaUg in ®(H), thenHBS. 

We now introduce our fundamental concept, an abstraction of the notion 
of boundary values, and state our basic theorem, 

Defikition 1. A closed linear transformation B from the Hilbert space 

to a unitary or Hilbert space 91 is called a boundary operator on ® if the 
follotving conditions are satisfied: 

(1) !5)(B) is dense in the space ®; 

(2) the manifold of elements f of T)(J5) such that 5/ =* 0 tr dense in $; 

(3) is dense in 91. 

The space 9t is called the range space of B, and Bf is called the boundary value 

offi 

It is worth while to note that if G is bounded above, then @ $ and 

the only operator B satisfying the conditions of Definition I is identically 
zero. On the other hand if G is unbounded and 91 is an arbitrary unitary 
or Hilbert space, one can show that there exists a boundary operator on 
@ with range-space 91. 

Theorem 1. Let B be a boundary operator on Then there exists one 
and only one pair of transformations T and N satisfying the following con¬ 
ditions: 

(1) ®(r) - 2)(iV) S ®(5): 

(2) SR(r) 9t(i\0 S31: 

(3) the transformation L in ^ ^ with domain the set of all vectors 
{/* -S/jf which takes \f, Bf] into | Tf, Nf) is self-adjoint; 

(4) (J, Tg) + (S/, Ng) - G{f, g) for aU fin ®(B) and aU gin SD(r). 

To prove Theorem 1, one has only tp note that, by virtue of the re¬ 
strictions on B, G can be regarded as a form defined on the set of all |/, Bf\ 
in $ 0 91 and in this sense satisfied all the conditions of Friedrichs’ theorem. 
Application of the latter then yields at once the result stated. 

The significance of Definition 1 and Theorem 1 and the direction of the 
analysis based on them is now best revealed by means of some concrete 
examples. 

Example 1, The space ^ is 8,(o, 6), —«* <a < b < ®; G(/, g) => 

P> 0,i^0 ; 91 is a two-dimensional unitary ^ace 
and Bf *■ i/(o)( f(b) } . In this case 

Tf «t -(p/)' 4- gf, and Nf « {-/'(<»),/'(*)}. 
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Example 2. The space $ is 82 (E), where E is the portion of the (x, y)- 
plane bounded by a smooth closed curve C; 

G{f, g) * ffsWxh +Ugy) + qfd^E, p>0,q^0; 

is the space 82 (C) and Bf is the value of/ on C. Here Tf = — (pfx)x 
iPfy)y + ^ff and Nf = -pdf/dn. 

Example 3. The space ^ is the same as in Example 2; 

Gif.g) = ffEV^f^hdE, 

where is Laplace's operator; is the space 82 (C) 0 82 (C) and Bf = 
\f(s), — d//dw). Here T is the biharmonic operator, Tf = d*f/^x* + 
2d^f/dx^dy^ + df/dy^, and Nf = “V®/(^)|. 

In describing these examples we have for the sake of brevity passed over 
various function-theoretic details such as the definition of the set the 
precise conditions on the curve C in Examples 2 and 3, and the definition 
of boundary values and normal derivatives. These matters, however, 
will all be dealt with in subsequent papers on the applications of the present 
theory. 

Theorem 2. The transformation T of Theorem 1 has domain dense in 
$ and thus 7'* exists. The relation T 3 T* holds and 3)(r*) consists of those 
and only those elements f of T){T) such that Bf = Nf « 0. The operator 
r* is Hermitian and non-negative definite. 

Two cases now arise according as the domain of T* is or is not dense in 
In the former case T* is symmetric, T exists and is identical with T**; 
in the latter, T does not exist. 

Theorem 3. Let ?l be the manifold of zeros of E, SW the closure in $ of 
@ 0 S, and S = 5(G) the operator in associated with G by Friedrichs* 
theorem. Then ®(r*) is dense in $ if and only if 3K • 3!)(5) * O. 

In the remainder of this note we assume that the condition of Theorem 
3 is satisfied; this is the case in the examples given above and in all similar 
ones of which we have been able to conceive. 

We now bring Theorem 1 into correlation with the theory of (.4). 

Theorem 4. Let A be the transformation with domain B{T) which takes 
{/, Tf\ into iBf Nf]. Then A is a reduction operator for Tin the sense of 
(A). The range-space of A is^ ® % and the unitary operator IF 91 0 iW 
associated with A takes \h^k \ into {— A}. 

Thus, when the condition of Theorem 3 is satisfied, the results of (4) 
apply to yield an analysis of the situation described in Theorems 1 and 2 
with reference to the problem of characterizing by boundary conditions 
those self-adjoint transformations 5 such that T* S 5 S T. We shall not, 
however, discuss this aspect of the theory in the present note; its nature is 
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adequately indicated in an earlier communication* dealing with differ¬ 
ential operators of the type appearing in Example 2 above. 

Rather we wish to emphasize here that portion of the theory which stems 
directly from Theorem 1 and which provides the machinery for the opera¬ 
tional treatment of many important problems in differential equations 
which had no precise interpretation in terms of the concepts of {A) alone. 
Beside thorough examination of the various cases which arise under Defi¬ 
nition 1 and Theorem which is, of course, technically necessary, this 
theory comprises (1) a careful analysis of the abstract analogues of the 
Dirichlet and Neumann problems of potential theory, of the so-called 
mixed boundary value problem, and of what may be termed abstract 
boundary value problems of the third kind; (2) a detailed study of the 
homogeneous boundary conditions related to each of the above problems, 
and of the characteristic value problems involving them; (3) the develop¬ 
ment of an elementary theory of variations for forms G satisfying the 
conditions stated at the beginning of this note and certain additional 
requirements, with reference to those variational problems which are 
equivalent to important boundary and characteristic value problems. 

Applied to ordinary differential forms and operators this theory yields 
at once a considerable portion of the classical theory of boundary and char¬ 
acteristic value problems; indeed, it is not yet determined how far one can 
proceed abstractly in this direction. Moreover, applied to partial differ¬ 
ential forms and operators, the theory achieves a considerable generaliza¬ 
tion and refinement of known results in several directions; this assertion 
is true in particular with reference to Examples 2 and 3 above, and will be 
amplified in a subsequent paper on differential operators. Finally, the 
abstract theory clarifies to a great extent many familiar analogies between 
boundary value problems involving various kinds of differential operators 
and systems of differential operators; it now becomes possible to regard 
these similar problems no longer merely as analogous one to the other but 
rather as special instances of the same abstract problem. 

To conclude, and to amplify and illustrate the preceding general re¬ 
marks, we state precisely some of our results, leaving to the reader their 
interpretation in terms of the examples given above. 

First, let us consider the boundary condition Bf «« 0, which is of special 
importance in all of the examples we have given and in many others. To 
begin we recall a result of Friedrichs.* If H is a closed linear non-negative 
definite symmetric transformation in the form (/, Hg) has a unique closed 
linear extension Go in $ which is determined by completing the space ^{H) 
with inner product (/, Hg) + (/» g}* If S{G^) is the self-adjoint transfor¬ 
mation associated with Go by Friedrichs’ theorem above, then S(Go) S H. 
We call S{G^) Friedrichs’ extension of H. 

Theorem 5 . Lei S be ike contraction of T with domain the set of elements 
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/ of ®(r) ’iDC-B) such that Bf * 0 . Then S is Friedrichs* extension of 

Theorem 6. Let St be the orthogonal complement in the space ® of the 
manifold of zeros of B, Then a necessary and sufficumt condition that the 
relations S ^ T hold is that for some constant k and aU f in St, we have 

(fj) ^ kKBf.Bf). 

Now let us turn to tlie problem of solving the S 3 rstem 

Tf ^0,Bf^ K {*) 

where h is some element of Sfl, noting that when G{f, f) is the Dirichlet 
integral and Bf the ordinary boundary value of / (cf. Example 2 above), 
this is just the Dirichlet problem. In the projected, comprehensive dis¬ 
cussion of this subject, this important problem is treated in detail; here 
we merely state one result. 

Theorem 7. Let the manifold SD? of singularities of G have a finite dimen¬ 
sion number and belong to the domain of B, Let G be positive definite in 
^ © 9W, Then the system C**) has a solution f for every h in 81(B). This 
solution is unique if and only if the transformation S of Theorem 5 has an 
inverse. 

Theorem 8. {Dirichlet principle.) Let the hypothesis of Theorem 7 be 
satisfied. Let h be an arbitrary element of 91(B) and let 5(A) be the set of aU 
f in !D(B) such that Bf « h. Then G(f, f) has a minimum on %{h) which it 
attains if and only if f is a solution of the system (*), 

Finally, let us consider the condition N/ « 0 and the abstract Neumann 
problem. Here again we restrict our attention to special results. 

Theorem 9. Let B be bounded and let S be the contraction of T whose 
domain consists of those and only those elements f of S)(r) such that JV/ » 0 . 
Then S is the transformation 5(G) associated with G by Friedrichs* theorem. 

Theorem 10. Let B be bounded and let the hypothesis of Theorem 7 he 
satisfied. Let % be the manifold in 81 of boundary values of elements of ® (T) 
such that 7/ « 0, iV/ » 0. Then the system 

r/ « 0 , iV/ * A 

has a solution for every h in 81 © ^. This solution is unique if and only if 
the transformation S of Theorem 9 has an inverse and in this case 31 © ^ «* 81, 

* J, W. Calkin, Traits. Amer. Math. Soc., 45) 369-442 (1989). This paper will hereafter 
be referred to as (A). 

» K. Friedrichs, Math. Atm., 109,465-487 (1984). 

* J. W. Calkin, these PaocBEnmos, 25, 201*-206 (1939). 
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UNSTABLE MINIMAL SURFACES OF HIGHER TOPOLOGICAL 

TYPES 

By Marston Morse and C. B. Tompkins 

INSTITITTB FOR AdVANTCBD StUDY 
Communicated October 24, 1940 

1. We are ultimately concerned with extending the calculus of varia¬ 
tions in the large to multiple integrals. The problem of the existence of 
minimal surfaces of unstable type contains many of the typical difficulties, 
especially those of a topological nature. In the case of m contours (tn > 1 ) 
new difficulties appear not found either in the general theory when w « 1 
or in the extensive minimum theory when w > 1, The case w » 2, how¬ 
ever, appeared to contain the essentially new difficulties, and for simplicity 
we present this case, leaving the extensions for later papers. 

2 . The Curves go and gi .—We shall be concerned with two simple closed 
rectifiable curves go and gi in n-space separated by an (n — l)-plane and 
satisfying the chord arc condition. Under the chord arc condition the 
ratio of an arbitrary chord length to the lesser of the two corresponding arc 
lengths shall be bounded from 0. In certain aspects of our work not all 
these hypotheses are needed. For example, in the homotopy theorem the 
curves go and gi need only be simple and closed, 

3. Canpnical Pairs (^, A).—ITie curves g*, A »= 0 , 1 , shall each be of the 
form X * g(0i in vector notation, where 0 ^ ^ ^ 2ir with t proportional to 
the arc length and g(/) with a period 2 ir in L We shall use ot^er representa¬ 
tions of g of the form g{h(a)) where h{a) is a non-decreasing transformation 
of at with the property that h{a + 2 ir) m h(a) + 2ir. The case where the 
discontinuities of h{a) occur exclusively at a set of points a which are con¬ 
gruent mod 2r to a constant c is called degenerate. Let h{a) and A(a} be 
two transformations and r any rational integer. The minimum of the 
Lebesgue integral 

^ (A(a) — h{ci) + 2xr)Ha 

with respect to r will be denoted by [A, A]. We regard [A, A] as a distance 
in a metric epect /, proving that [A, A] satisfies the triangle axiom and 
identifying transformations A and A if [A, A] » 0. The space / is compact. 

We choose three constants ofi < < oe on the interval 0 £ a < 2ir. 

Continuous transformations ip{a) which satisfy the condition » a,- are 

termed restricted and form a subspace P" of /. Such transformations will 
be denoted by Creek letters* A directly conformal 1 to 1 transformation 
of the disc ^ 1 into itself induces a transformation T{3) of the point 

(1> on the circle r 1 into a point (1, T{9)). We term Tif!) a Mobius 
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transformation. A restricted transformation ^(ot) and a general transforma¬ 
tion h{a) such that <p(a) h{T{a)) are said to be connected by T. A 

Mobius transformation T connecting a restricted transformation tp with a 
continuous transformation h is uniquely determined on / by v’ and A, and 
maps a subspace of /* X / continuously onto a subspace of /. The space of 
Mobius transformations completed with the degenerate transformations is 
a compact subspace of I. Pairs h) are termed canonical if ^ is restricted, 
and if h is either connected with ^ or is degenerate. The limit (^, h) on P 
of a sequence of canonical pairs is canonical whenever tp is continuous. 

4, The DirichUt Sum D .—Corresponding to a vector p{B) defining a 
simple closed curve, we introduce the Douglas functional 




[pjct) - pm ^ 

sin® (a “ fi) 


da dfi 


2 



with Gthe parallelogram (0 g a 2ir), (—ir g a — g ir). 

Let 5 be a ring region bounded by a circle Co: r = 1 and a circle Ci: r == 
p, 0 < p < 1. Let H(uy v) be the harmonic surface in vector form defined 
over B with the respective boundary values 

Pk(0) « gkMB)] (k « 0, 1) (2) 


where A*(^) is a continuous transformation. The usual Dirichlet integral 
sum for H(ut v) will be denoted by D{pQ, pu p). Its value [6] is 

^(Pot Pu p) = A{p^ + A{p^ + Pu p) (0 < p < 1) (3) 


where R is given in [2], p. 280. We define pu p) when p =» 0 or when 
Ao or Ai is degenerate, by (3), noting that R is defined in these cases in [2]. 

The function D and space of sets (po» Pu p) is inadequate because the 
degenerate points offer trivial minima, the space is not simply connected, 
D is not weakly upper reducible (defined in [1]) at degenerate points, and 
because the representation of minimal surfaces by critical sets is needlessly 
multiple, thereby complicating the topology. 

5. The Space 11 and function W{P ).—^A product of metric spaces will 
here be metricized by a distance function whi<^ is the sum of the component 
distance functions. Let J denote the interval 0 S P < L The space II 
shall consist of sets or points P = (^, Ao, Ai, p) in which p varies on 
/,A(0) = 0, and A*), A «= 0, 1, is a canonical pair of transformations. 
The pair {^, (pi] will be termed the restricted projection of P and will be 
regarded as a point on P. When p « 0, two points P with the same re¬ 
stricted projection are identified. When p > 0 points P are identified as on 
/V. Let d(P, Q) be the distance between P and G as points of /V. With 
Q «= (^o» Ao, Ai, cr) let 

4(P, Q) » [^®] + (^^il + p + o* 
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The points P iorm a space 11 on which onr final choice oi distance function 
PQ shall be the minimum of (i(P, 0) and 6(P, Q). The usual axioms are 
satisfied by PQ. 

Set 


A(gkt </>k) “ 

To define WiP) we use (2) and set 

W{P) “ Ai^Uf <po) + -4(gi, ^i) + R{po, pu p). 

As one sees li^(P) > D when Jiq or hi is degenerate. We show that W(P) is 
regular at infinity, and boundedly compact in the sense of [1]. Moreover, 
tlie connectivity Po of the subspace on which W is finite is 1, and the other 
connectivities are 0. A point P at which p > 0 is termed differentially 
critical when the boundary vectors (2) define a ring minimal surface over P; 
or, if p = 0, when these vectors define disc minimal surfaces. The homo- 
topy theorem states that a homotopic critical point is differentially critical. 

We show that W{P) is weakly upper reducible at each ordinary or de¬ 
generate point, and if ^'*(0 satisfies a Lipschitz condition at critical points. 
The general theory thus applies with the consequent relations between the 
critical sets classified as to type members. The following special theorem is 
provable by a limiting process [11] under the original weak hypothesis. 
These hypotheses are weaker than those of vShiffman [4] in the case of one 
contour. 

Theorem. If gi and gi bound a ring minimal surface belonging to a 
minimising set of critical points of W, there either exists a ring minimal sur¬ 
face of non-minimizing type bounded by go <ind gi, or else a disc minimal sur¬ 
face of non-minimizing type bounded by go or by gi. 

If go and gi possess convex plane projections, the first alternative of the 
theorem alone holds. 

When p = 0, IT is the sum of the functions .4(g*, tpk) defined on the 
product space 7* X 7*. Critical points in this subspace correspond to two 
disc minimal surfaces. Let a function f{x) + f{y) = P be defined on a 
product of two metric spaces of points x and y, respectively. Are the type 
numbers of critical points of F obtainable by summation from those of f(x) 
and f(y) in the natural way, that is, as in the case where f(x) and f(y) are 
non-degenerate forms? This question has been answered affirmatively by 
A. E. Pitcher under conditions which admit a wide range of applications. 
Pitcher's result will presently be published. 

' Morse and Tompkins, “The Existence of Minimal Surfaces of General Critical 
Types," Ann. Math.t 40 (1989). Corrections for this paper will appear in Ann. Math., 
Jan., 1941. 

* Morse, "The First Variation in Minimal Surface Theory," Duke Math. Jour., 6 
(1940). 
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Soc ,, 46f 222 (1940). This is an abstract of the present paper presented at the Columbus 
meeting in Dec., 1939. See also Science, 91,457 (1940) for a fuller abstract. 

* Shiftman, "The Plateau Problem for Non-relative Minima/* Ann* Math*, 40 (1939). 

* Courant, "The Existence of Minimal Surfaces of Given Topological Structure under 
Prescribed Boundary Conditions/* Acta Mathematica, 72 (1940). 

* Douglas, "The Problem of Plateau for Two Contours,'* Jour. Math, and Physics, 10 
(1931). 

^ Douglas, "Minimal Surfaces of Higher Topological Structure/' Ann. Math*, 40,205- 
298 (1939). 

* Rad6, "On the Problem of Plateau/* Ergebnisse der Mathematik, 2,76 (1933). 

* Morse, Functional Topology and Ahstract Varaiional Theory, Gauthier-VilUura, Paris. 
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